Steps in Differential Geometry, Proceedings of the Colloquium on Differential Geometry, 25–30 July, 2000, Debrecen, Hungary

ON HAMILTON p_2–EQUATIONS IN SECOND-ORDER FIELD THEORY

DANA SMETANOVÁ

Abstract. In the present paper recent results on regularizations of first order variational problems are generalized to Lagrangians affine in the second derivatives. New regularity conditions are found and Legendre transformations are studied.

1. Introduction and notation

In this paper we consider an extension of the classical Hamilton–Cartan variational theory on fibered manifolds.

It is known that in field theory to a variational problem represented by a Lagrangian one can associate different Hamilton equations corresponding to different Lepagean equivalents of the Lagrangian (Dedecker [1], Krupka [7]). Accordingly, these Hamilton equations depend upon a Lagrangian (resp. its Poincaré - Cartan form), and an auxiliary differential form corresponding to the at least 2-contact part of the Lepagean equivalent of the Lagrangian. This admits a new approach to the problem of regularity (Dedecker [1], Krupková [11], [12], Krupková and Smetanová [13], [14]). Contrary to the classical calculus of variations where regularity is a property of a single Lagrangian, in the generalized approach regularity conditions (different from [3], [4], [8], [15]) depend upon a Lagrangian and some “free” functions which can be considered as parameters. Within this setting, a proper choice of a Lepagean equivalent can lead to a “regularization” of a Lagrangian. Using this regularization procedure one can regularize some interesting traditionally singular physical fields, the Dirac field, and the electromagnetic field (cf. Dedecker [1], Krupková and Smetanová [13], [14]).

Throughout this paper, π : Y → X is s fibered manifold, and dim X = n, dim Y = m + n. The r-jet prolongation of π is a fibered manifold denoted by

1991 Mathematics Subject Classification. 35A15, 49L10, 49N60, 58E15. Key words and phrases. Hamilton extremals, Hamilton p_2-equations, Lagrangian, Legendre transformation, Lepage form, Poincaré-Cartan form, regularity.

Research supported by Grants MSM:J10/98:192400002, VS 96003 and FRVŠ 1467/2000 of the Czech Ministry of Education, Youth and Sports, Grant 201/00/0724 of the Czech Grant Agency, and by the Mathematical Institute of the Silesian University in Opava.

The author wishes to thank Prof. Olga Krupková for her valuable stimulation and discussions about principal ideas of the present work. 329

330 DANA SMETANOVÁ

π_r : J^rY → X and π_{r,s} : J^rY → J^sY , 0 ≤ s ≤ r, we denote the natural jet projections. A fibered chart on Y (resp. an associated fibered chart on J^rY ) is denoted by (V, ψ), ψ = (x^i, y^σ ) (resp. (V_r , ψ_r), ψ_r = (x^i, y^σ, y^σ_i , . . . , y^σ_{i1 ...ir} )). In what follows, we consider r = 1 or r = 2.

Recall that every q-form η on J^rY admits a unique (canonical) decomposition into a sum of q-forms on J^{r+1}Y as follows: π^∗_{r+1,r}η = h(η) + q∑ k=1 p_k(η), where h(η) is a horizontal form, called the horizontal part of η, and p_k(η), 1 ≤ k ≤ q, is a k-contact form, called the k-contact part of η (see e.g. [5], [6] for review).

We use the following notations: ω_0 = dx^1 ∧ dx^2 ∧ · · · ∧ dx^n, ω_i = i_{∂/∂x}i ω_0, ω_{ij} = i_{∂/∂x}j ω_i, and ω^σ = dy^σ − y^σ_j dx^j , ω^σ_i = dy^σ_i − y^σ_{ij} dx^j . By an r-th order Lagrangian we shall mean a horizontal n-form λ on J^rY . A form ρ is called a Lepagean equivalent of a Lagrangian λ if (up to a projection) h(ρ) = λ, and p_1(dρ) is a π_{r+1,0}-horizontal form [5]. For an r-th order Lagrangian we have all its Lepagean equivalents of order (2r −1) characterized by the following formula (1.1) ρ = Θ + ν, where Θ is a global Poincaré–Cartan form associated to λ, and ν is an arbitrary n-form of order of contactness ≥ 2, i.e., such that h(ν) = p_1(ν) = 0 (cf. Krupka [5], [6]). Recall that for a Lagrangian of order 1, Θ = θ_λ where θ_λ is the classical Poincaré–Cartan form of λ,

θ_λ = Lω_0 + ∂L ∂y^σ_i ω^σ ∧ ω_i. If r = 2, Θ is no more unique, however, there is an invariant decomposition (1.2) Θ = θ_λ + dϕ, where

θ_λ = Lω_0 + ( ∂L ∂y^σ_j − d_k ∂L ∂y^σ_{jk} ) ω^σ ∧ ω_j + ∂L ∂y^σ_{ij} ω^σ_i ∧ ω_j and ϕ does not depend upon λ (Krupka [6]).

