P ro p ag atio n o f T rig g er W av es in a D iso rd ered M ed iu m

1 2 2

J.M . N oriega ,M .A . R odr¶‡guez and L uis P esquera (1) D epartam ento de M atem ¶aticas, U niversidad de O viedo, c/ C alvo Sotelo, s/n .

33007- O viedo. (2) Instituto de F¶‡sica de C antabria,C .S.I.C .- U niversidad de C antabria,A vda. L os C astros, s/n. 39005-Santander.

A B ST R A C T

T he behaviour of trigger w aves propagating in disordered m edia is analized by m eans of a B allast resistor m odel. W e flnd several difierents b ehaviours depending on the relative size of the w ave to the correlation lenght ofthe fleld. A nalysis and sim ulations are com pared by using G eneralized P oisson R andom F ields. W e also investigate w aves of transition from an unstable state,concluding that the natural velocity is also selected in the case of random flelds.

1. In tro d u ctio n

D isorder is an essentialcom p onent ofm any physicalsystem s. T heir efiects are w ellknow n in linear system s [1,2] and are under investigation in nonlinear system s [3]. E xam ples of physical system s in w hich disorder is relevant are porous m edia, am orphous sem iconductors, glasses, granular m edia [1,2] etc.. T ransp ort phenom ena associated to these system s are in�uenced by disorder. If disorder is strong enough the behaviour of such system s becom es anom alous. T ipicalefiects produced by disorder are sub difiusion of excitations and particles,localization of w aves and particles,backscattering oflight,w eak electricalconduction [1,2],etc. Som e of these efiects can be satisfactory explained by m eans of linear m odels w hose evolution equations have inhom ogeneous random coe– cients (R andom flelds). T he m ain efiect of disorder in such linear system s consists of a change in the difi usivity of the corresponding excitation. M atem atically it can be m ade evident by averaging the evolution equations obtaining,in m ore or less rigorous w ay, equations w ith renorm alized difiusion coe– cients [4].

W hen the disorder is very strong the difiusion law s change dram atically giving rise to new phases in w hich the difi usion lenght varies in tim e w ith a characteristic exponent determ ined by the intensity of disorder. In som e cases it is possible to perform an overallanalysis of these phases and to relate the exponent of the difiusion lenght w ith the degree of disorder [4].

In a nonlinear system the efiect ofdisorder is not w ellknow n. T he collective behavior,tipical of a nonlinear system , leads to the form ation of structures that could interact w ith disorder in a m ore global m anner .

T he aim of this contribution is to illustrate these difi erent behaviors by m eans of reactiondifiusion m odels w ith analytical solutions. W e flrst analyze disorder efiects in the propagation of a trigger w ave in the B allast resistor (Sects. 2, 3 and 4). In this m odel there are several lenghts and characteristic tim es. U nder in�uence of disorder the trigger w ave has difierent behaviors. It can be either like a particle in a p ositive velocity fleld or like a structure driven by a tim e depending noise.

T o conclude, w e brie�y discuss som e properties of w aves that perform transitions from unstable stationary states (Sect. 5).

2. T h e M o d el of D iso rd ered B alla st R esistor

T he B allast resistor is a conducting w ire inm ersed in a bath w ith constant tem perature T_B [5]. If T (x ;t) is the tem perature of the w ire at site x and tim e t,the evolution equation of this function w illb e given by:

2 c@ T (x ;t) = @ D (x)@ T (x;t) ¡ q(T (x;t) ¡ T ) + I R (T ) (1)

t x x B

w here the flrst term of the right hand side corresponds to heat difiusion, D (x) being the heat conductivity, the second one represents the heat transfer to the bath (q is the heat transfer coe– cient) and the last is the electrical pow er density. I is the electrical intensity, c is the speciflc heat and R (T ) is the resistence as function of the tem perature.

W e focus on the case of a sup erconducting w ire. T hen R (T ) = R �(T ¡ T ), b eing �(x) 0 c the step function, T the critical tem perature and R a constant resistence. In an ordered case, c 0 that is, w ith D (x) = D (constant), w e can w rite E q. (1) in the form :

2 @ T (x;t) = D @ T (x ;t) + f (T ) (2)

t x x

w ith

f (T ) = ¡ T + (T ¡ T )�(T ¡ T ) + T ; (3)

3 1 2 1

being T , T and T functions of c, q, T ,T , R and I.

