Proceedings of the Ninth Prague Topological Symposium Contributed papers from the symposium held in Prague, Czech Republic, August 19–25, 2001

SUBLINEAR AND CONTINUOUS ORDER-PRESERVING FUNCTIONS FOR NONCOMPLETE PREORDERS

GIANNI BOSI AND MAGALÌ E. ZUANON

Abstract. We characterize the existence of a nonnegative, sublinear and continuous order-preserving function for a not necessarily complete preorder on a real convex cone in an arbitrary topological real vector space. As a corollary of the main result, we present necessary and sufficient conditions for the existence of such an order-preserving function for a complete preorder.

1. Introduction

Necessary and sufficient conditions for the existence of a continuous linear order-preserving function for a complete preorder on a topological real vector space are already found in the literature (see e.g. Candeal and Induráin [10] and Neuefeind and Trockel [17]). It is well known that there are important applications of such results in expected utility theory and collective decision making. A characterization of the existence of a continuous linear utility function for a complete preorder on a convex set in a normed real vector space was presented by Bültel [7]. Further, some authors were concerned with the existence of a homogeneous of degree one and continuous orderpreserving function for a complete preorder on a real cone in a topological real vector space (see e.g. Bosi [2], Bosi, Candeal and Induráin [3], and Dow and Werlang [13]). More recently, Bosi and Zuanon [5] presented a characterization of the existence of a nonnegative, homogeneous of degree one and continuous order-preserving function for a noncomplete preorder on a real cone in a topological real vector space. In a different context, other authors were concerned with the existence of an additive order-preserving function on a completely preordered semigroup (see e.g. Allevi and Zuanon

2000 Mathematics Subject Classification. 28B15, 06A06, 91B16.

Key words and phrases. Topological vector space; preordered real cone; sublinear orderpreserving function; decreasing scale.

JEL classification. C60; D80. Corresponding author. Gianni Bosi.

Gianni Bosi and Magalì E. Zuanon, Sublinear and continuous order-preserving functions for noncomplete preorders, Proceedings of the Ninth Prague Topological Symposium (Prague, 2001), pp. 1–8, Topology Atlas, Toronto, 2002; arXiv:math.GN/0204101. 1

[1], and Candeal, de Miguel and Induráin [9]). Bosi and Zuanon [6] presented a characterization of the existence of a Choquet integral representation for a complete preorder on the space of all continuous real-valued functions on a compact topological space.

In this paper we provide an axiomatization of the existence of a nonnegative, sublinear and continuous order-preserving function for a not necessarily complete preorder on a real convex cone in a topological real vector space. All the results we present are based upon the notion of a decreasing scale (or linear separable system) which was introduced by Herden [14, 15] in order to characterize the existence of a continuous order-preserving function for a preorder on a topological space (see also Burgess and Fitzpatrick [8], and Mehta [16]).

It should be noted that such a topic can be of some interest in the applications to economics. Consider the following example concerning decision theory under uncertainty. Let M = {μ_n : n ∈ {1, . . . , n^∗}} be a finite family of concave capacities on a measurable space (Ω, A), with Ω the state space, and A a σ-algebra of subsets of Ω. We recall that a capacity μ on A (i.e., a function from A into [0, 1] such that μ(∅) = 0, μ(Ω) = 1, and μ(A) ≤ μ(B) for all A ⊆ B, A, B ∈ A) is said to be concave if for all sets A, B ∈ A, μ(A ∪ B) + μ(A ∩ B) ≤ μ(A) + μ(B) (see e.g. Chateauneuf [11]). Let X be a real convex cone of nonnegative real random variables (i.e., measurable real functions) on (Ω, A), and assume that X is contained in L^1(Ω, A, μ_n) for every n ∈ {1, . . . , n^∗}, where L^1(Ω, A, μ) stands for the normed space of all the real random variables x such that the Choquet integral ∫ Ω xdμ = ∫_∞ 0 μ({x ≥ t})dt + ∫_0 −∞ (μ({x ≥ t}) − 1)dt is finite (see e.g. Denneberg [12]). Define a binary relation ⪯ on X as follows:

x ⪯ y if and only if ∫ Ω xdμ_n ≤ ∫ Ω ydμ_n for all n ∈ {1, . . . , n^∗}. It is clear that ⪯ is a preorder on X, and that ⪯ is not complete in general. For every n ∈ {1, . . . , n^∗}, denote by τ_n the norm topology on X which is associated to μ_n, and let τ be any (vector) topology on X which is stronger than τ_n for all n ∈ {1, . . . , n^∗} (i.e., τ_n ⊆ τ for all n ∈ {1, . . . , n^∗}). Then the real-valued function u on X defined by u(x) = n^∗∑

n=1 ∫ Ω xdμ_n (x ∈ X) is a nonnegative, sublinear and τ-continuous order-preserving function for ⪯. Indeed, it is clear that x ⪯ y implies u(x) ≤ u(y) for all x, y ∈ X. If x ≺ y, then we have u(x) < u(y), since ∫ Ω xdμ_n ≤ ∫ Ω ydμ_n for all n ∈ {1, . . . , n^∗}, and there exists at least one index n̄ ∈ {1, . . . , n^∗} such that

∫ Ω xdμ_{n̄} < ∫ Ω ydμ_{n̄}. Further, u is sublinear since the functional x → ∫ Ω xdμ_n is sublinear for all n ∈ {1, . . . , n^∗}. Finally, u is τ-continuous since the functional x → ∫ Ω xdμ_n is τ_n-continuous, and therefore τ-continuous for all n ∈ {1, . . . , n^∗} (see Denneberg [12, Proposition 9.4]).

2. Notation and preliminaries

A preorder ⪯ on an arbitrary set X is a reflexive and transitive binary relation on X. The strict part and the symmetric part of a given preorder ⪯ will be denoted by ≺, and respectively ∼. A preorder ⪯ on a set X is said to be complete if for any two elements x, y ∈ X either x ⪯ y or y ⪯ x.

If ⪯ is a preorder on a set X, then the pair (X, ⪯) will be referred to as a preordered set. Define, for every x ∈ X, L_≺(x) = {z ∈ X : z ≺ x}, U_≺(x) = {z ∈ X : x ≺ z}. Given a preordered set (X, ⪯), a real-valued function u on X is said to be (1) increasing if u(x) ≤ u(y) for every x, y ∈ X such that x ⪯ y; (2) order-preserving if it is increasing and u(x) < u(y) for every x, y ∈ X such that x ≺ y.

If (X, ⪯) is a preordered set, and τ is a topology on X, then the triple (X, τ, ⪯) will be referred to as a topological preordered space. If (X, τ, ⪯) is a topological completely preordered space, then the complete preorder ⪯ is said to be continuous if L_≺(x) and U_≺(x) are open subsets of X for every x ∈ X. Given a preordered set (X, ⪯), a subset A of X is said to be decreasing if y ∈ A whenever y ⪯ x and x ∈ A.

In the sequel, the symbol Q^{++} (R^{++} ) will stand for the set of all positive rational (real) numbers. If (X, τ) is a topological space, then denote by A the topological closure of any subset A of X.

We say that a family G = {G_r : r ∈ Q^{++} } is a countable decreasing scale (countable linear separable system) in a topological preordered space (X, τ, ⪯) if (1) G_r is an open decreasing subset of X for every r ∈ Q^{++} ; (2) G_{r1} ⊆ G_{r2} for every r_1, r_2 ∈ Q^{++} such that r_1 < r_2; (3) ⋃ r∈Q^{++} G_r = X.

If E is a real vector space, then define, for every subset A of E and any real number t, tA = {ta : a ∈ A}. Further, if A and B are any two subsets of a (real) vector space E, then define A + B = {a + b : a ∈ A, b ∈ B}.

A subset X of a real vector space E is said to be

(1) a real cone if tx ∈ X for every x ∈ X and t ∈ R^{++} ; (2) a real convex cone if it is a real cone and x+y ∈ X for every x, y ∈ X.

A real-valued function u on a real cone X in a real vector space E is said to be homogeneous of degree one if u(tx) = tu(x) for every x ∈ X and t ∈ R^{++} .

A real-valued function u on a real convex cone X in a real vector space E is said to be sublinear if it is homogeneous of degree one and subadditive (i.e., u(x + y) ≤ u(x) + u(y) for every x, y ∈ X).

Given a topological real vector space E, denote by τ the vector topology for E (i.e., the topology on E which makes the vector operations continuous).

If X is any subset of a topological real vector space E, denote by τ_X the topology induced on X by the vector topology τ on E.