With the help of Lepagean equivalents of a Lagrangian one obtains the following intrinsic formulation of the Euler–Lagrange and Hamilton equations. Theorem (Krupka [5]). Let λ be a Lagrangian on J^rY , ρ its Lepagean equivalent. A section γ of π is an extremal of λ if and only if (1.3) J^{2r−1}γ^∗i_J 2r−1_ξdρ = 0 for every π-vertical vector field ξ on Y .

ON HAMILTON p_2 –EQUATIONS IN SECOND-ORDER FIELD THEORY 331

A section δ of the fibered manifold π_{2r−1} is called a Hamilton extremal of ρ (Krupka [7]) if

(1.4) δ^∗i_ξdρ = 0,

for every π_{2r−1}-vertical vector field ξ on J^{2r−1}Y .

(1.3) are called the Euler–Lagrange equations and (1.4) the Hamilton equations of ρ, respectively. Notice that while the Euler–Lagrange equations are uniquely determined by the Lagrangian, Hamilton equations depend upon a choice of ν. Consequently, one gets many different Hamilton theories associated to a given variational problem.

In accordance with [13], by Hamilton p_2-equations we shall mean Hamilton equations of a Lepagean equivalent ρ of λ where ν is a 2-contact n-form (i. e., h(ν) = p_i(ν) = 0, i ≥ 1, i ≠ 2).

The aim of this paper is to consider Hamilton p_2-equations for a class of second order Lagrangians. Namely, we study Lagragians affine in second derivatives y^σ_{kl}, such that their Lepagean equivalent is of the form ρ = θ_λ + ν, where ν = p_2(β), for an n-form β defined on J^1Y .

Recall that a section δ of the fibered manifold π_r is said to be holonomic if δ = J^rγ for a section γ of π. Clearly, if γ is an extremal then J^{2r−1}γ is a Hamilton extremal; conversely, however, a Hamilton extremal need not be holonomic, and thus a jet prolongation of some extremal. This suggests a definition of regularity proposed by Krupka and Štěpánková [9] in consequence with a study of second order Lagrangians with projectable Poincaré–Cartan forms: Throughout this paper a Lepagean form is called regular if every its Hamilton extremal is holonomic. Taking a Lepagean equivalent of λ in the form ρ = θ_λ + p_2(β), where β is defined on J^1Y , we can see that regularity conditions involve λ and β, and one can ask about a proper choice β, such that ρ is regular. We study this question in Section 2. Section 3 is then devoted to the question on the existence of certain Legendre coordinates for regularizable Lagrangians. In Section 4 we deal with Lagrangians, affine with second derivatives, admitting a Lepagean equivalent projectable onto J^1Y . Our results are a direct generalization of techniques and results from [13], [14] and provide, as a special case, the results of [9] and [2].

2. Regularization of variational problems for second-order Lagrangians affine in second derivatives

We shall consider Lagrangians affine in the second derivatives and its Lepagean forms (1.1), (1.2) where ϕ = 0, ν is 2-contact, and

ν = p_2(β),

where β is defined on J^1Y and such that p_i(β) = 0 for all i ≥ 3.

In a fiber chart, a Lagrangian λ affine in the second derivatives is expressed by

(2.1) λ = Lω_0, L = ~L + ~L^{ij}_σ y^σ_{ij} ,

332 DANA SMETANOVÁ

where functions ~L, ~L^{ij}_σ do not depend on the variables y^κ_{kl} and the functions ~L^{ij}_σ satisfy the condition ~L^{ij}_σ = ~L^{ji}_σ . In view of the above considerations we obtain

(2.2) ρ = ( ~L + ~L^{kl}_ν y^ν_{kl} ) ω_0 + ( ∂ ~L ∂y^σ_j + ∂ ~L^{kl}_ν ∂y^σ_j y^ν_{kl} − d_k ~L^{jk}_σ ) ω^σ ∧ ω_j + ~L^{il}_σ ω^σ_i ∧ ω_j + f^{ij}_{σν} ω^σ ∧ ω^ν ∧ ω_{ij} + g^{kij}_{σν} ω^σ ∧ ω^ν_k ∧ ω_{ij} + h^{klij}_{σν} ω^σ_k ∧ ω^ν_l ∧ ω_{ij} , where the functions f^{ij}_{σν} , g^{kij}_{σν} , h^{klij}_{σν} do not depend on the y^κ_{pq} ’s and satisfy the conditions f^{ij}_{σν} = −f^{ij}_{νσ}, f^{ij}_{σν} = −f^{ji}_{σν} , f^{ij}_{σν} = f^{ji}_{νσ}; g^{kij}_{σν} = −g^{kji}_{σν} ; (2.3) h^{klij}_{σν} = −h^{lkij}_{νσ} , h^{klij}_{σν} = −h^{klji}_{σν} . In general case, the Poincaré–Cartan forms of a second order Lagrangians is defined on J^3Y , but for Lagrangians of the forms (2.1) θ_λ is projectable onto J^2Y . Our choice of the 2-contact part ν of ρ conserves the Lepagean form (2.2), (2.3) defined on J^2Y .