1 2 3 B c 0

T his is a special case of a bistable m edium , that is, a system w ith tw o steady states w hich are stable under su– ciently sm all perturbations. Stronger perturbations can cause transitions betw een these states. T he fundam ental form of a pattern in bistable m edia is a trigger w ave, w hich represents a propagation front of transition from one stationary state into the other [6].

T he piecew ise linear form of f (T ), E q. (3),allow s an exact tim e assym ptotic solution. T he q 1 qD D_2

flnalresult is a trigger w ave ofw idth L = ( ) propagating w ith a velocity given by v =

F_2 q c [7]. W e take as w idht of the w ave the lenght in w hich the slope changes appreciably.

T he efi ects ofdisorder are m odeled taking D (x ) as a G eneralized P oissonian R andom F ield

¡x =l

generated w ith exp onential pulses e (l is the correlation lenght of the noise) w ith random heights exponentially distributed w ith m ean value w [8]. T he position of the pulses has a 0 P oissonian distribution w ith param eter ‚ . M om ents, cum ulants and probabilities can be analytically calculated.

3. A d iab atic p ro p ag atio n .

W e deflne an adiabatic propagation as a case in w hich the w ave form ation is faster than the

2L L F F w ave propagation. T his condition can be analytically expressed by ¿ , w here the flrst D v term is a estim ation of the form ation tim e of the w ave as the tim e in w hich the difi usion is able to connect points over a lenght L . T he term on the right is obviously the propagation tim e F of the w ave through the sam e distance.

F ig.1

If m oreover the correlation lenght of the random fleld is longer than L , the w ave should F propagate adiabatically follow ing the variation ofthe fleld. W e have corrob orated this fact perform ing sim ulations w ith a G eneralized P oisson R andom F ield. In F ig. 1 w e show the random fleld (solid line) and the velocity of the w ave in one of these cases of adiabatic propagation. It can be seen that the w ave follow s the variations of the fleld.

If w e consider the w ave in a m oving fram e w ith velocity v, and deflne T (x ;t) = T (x + vt), s T (x ;t) is then governed by E q.: s

2 @ T (x ;t) = @ T + @ » @ T + v@ T ¡ T + T �(T ¡ T ) (4)

t s s x x + vt x s x s s h s c x x w ith @ T (x ;t) = 0, and the velocity and w idth can be exactly calculated, obtaining: t s q1 v(x ) = (z ¡ ) (1 + » ) (5) x z

and q L (x) = z (1 + » ) F x 1 2 D (x )¡< D (x )>

T I R h 0 2 w ith z = ( ¡ 1) , T = ¡ T and » = (transform ed random fleld w ith zero

h B x

T q < D (x )> c m ean value).

T he center of the w ave m oves like a directed random w alk w ith velocity v(x ). F inally, the p T 3 h conditions for this case can now b e m ore preciselly form ulated as ¿ and l � zh 1 + »i.^{cT 2c}

T his is an interesting case b ecause it is p ossible to see analytically the efiect of strong localization on the propagation of the w ave. T he w ave behaves like a particle in a p ositive random velocity fleld.

In F ig. 2 w e show the m ean velocities versus ‚ l in an adiabatic case, obtained solving num erically the B allast m odel w ith a G eneralized P oissonian R andom F ield. T he analytical prediction (solid line) in this case of large correlation lenght and ‚ ! = 1, is given by: 0 � ¶ � ¶� ¶^{1=2}

D E^1

1 1 ! ¡ (‚l+ 1=2) 0 2 < v > = z ¡ (1 + » ) = z ¡ x z z l ¡ (‚l)

In the sam e flgure w e plot the dispersion of the velocity of the w ave (dow n), in com parison 1 2 2 w ith the analytical solution (< v > = (z ¡ ) ).^z

F ig.2

F inally,by plotting the m ean velocity versus the random difi usion coeflcient D (x ),w e check 1 2 than v(x) … D (x ) , as app ear in F ig. 3, w here w e have obtained ln v(x ) = 0:472ln D (x)+ 0:33.

F ig.3

4. F ast p rop agation .

In a non adiabatic case the process of form ation and propagation of the pulse are sim ultaneous. T hen all term s in the equation (4) are im portant and the random fleld is now tim edepending. H ere the correlation lenght also plays an im portant role b ecause if it is larger than L the noise can be considered as global (only-tim e depending). In a general case, it is very F di– cult to obtain analyticalpredictions. H ere w e restrict ourselves to the case ofw eak intensity of the noise. W e average E q. (4) w ith h�(T ¡ T )i » �(T ¡ T ) in order to get a stationary

s c s c

equation for the conditioned w ave, obtaining :

@ T + @ F (x ) + v@ T ¡ T + T �(T ¡ T ) = 0 (6)

x x s x x s s h s c

2 w here F (x) can be calculated at the flrst order in the noise intensity, ‚ ! , by m eans of the 0 N ovikov theorem as a function of T and the random fleld. T he resulting equation suggests s that for short correlation lenghts (w hite noise lim it) the relevant param eter is the intensity of the noise.