If (X, ⪯) is a preordered real cone in a topological real vector space E, then we say that a countable decreasing scale G = {G_r : r ∈ Q^{++} } in (X, τ_X , ⪯) is homogeneous if qG_r = G_{qr} for every q, r ∈ Q^{++} .

If (X, ⪯) is a preordered real convex cone in a topological real vector space E, then we say that a countable decreasing scale G = {G_r : r ∈ Q^{++} } in (X, τ_X , ⪯) is subadditive if G_q + G_r ⊆ G_{q+r} for every q, r ∈ Q^{++} .

3. Existence of a sublinear continuous order-preserving function

In the following theorem we characterize the existence of a nonnegative, sublinear and continuous order-preserving function for a not necessarily complete preorder on a real convex cone in a topological real vector space.

Theorem 3.1. Let ⪯ be a preorder on a real convex cone X in a topological real vector space E. Then the following conditions are equivalent:

(1) There exists a nonnegative, sublinear and continuous order-preserving function u for ⪯.

(2) There exists a homogeneous and subadditive countable decreasing scale G = {G_r : r ∈ Q^{++} } in (X, τ_X , ⪯) such that for every x, y ∈ X with x ≺ y there exist r_1, r_2 ∈ Q^{++} with

r_1 < r_2, x ∈ G_{r1} and y ∉ G_{r2} .

Proof. (1) ⇒ (2). Assume that there exists a nonnegative, sublinear and continuous order-preserving function u for ⪯. Define G_r = u^{−1}([0, r[) for every r ∈ Q^{++} . Let us show that G = {G_r : r ∈ Q^{++} } is a homogeneous and subadditive countable decreasing scale satisfying condition (2). Using the fact that u is nonnegative and order-preserving, we have that for every x, y ∈ X such that x ≺ y, there exist r_1, r_2 ∈ Q^{++} such that u(x) < r_1 < r_2 < u(y), and therefore x ∈ G_{r1} , y ∉ G_{r2} . Further, since u is homogeneous of degree one,

qG_r = qu^{−1}([0, r[) = u^{−1}([0, qr[) = G_{qr} for every q, r ∈ Q^{++} .

Hence, G is homogeneous. It only remains to show that G is subadditive. To this aim, consider any two rational numbers q, r ∈ Q^{++} , and let z ∈ G_q + G_r. Then there exist two elements x, y ∈ X such that z = x + y, u(x) < q, u(y) < r. Hence, using the fact that u is subadditive, we have u(z) = u(x + y) ≤ u(x) + u(y) < q + r, and therefore z ∈ G_{q+r}.

(2) ⇒ (1). Define, for every x ∈ X,

u(x) = inf{r ∈ Q^{++} : x ∈ G_r}.

Then u is a nonnegative continuous order-preserving function for ⪯. Indeed, by using the fact that G_r is a decreasing set for every r ∈ Q^{++} , it is easily seen that u is increasing. Further, u is order-preserving by condition (2) above, and u is continuous since u(x) = inf{r ∈ Q^{++} : x ∈ G_r} (see e.g. Theorem 1 in Bosi and Mehta [4] for details). In order to show that u is homogeneous of degree one, it suffices to prove that for no r ∈ Q^{++} , and x ∈ X it is u(rx) ≠ ru(x). Then the thesis follows by a standard continuity argument. This part of the proof is already found in Bosi and Zuanon [5, Theorem 1]. Nevertheless, we present all the details here for reader’s convenience. By contradiction, assume that there exist r ∈ Q^{++} , and x ∈ X such that u(rx) < ru(x). Then, from the definition of u, there exists r^′ ∈ Q^{++} such that u(rx) < r^′ < ru(x), rx ∈ G_r′ . Since u(x) >^{r′}_r , it follows that x ∉ G_r′_r =^1_r G_r′ , and therefore we arrive at the contradiction rx ∉ G_r′ . Analogously it can be shown that for no r ∈ Q^{++} , and x ∈ X it is ru(x) < u(rx). It remains to prove that u is subadditive. By contradiction, assume that there exist two elements x, y ∈ X such that u(x) + u(y) < u(x + y). Then, from the definition of u, there exist two rational numbers q, r ∈ Q^{++} such that u(x) + u(y) < q + r < u(x + y), x ∈ G_q, y ∈ G_r. Since the countable decreasing scale G = {G_r : r ∈ Q^{++} } is subadditive, we have x + y ∈ G_{q+r}, and therefore q + r < u(x + y) is contradictory from the definition of u. This consideration completes the proof. □

If ⪯ is a homothetic complete preorder on a real cone X in a real vector space E (i.e., x ⪯ y entails tx ⪯ ty for every x, y ∈ X, and t ∈ R^{++} ), then consider the following subcones of X:

X_0 = {x ∈ X : x ∼ tx for some positive real number t ≠ 1};

X_+ = {x ∈ X : x ≺ tx for some real number t > 1};

X_− = {x ∈ X : tx ≺ x for some real number t > 1}.