In the following theorems necessary conditions for regularity are found, which according to the definition of regularity in this paper, guarantee that extremals and Hamilton extremals of λ = hρ are in bijective correspondence.

Theorem A. Let dim X ≥ 3. Let λ be a second-order Lagrangian affine in the variables y^σ_{ij} , the formula (2.1) be its expression in a fiber chart (V, ψ), ψ = (x^i, y^σ) on Y . Let ρ be a Lepagean equivalent of λ of the form (2.2), (2.3).

Assume that the matrix (2.5) ( A^{klj}_{νσ} | B^{klpq}_{νκ} ) , with mn^2 rows (resp. mn + mn(n + 1)/ 2 columns) labelled by (ν, k, l) (resp. (σ, j, κ, p, q), where 1 ≤ p ≤ q ≤ n), where A^{klj}_{νσ} = ( ∂ ~L^{kl}_ν ∂y^σ_j − 1 2 ( ∂ ~L^{jk}_σ ∂y^ν_l + ∂ ~L^{jl}_σ ∂y^ν_k ) − g^{kjl}_{σν} − g^{ljk}_{σν} ) , and B^{klpq}_{νκ} = ( h^{kpql}_{νκ} + h^{lpqk}_{νκ} ) , has rank mn(n + 3)/ 2.

Then ρ is regular on π_2^{−1} (V ), i.e., every Hamilton extremal δ : π(V ) ⊃ U → J^2Y of ρ is of the form δ = J^2γ, where γ is an extremal of λ.

Proof. Expressing the Hamilton p_2-equations (1.4) in fiber coordinates we get along δ the following system of first-order equations for section δ:

ON HAMILTON p_2 –EQUATIONS IN SECOND-ORDER FIELD THEORY 333

mn^2 equations ( ∂ ~L^{kl}_ν ∂y^σ_j − 1 2 ( ∂ ~L^{jk}_σ ∂y^ν_l + ∂ ~L^{jl}_σ ∂y^ν_k ) − g^{kjl}_{σν} − g^{ljk}_{σν} ) ( ∂y^σ ∂x^j − y^σ_j ) (2.6)

+2 ( h^{kijl}_{νσ} + h^{lijk}_{νσ} ) ( ∂y^σ_i ∂x^j − y^σ_{ij} ) = 0,

mn equations ( ∂^2 ~L ∂y^σ_j ∂y^ν_k + ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν_k y^κ_{pq} − ∂ ∂y^ν_k d_p ~L^{jp}_σ − ∂ ~L^{kj}_ν ∂y^σ − 4f^{jk}_{σν} + 2d_ig^{kij}_{σν} ) (2.7)

× ( ∂y^σ ∂x^j − y^σ_j ) + ( ∂ ~L^{ij}_σ ∂y^ν_k − ∂ ~L^{kj}_ν ∂y^σ_i + 2g^{kij}_{σν} − 2g^{ikj}_{νσ} − 4d_lh^{kilj}_{νσ} )

× ( ∂y^σ_i ∂x^j − y^σ_{ij} ) + 2 ( h^{ikjl}_{σν} + h^{lkji}_{σν} ) ( ∂y^σ_{il} ∂x^j − y^σ_{ilj} )

+ ( 2 ∂f^{ij}_{σκ} ∂y^ν_k + ∂g^{kij}_{κν} ∂y^σ − ∂g^{kij}_{σν} ∂y^κ ) ( ∂y^σ ∂x^j − y^σ_j ) ( ∂y^κ ∂x^i − y^κ_i )

+ 2 ( 2 ∂h^{lkij}_{κν} ∂y^σ + ∂g^{lij}_{σκ} ∂y^ν_k − ∂g^{kij}_{σν} ∂y^κ_l ) ( ∂y^σ ∂x^i − y^σ_i ) ( ∂y^κ_l ∂x^j − y^κ_{lj} )