T his fact can be corroborated w ith num erical sim ulation, as can b e seen in F igs. 4 a), b) and c) w here w e see that the m ean velocity does not depend on ‚ l.

F ig .4 a) F ig .4 b )

F ig.4 c) 2 F inally,in F ig. 5 it is seen the linear dependence of velocity w ith the intensity of noise,‚!^0

F ig.5

5 . W av es o f T ran sitio n fro m an U n stab le S tate.

It is also interesting to study properties of w aves that perform transitions from unstable stationary states. T his case can be m odeled by E q. (2), w here the nonlinear function f (T ) has tw o roots, T and T ,corresponding to an unstable and a stable stationary states, respectively. 1 2 T he m athem aticaltheory of w aves that perform a transition from an unstable stationary state w as constructed in 1937 by K olm ogorov, P etrovskii and P iskunov [9].

In contrast to the case oftrigger w aves in bistable m edia,boundary conditions do not specify a unique solution. T here is a fam ily of solutions that corresp ond to transition w aves m oving at difierent velocities. A ll possible propagation velocities are bounded from below . T he slow est transition w ave propagating w ith a m inim al velocity corresponds to natural propagation [6].

W e focus in the specialcase of m odels w ith piecew ise-linear approxim ation of f (T ), that is:

( T ¡ T ; if T < T 1 2 f (T ) = T ¡ T ; if T > T (> T )

3 2 1

In this case, w e have obtained an equation for the velocity depending on T , T , T and an_{1 2 3} aditional param eter c (non-uniqueness):

q_{2 2}

‚ (T ¡ T ) = cv 1 ¡ 4=v + ‚ (T ¡ T )

1 2 3 2 2 1

w here: ‰ � 2 q v_2 ‚ = 1 ¡ 1 § 4=v 1;2 2 For certain values ofT ,T ,T it is possible to calculate the fam ily ofvalues for the velocity,

1 2 3

and its m inim un value. N um ericalsim ulations of E q. (2) corroborate that this slow est velocity corresp onds to natural propagation.

A s in the previous case, w e have consider disorder in the difiusion coe– cient by using G eneralized P oissonian R andom F ields. H ere it is interesting to investigate the adiabatic case since the velocity is not w ell determ ined. W e have perform ed sim ulations (F ig. 6) concluding that the natural velocity is alw ays selected. C om paring F igs. 6 and 1 one can see how in this last case the fleld is not instantaneously follow ed by the velocity. T his can b e an efi ect of the selection of velocities. M ore detailed investigations are in course.

F ig .6

A ck n ow led g m en ts

F inancial supp ort from U niversidad de O viedo, P roject D F /95-213-1 is acknow ledged.

R eferen ces.

1. P.A . L ee and T .V . R am akrishan, R ev. M od. P hys. 57, 287 (1985). S. A lexander, J.

B ernasconi, W .R . Schneider,R . O rbach, R ev. m od.P hys. 53, 175 (1981).

2. C hance and M atter, ed. Souletie, J. V anim eus and R .Stora (E lsevier, A m sterdan,1987).

3. W . Z im m erm ann, M . Seesselberg,F . P etruccione P .R .E . 48, 2699 (1993).

4. J.W . H aus and K .W . K her, P hys. R ep. 150,263 (1987). J.P . B ouchaud, A . G eorges,

P hys. R eports 4-5,127,293 (1990)

5. D . B edeaux and P . M azur. P hysica A 180, 295 (1992).

6. Foundations of Synergetics I.D istributed A ctive System s, A .S.M ikhailov, E d. Springer-

V erlag (1990).

7. C . Schat and H .S. W io, P hysica A 180, 295 (1992).

8. E . H ern¶andez-G arc¶‡a, L . P esquera, M .A . R odriguez and M . San M iguel, P hys. R ev. A

36, 5774 (1987).

9. A .N .K olm ogorov,I.G .P etrovskii,N .S.P iskunov: B ull. M osk. G os. U niv.,Sekt. M atem - atika i M ekhanika 1, 1-26 (1937).