In the following corollary, we present a characterization of the existence of a nonnegative, sublinear and continuous order-preserving function for a complete preorder on a real convex cone in a topological real vector space. We recall that, given a preordered set (X, ⪯), a subset A of X is said to be an order-dense subset of (X, ⪯) if for every x, y ∈ X such that x ≺ y there exists a ∈ A such that x ≺ a ≺ y.

Corollary 3.2. Let ⪯ be a complete preorder on a real convex cone X in a topological real vector space E, and assume that X_0 and X_+ are both nonempty, while X_− is empty. Then the following conditions are equivalent:

(1) There exists a nonnegative, sublinear and continuous order-preserving function u for ⪯.

(2) The following conditions are satisfied:

(a) ⪯ is homothetic; (b) ⪯ is continuous;

(c) The set {qx_+ : q ∈ Q^{++} } is an order-dense subset of (X_+, ⪯) for every element x_+ ∈ X_+;

(d) x ∼ y for every x, y ∈ X_0; (e) x ≺ x_+ for every x ∈ X_0, x_+ ∈ X_+;

(f) x + y ≺ (q + r)x_+ for every x, y ∈ X, x_+ ∈ X_+, q, r ∈ Q^{++} such that x ≺ qx_+, y ≺ rx_+.

Proof. (1) ⇒ (2). Assume that there exists a nonnegative, sublinear and continuous order-preserving function u for ⪯. Then it is clear that ⪯ is homothetic and continuous. If we consider any element x_+ ∈ X such that x_+ ≺ tx_+ for some real number t > 1, then it is necessarily u(x_+) > 0, and therefore, using the fact that u is homogeneous of degree one, condition (2c) easily follows. Finally, it is easily seen that conditions (2d), (2e) and (2f) are verified.

(2) ⇒ (1). Consider any element x_+ ∈ X such that x_+ ≺ tx_+ for some real number t > 1, and let G_r = L_≺(rx_+) for every r ∈ Q^{++} . Then it is easy to check that the family G = {G_r : r ∈ Q^{++} } is a countable decreasing scale satisfying condition (2) of Theorem 3.1. Indeed, by homotheticity of ⪯, x ≺ rx_+ is equivalent to qx ≺ qrx_+ (q ∈ Q^{++} ), and therefore G is homogeneous (see Bosi and Zuanon [5, Corollary 2]). Further, G is subadditive by condition (2f) since, for every q, r ∈ Q^{++} , and x, y ∈ X, x ∈ G_q and y ∈ G_r is equivalent to x ≺ qx_+ and y ≺ rx_+, which implies x + y ≺ (q + r)x_+ or equivalently x + y ∈ G_{q+r}. Finally, by condition (2c) above, for every x, y ∈ X such that x ≺ y there exist r_1, r_2 ∈ Q^{++} such that

r_1 < r_2, x ≺ r_1x_+ ≺ r_2x_+ ≺ y,

or equivalently x ∈ L_≺(r_1x_+), y ∉ L_≺(r_2x_+).

So the proof is complete. □

Denote by ¯0 the zero vector in a real vector space E. In the following corollary we are concerned with a sublinear representation of a complete preorder on a real convex cone containing the zero vector.

Corollary 3.3. Let ⪯ be a complete preorder on a real convex cone X in a topological real vector space E, and assume that X_+ is nonempty, while X_− is empty. If in addition ¯0 belongs to X, then there exists a nonnegative, sublinear and continuous order-preserving function u for ⪯ if and only if ⪯ is homothetic and continuous, and it satisfies condition (2f) of Corollary 3.2.