+ 2 ( ∂h^{lkij}_{σν} ∂y^κ_p + ∂h^{kpij}_{νκ} ∂y^σ_l + ∂h^{plij}_{κσ} ∂y^ν_k ) ( ∂y^κ_p ∂x^i − y^κ_{pi} ) ( ∂y^σ_l ∂x^j − y^σ_{lj} ) = 0,

and m equations ( ∂ ~L ∂y^ν + ∂ ~L^{pq}_κ ∂y^ν y^κ_{pq} − d_j ( ∂ ~L ∂y^ν_j + ∂ ~L^{pq}_κ ∂y^ν_j y^κ_{pq} ) + d_j d_k ~L^{jk}_ν ) (2.8)

+ ( ∂^2 ~L ∂y^σ_j ∂y^ν + ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν y^κ_{pq} − ∂^2 ~L ∂y^σ∂y^ν_j − ∂^8 ~L^{pq}_κ ∂y^σ∂y^ν_j y^κ_{pq} − ∂ ∂y^ν d_k ~L^{jk}_σ

+ ∂ ∂y^σ d_k ~L^{jk}_ν + 2d_if^{ij}_{σν} ) ( ∂y^σ ∂x^j − y^σ_j )

+ ( ∂ ~L^{kj}_σ ∂y^ν − ∂^2 ~L ∂y^σ_j ∂y^ν_k − ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν_k y^κ_{pq} + ∂ ∂y^σ_k d_p ~L^{jp}_ν + 4f^{jk}_{νσ} − 2d_ig^{kij}_{νσ} )

× ( ∂y^σ_k ∂x^j − y^σ_{kj} )

+ ( ∂ ~L^{kl}_σ ∂y^ν_j − 1 2 ( ∂ ~L^{jk}_ν ∂y^σ_l + ∂ ~L^{jl}_ν ∂y^σ_k ) − g^{kjl}_{νσ} − g^{ljk}_{νσ} ) ( ∂y^σ_{kl} ∂x^j − y^σ_{klj} )

334 DANA SMETANOVÁ + 2 ( ∂f^{ij}_{σν} ∂y^κ + ∂f^{ij}_{κσ} ∂y^ν + ∂f^{ij}_{νκ} ∂y^σ ) ( ∂y^κ ∂x^i − y^κ_i ) ( ∂y^σ ∂x^j − y^σ_j )

+ 2 ( 2 ∂f^{ij}_{σν} ∂y^κ_k + ∂g^{kij}_{νκ} ∂y^σ − ∂g^{kij}_{σκ} ∂y^ν ) ( ∂y^κ_k ∂x^i − y^κ_{ki} ) ( ∂y^σ ∂x^j − y^σ_j )

+ ( 2 ∂h^{lkij}_{κσ} ∂y^ν + ∂g^{lij}_{νκ} ∂y^σ_k − ∂g^{kij}_{νσ} ∂y^κ_l ) ( ∂y^κ_l ∂x^i − x^κ_{li} ) ( ∂y^σ_k ∂x^j − y^σ_{kj} ) = 0.

The system (2.6) can be viewed as a system of mn^2 (algebraic) linear homogeneous equations for mn + mn ( n + 1 2 ) = mn ( n + 3 2 )

unknowns ( ∂y^σ ∂x^i − y^σ_i ) , and ( ∂y^σ_j ∂x^i − y^σ_{ij} ) , j ≤ i. According to the (algebraic) Frobenius theorem, this system has a unique (zero) solution if and only if the rank of the matrix of system, i. e., ( A^{klj}_{νσ} | B^{klpq}_{νκ} ) is equal to the number of unknowns, i. e., mn ((n + 3)/2). Let dim X = n ≥ 3, then mn^2 = mn ( n 2 + n 2 ) ≥ mn ( n + 3 2 ) , as desired. Since rank of matrix (2.5) is maximal, by assumption, we obtain ∂y^σ ∂x^i ∘ δ = y^σ_i ∘ δ, ∂y^σ_j ∂x^i ∘ δ = y^σ_{ij} ∘ δ, j ≤ i, proving that δ = J^2γ. Substituting this into (2.8) we get ( ∂ ~L ∂y^ν + ∂ ~L^{pq}_κ ∂y^ν y^κ_{pq} − d_j ( ∂ ~L ∂y^ν_j + ∂ ~L^{pq}_κ ∂y^ν_j y^κ_{pq} ) + d_j d_k ~L^{jk}_ν ) ∘ J^3γ

= ( ∂L ∂y^ν − d_j ∂L ∂y^ν_j + d_j d_k ∂L ∂y^ν_{jk} ) ∘ J^3γ = 0,

i. e., γ is an extremal of λ.

Theorem B. Let λ be a second-order Lagrangian affine in the variables y^σ_{ij} , the formula (2.1) be its expression in a fiber chart (V, ψ), ψ = (x^i, y^σ) on Y . Let ρ be a Lepagean equivalent of λ of the form (2.2), (2.3). Suppose that ρ satisfies the conditions (2.9) h^{klij}_{σν} = 0.

ON HAMILTON p_2 –EQUATIONS IN SECOND-ORDER FIELD THEORY 335

Assume that the matrix

(2.10) A^{klj}_{νσ} = ( ∂ ~L^{kl}_ν ∂y^σ_j − 1 2 ( ∂ ~L^{jk}_σ ∂y^ν_l + ∂ ~L^{jl}_σ ∂y^ν_k ) − g^{kjl}_{σν} − g^{ljk}_{σν} )

with mn^2 rows (resp. mn columns) labelled by (ν, k, l) (resp. (σ, j)), has the maximal rank (i.e. rank A^{klj}_{νσ} = mn).

Then every Hamilton extremal δ : π(V ) ⊃ U → J^2Y of ρ is of the form π_{2,1} ∘δ = J^1γ, where γ is an extremal of λ.

Proof. Substituting (2.9) into Hamilton p_2-equations (2.6), and using the condition rank A^{klj}_{νσ} = mn we obtain ∂y^σ ∘ δ ∂x^j = y^σ_j ∘ δ. The previous condition means π_{2,1} ∘ δ = J^1γ. However, the last equations (2.8) now mean that γ is an extremal of λ.

3. Legendre transformation on J^2Y for second order Lagrangians affine in second derivatives Writing the Lepagean equivalent (2.2), (2.3) in the form of a noninvariant decomposition in the canonical basis (dx^i, dy^σ , dy^σ_i , dy^σ_{ij} ) of 1-forms we get ρ = −Hω_0 + p^i_σdy^σ ∧ ω_i + p^{ij}_σ dy^σ_i ∧ ω_j + f^{ij}_{σν} dy^σ ∧ dy^ν ∧ ω_{ij} + g^{kij}_{σν} dy^σ ∧ dy^ν_k ∧ ω_{ij} + h^{klij}_{σν} dy^σ_k ∧ dy^ν_l ∧ ω_{ij} , where H = − L+ ( ∂L ∂y^σ_i − d_j ~L^{ij}_σ ) y^σ_i +~L^{ij}_σ y^σ_{ij} +2f^{ij}_{σν} y^σ_i y^ν_j − ( g^{kij}_{σν} +g^{jik}_{σν} ) y^σ_i y^ν_{jk} − 1 2 ( h^{klij}_{σν} + h^{ilkj}_{σν} + h^{kjil}_{σν} + h^{ijkl}_{σν} ) y^σ_{ik}y^ν_{jl}, p^i_σ = ∂L ∂y^σ_i − d_j ~L^{ij}_σ − 4f^{ij}_{σν} y^ν_j − ( g^{kij}_{σν} + g^{jik}_{σν} ) y^ν_{jk}, p^{ij}_σ = ~L^{ij}_σ + ( g^{ikj}_{νσ} + g^{jki}_{νσ} ) y^ν_k − 2 ( h^{kilj}_{νσ} + h^{likj}_{νσ} ) y^ν_{kl}.

(3.1)

If p^{ij}_σ = p^{ji}_σ (i. e., h^{kilj}_{νσ} + h^{likj}_{νσ} = h^{kjli}_{νσ} + h^{ljki}_{νσ} ) and

det ∂p^i_σ ∂y^ν_k ∂p^i_σ ∂y^ν_{kl} ∂p^{ij}_σ ∂y^ν_k ∂p^{ij}_σ ∂y^ν_{kl} ≠ 0,

then (3.2) ψ_2 = (x^i, y^σ, y^σ_i , y^σ_{ij} ) → (x^i, y^σ, p^i_σ , p^{ij}_σ ) = χ