Proof. From the corollary in Bosi, Candeal and Induráin [3], there exists a nonnegative, homogeneous of degree one and continuous order-preserving function u for ⪯. Indeed, the complete preorder ⪯ on the real (convex) cone X is homothetic and continuous, and we have in addition ¯0 ∈ X. Let us show that u must be subadditive as a consequence of condition (2f) of Corollary 3.2. Assume by contraposition that there exist x, y ∈ X such that u(x) + u(y) < u(x + y), and consider any element x_+ ∈ X_+. Then it must be u(x_+) > 0 since u is a homogeneous of degree one utility function for ⪯, and there exist two positive rational numbers q and r such that u(x) + u(y) < (q + r)u(x_+) < u(x + y), x ≺ qx_+, y ≺ rx_+. But here we have a contradiction since it should be u(x + y) < (q + r)u(x_+) by condition (2f) of Corollary 3.2. So the proof is complete. □

References

[1] E. Allevi and Magalì E. Zuanon, Representation of preference orderings on totally ordered semigroups, Pure Math. Appl. 11 (2000), no. 1, 13–21. MR 2001m:91121 [2] Gianni Bosi, A note on the existence of continuous representations of homothetic preferences on a topological vector space, Ann. Oper. Res. 80 (1998), 263–268. MR 99j:90004 [3] Gianni Bosi, Juan Carlos Candeal, and Esteban Induráin, Continuous representability of homothetic preferences by means of homogeneous utility functions, J. Math. Econom. 33 (2000), no. 3, 291–298. MR 2001e:91069 [4] Gianni Bosi and G.B Mehta, Existence of a semicontinuous or continuous utility function: a unified approach and an elementary proof, Preprint, 2001.

[5] Gianni Bosi and Magalì E. Zuanon, Homogeneous and continuous order-preserving functions for noncomplete preorders, Rendiconti per gli Studi Economici Quantitativi (2000), 16–24.

[6] , Existence of comonotonically additive utility functionals and Choquet integral representations with applications to decision theory and mathematical finance, Int. Math. J. 1 (2002), no. 6, 533–541. MR 1 860 635 [7] Dirk Bültel, Continuous linear utility for preferences on convex sets in normed real vector spaces, Math. Social Sci. 42 (2001), no. 1, 89–98. MR 2002a:91019 [8] D. C. J. Burgess and M. Fitzpatrick, On separation axioms for certain types of ordered topological space, Math. Proc. Cambridge Philos. Soc. 82 (1977), no. 1, 59–65. MR 55 #9046 [9] Juan Carlos Candeal, Juan Ramón de Miguel, and Esteban Induráin, Existence of additive and continuous utility functions on ordered semigroups, Mathematical utility theory (Essen, 1997), Springer, Vienna, 1999, pp. 53–68. MR 2000m:91039 [10] Juan Carlos Candeal and Esteban Induráin, A note on linear utility, Econom. Theory 6 (1995), no. 3, 519–522. MR 96f:90031 [11] Alain Chateauneuf, Decomposable capacities, distorted probabilities and concave capacities, Math. Social Sci. 31 (1996), no. 1, 19–37. MR 97m:90006 [12] Dieter Denneberg, Non-additive measure and integral, Kluwer Academic Publishers Group, Dordrecht, 1994. MR 96c:28017 [13] James Dow and Sérgio Ribeiro da Costa Werlang, Homothetic preferences, J. Math.

Econom. 21 (1992), no. 4, 389–394. MR 93i:90016 [14] G. Herden, On the existence of utility functions, Math. Social Sci. 17 (1989), no. 3, 297–313. MR 91c:90011

[15] , On the existence of utility functions. II, Math. Social Sci. 18 (1989), no. 2, 107–117. MR 91c:90012 [16] G.B. Mehta, Preference and utility, Handbook of Utility Theory, Kluwer Academic Publishers, Dordrecht, 1998, pp. 1–47.

[17] Wilhelm Neuefeind and Walter Trockel, Continuous linear representability of binary relations, Econom. Theory 6 (1995), no. 2, 351–356. MR 96h:90033

Dipartimento di Matematica, Applicata “Bruno de Finetti”, Università di Trieste, Piazzale, Europa 1, 34127, Trieste, Italy, Phone: +39 040 6767115. Fax: +39 040 54209.

E-mail address: giannibo@econ.univ.trieste.it

Istituto di Econometria e Matematica per le Decisioni Economiche, Università Cattolica del Sacro Cuore, Largo A. Gemelli 1, 20123, Milano, Italy E-mail address: mzuanon@mi.unicatt.it