336 DANA SMETANOVÁ

is a coordinate transformation over an open set U ⊂ V_2. We call it Legendre transformation, and the χ (3.2) the Legendre coordinates. Accordingly, H, p^i_σ, p^{ij}_σ are called a Hamiltonian and momenta, respectively. Since the functions f^{ij}_{σν} , g^{kij}_{σν} , h^{likj}_{νσ} (2.3) may depend upon the momenta p^i_σ (not upon p^{ij}_σ ), the Hamilton p_2- equations (1.4) in these “Legendre coordinates” take a rather complicated form: ∂H ∂y^σ = − ∂p^i_σ ∂x^i + 4 ∂f^{ij}_{σν} ∂x^j ∂y^ν ∂x^i + 2 ( ∂f^{ij}_{κν} ∂y^σ + ∂f^{ij}_{κσ} ∂y^ν + ∂f^{ij}_{νκ} ∂y^σ ) ∂y^κ ∂x^i ∂y^ν ∂x^j − 4 ∂f^{ij}_{σν} ∂p^k_κ ∂p^k_κ ∂x^i ∂y^ν ∂x^j + ∂g^{kij}_{σν} ∂x^j ∂y^ν_k ∂x^i + 2 ( ∂g^{kij}_{κν} ∂y^σ − ∂g^{kij}_{σν} ∂y^κ ) ∂y^κ ∂x^i ∂y^ν_k ∂x^j − 2 ∂g^{kij}_{σν} ∂p^l_κ ∂p^l_κ ∂x^i ∂y^ν_k ∂x^j + 2 ∂h^{klij}_{κν} ∂y^σ ∂y^κ_k ∂x^i ∂y^ν_l ∂x^j , ∂H ∂p^i_σ = ∂y^σ ∂x^i + 2 ∂f^{jk}_{κν} ∂p^i_σ ∂y^κ ∂x^j ∂y^ν ∂x^k + 2 ∂g^{kjl}_{κν} ∂p^i_σ ∂y^κ ∂x^j ∂y^ν_k ∂x^l + 2 ∂h^{kljm}_{κν} ∂p^i_σ ∂y^κ_k ∂x^j ∂y^ν_l ∂x^m , ∂H ∂p^{ij}_σ = 1 2 ( ∂y^σ_i ∂x^j + ∂y^σ_j ∂x^i ) . However, if dη = 0, where η = f^{ij}_{σν} dy^σ ∧ dy^ν ∧ ω_{ij} + g^{kij}_{σν} dy^σ ∧ dy^ν_k ∧ ω_{ij} + h^{klij}_{σν} dy^σ_k ∧ dy^ν_l ∧ ω_{ij} , then ∂H ∂y^σ = − ∂p^i_σ ∂x^i , ∂H ∂p^i_σ = ∂y^σ ∂x^i , ∂H ∂p^{ij}_σ = 1 2 ( ∂y^σ_i ∂x^j + ∂y^σ_j ∂x^i ) . In general case the regularity of the Lepagean form (2.3), (2.3) and regularity of Legendre transformation (3.2) do not coincides. By the following Theorem C the existence of Legendre transformation (3.2) guarantees that Theorem B holds.

Theorem C. Let λ be a second-order Lagrangian affine in the variables y^σ_{ij} , the formula (2.1) be its expression in a fiber chart (V, ψ), ψ = (x^i, y^σ) on Y . Let ρ be a Lepagean equivalent of λ of the form (2.2), (2.3). Suppose that ρ satisfies the conditions h^{klij}_{σν} = 0. Suppose that ρ admits the Legendre transformation

ψ_2 = (x^i, y^σ , y^σ_i , y^σ_{ij} ) → (x^i, y^σ, p^i_σ, p^{ij}_σ ) = χ

defined by (3.1), (3.2).

Then π_{2,1} ∘ δ = J^1γ, where γ is an extremal of λ.

Proof. Since, the functions h^{klij}_{σν} vanish, the Jacobi matrix of the Legendre transformation takes the form ∂p^i_σ ∂y^ν_k ∂p^i_σ ∂y^ν_{kl} ∂p^{ij}_σ ∂y^ν_k 0

ON HAMILTON p_2 –EQUATIONS IN SECOND-ORDER FIELD THEORY 337

The above matrix is regular if and only if the matrices (_{∂piσ} ∂y^ν_{kl} ) , and (_{∂pijσ} ∂y^ν_k ) have the maximal rank. Explicit computations lead to ∂p^i_σ ∂y^ν_{kl} = ∂ ~L^{kl}_ν ∂y^σ_i − 1 2 ( ∂ ~L^{ik}_σ ∂y^ν_l + ∂ ~L^{il}_σ ∂y^ν_k ) − g^{kil}_{σν} − g^{lik}_{σν} , i.e. in the notation (2.10), (_{∂piσ} ∂y^ν_{kl} ) = ( A^{klj}_{νσ} )_T . Accordingly, from Theorem B we obtain π_{2,1} ∘ δ = J^1γ, where γ is an extremal of λ.

For a deeper discussion on Legendre transformations and their geometric meaning we refer to [11], [12].

4. Projectability onto J^1Y Theorem D. Let λ be a second-order Lagrangian affine in the variables y^σ_{ij} , i. e., in fibered coordinates expressed by (2.1). Let ρ be a Lepagean equivalent of λ of the form (2.2), (2.3). The following conditions are equivalent:

I. ρ is projectable onto J^1Y . II. ρ satisfies the conditions

(4.1) h^{kilj}_{νσ} + h^{likj}_{νσ} = 0,

g^{kjl}_{σν} + g^{ljk}_{σν} = ∂ ~L^{kl}_ν ∂y^σ_j − 1 2 ( ∂ ~L^{jk}_σ ∂y^ν_l + ∂ ~L^{jl}_σ ∂y^ν_k ) . Proof. Taking into account ρ = −Hω_0 + p^i_σdy^σ ∧ ω_i + p^{ij}_σ dy^σ_i ∧ ω_j + f^{ij}_{σν} dy^σ ∧ dy^ν ∧ ω_{ij} + g^{kij}_{σν} dy^σ ∧ dy^ν_k ∧ ω_{ij} + h^{klij}_{σν} dy^σ_k ∧ dy^ν_l ∧ ω_{ij} , it is sufficient to find conditions of the independence H, p^i_σ , and p^{ij}_σ on y^σ_{ij} ’s. Explicit computations lead to ∂p^i_σ ∂y^ν_{kl} = ∂ ~L^{kl}_ν ∂y^σ_i − 1 2 ( ∂ ~L^{ik}_σ ∂y^ν_l + ∂ ~L^{il}_σ ∂y^ν_k ) − g^{kil}_{σν} − g^{lik}_{σν} = 0, ∂p^{ij}_σ ∂y^ν_{kl} = −2 ( h^{kilj}_{νσ} + h^{likj}_{νσ} ) = 0, ∂H ∂y^ν_{kl} = ( ∂ ~L^{kl}_ν ∂y^σ_i − 1 2 ( ∂ ~L^{ik}_σ ∂y^ν_l + ∂ ~L^{il}_σ ∂y^ν_k ) − g^{kil}_{σν} − g^{lik}_{σν} ) y^σ_i − ( h^{kjli}_{νσ} + h^{kilj}_{νσ} + h^{ljki}_{νσ} + h^{likj}_{νσ} ) y^σ_{ij} .

338 DANA SMETANOVÁ

Corollary. Every second-order Lagrangian affine in the variables y^κ_{ij} has a Lepagean equivalent projectable onto J^1Y .

Remark. If the functions f^{ij}_{σν} , g^{kij}_{σν} , h^{klij}_{σν} (2.2), (2.3) vanish, i. e., ρ = θ_λ the projectability conditions (4.1) take the form (cf. [9]) ∂ ~L^{kl}_ν ∂y^σ_j − 1 2 ( ∂ ~L^{jk}_σ ∂y^ν_l + ∂ ~L^{jl}_σ ∂y^ν_k ) = 0.

Theorem E. Let λ be a second-order Lagrangian affine in the variables y^σ_{ij} , the formula (2.1) be its expression in a fiber chart (V, ψ), ψ = (x^i, y^σ) on Y . Let ρ be a Lepagean equivalent of λ of the form (2.2), (2.3) and suppose that it is projectable onto J^1Y . If ρ satisfies the conditions

(4.2) h^{klij}_{σν} = 0, ∂f^{ij}_{σν} ∂y^κ_k = 1 2 ( ∂g^{kij}_{κσ} ∂y^ν − ∂g^{kij}_{κν} ∂y^σ )

g^{ikj}_{νσ} − g^{kij}_{σν} = 1 2 ( ∂ ~L^{ij}_σ ∂y^ν_k − ∂ ~L^{kj}_ν ∂y^σ_i )

∂g^{lij}_{σκ} ∂y^ν_k − ∂g^{kij}_{σν} ∂y^κ_l = 0.

and the matrix C^{kj}_{νσ} = ( ∂^2 ~L ∂y^σ_j ∂y^ν_k + ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν_k y^κ_{pq} − ∂ ∂y^ν_k d_p ~L^{jp}_σ − ∂ ~L^{kj}_ν ∂y^σ − 4f^{jk}_{σν} + 2d_ig^{kij}_{σν} ) , with rows (resp. columns) labelled by (ν, k) (resp. (σ, j)), is regular, then ρ is regular, i.e., every Hamilton extremal δ : π(V ) ⊃ U → J^1Y of ρ is of the form δ = J^1γ, where γ is an extremal of λ.

Proof. Expressing the Hamilton p_2-equations (1.4) of a Lepagean equivalent ρ projectable onto J^1Y in fiber coordinates and using (4.2) we get along δ the following system of first-order equations: mn equations ( ∂^2 ~L ∂y^σ_j ∂y^ν_k + ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν_k y^κ_{pq} − ∂ ∂y^ν_k d_p ~L^{jp}_σ − ∂ ~L^{kj}_ν ∂y^σ − 4f^{jk}_{σν} + 2d_ig^{kij}_{σν} ) (4.3)

× ( ∂y^σ ∂x^j − y^σ_j ) = 0,

m equations ( ∂ ~L ∂y^ν + ∂ ~L^{pq}_κ ∂y^ν y^κ_{pq} − d_j ( ∂ ~L ∂y^ν_j + ∂ ~L^{pq}_κ ∂y^ν_j y^κ_{pq} ) + d_j d_k ~L^{jk}_ν ) (4.4)

ON HAMILTON p_2 –EQUATIONS IN SECOND-ORDER FIELD THEORY 339 + ( ∂^2 ~L ∂y^σ_j ∂y^ν + ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν y^κ_{pq} − ∂^2 ~L ∂y^σ∂y^ν_j − ∂^2 ~L^{pq}_κ ∂y^σ∂y^ν_j y^κ_{pq} − ∂ ∂y^ν d_k ~L^{jk}_σ

+ ∂ ∂y^σ d_k ~L^{jk}_ν + 2d_if^{ij}_{σν} ) ( ∂y^σ ∂x^j − y^σ_j )

+ ( ∂ ~L^{kj}_σ ∂y^ν − ∂^2 ~L ∂y^σ_j ∂y^ν_k − ∂^2 ~L^{pq}_κ ∂y^σ_j ∂y^ν_k y^κ_{pq} + ∂ ∂y^σ_k d_p ~L^{jp}_ν + 4f^{jk}_{νσ} − 2d_ig^{kij}_{νσ} )

× ( ∂y^σ_k ∂x^j − y^σ_{kj} )

+ 2 ( ∂f^{ij}_{σν} ∂y^κ + ∂f^{ij}_{κσ} ∂y^ν + ∂f^{ij}_{νκ} ∂y^σ ) ( ∂y^κ ∂x^i − y^κ_i ) ( ∂y^σ ∂x^j − y^σ_j ) = 0.

The matrix C^{kj}_{νσ} is regular. Hence, from equations (4.3) we obtain the formula

(4.5) ∂y^σ ∘ δ ∂x^j = y^σ_j ∘ δ. Substituting this into (4.4) we get ( ∂ ~L ∂y^ν + ∂ ~L^{pq}_κ ∂y^ν y^κ_{pq} − d_j ( ∂ ~L ∂y^ν_j + ∂ ~L^{pq}_κ ∂y^ν_j y^κ_{pq} ) + d_j d_k ~L^{jk}_ν ) ∘ J^3γ

= ( ∂L ∂y^ν − d_j ∂L ∂y^ν_j + d_j d_k ∂L ∂y^ν_{jk} ) ∘ J^3γ = 0,

proving our assertion.

Remark. a) Let λ be a second-order Lagrangian (2.1), suppose that the functions ~L^{ij}_σ satisfy the conditions ∂ ~L^{ki}_σ ∂y^ν_j = ∂ ~L^{ki}_ν ∂y^σ_j This means that ~L^{ij}_σ take the form ~L^{ij}_σ = 1 2 ( ∂f^j ∂y^σ_i + ∂f^i ∂y^σ_j )

and the Lagrangian equivalent with a first-order Lagrangian.

We can choose the functions g^{kij}_{σν} in a regular Lepagean equivalent (in the sense of Theorem E) in the following form g^{kij}_{σν} = 1 2 ( ∂ ~L^{kj}_ν ∂y^σ_i − ∂ ~L^{ki}_ν ∂y^σ_j ) + t^{kij}_{σν} ,

340 DANA SMETANOVÁ

where the functions t^{kij}_{σν} do not depend on the variables y^ν_{kl} and satisfy the conditions t^{kij}_{σν} = −t^{kji}_{σν} , t^{kij}_{σν} = −t^{jik}_{σν} , t^{kij}_{σν} = −t^{ikj}_{νσ} . b) Let λ be a second-order Lagrangian (2.1) and suppose that the functions ~L^{ij}_σ

satisfy the conditions ∂ ~L^{kl}_ν ∂y^σ_j − 1 2 ( ∂ ~L^{jk}_σ ∂y^ν_l + ∂ ~L^{jl}_σ ∂y^ν_k ) = 0.

Then we can choose the functions g^{kij}_{σν} as follows: g^{kij}_{σν} = 1 4 ( ∂ ~L^{kj}_ν ∂y^σ_i − ∂ ~L^{ij}_σ ∂y^ν_k ) + t^{ijk}_{σν} , where the t^{kij}_{σν} ’s are as above.

References

[1] P. Dedecker, On the generalization of symplectic geometry to multiple integrals in the calculus of variations, in: Lecture Notes in Math. 570, Springer, Berlin, 1977, 395–456.

[2] P. L. Garciá and J. Muñoz Masqué, Le problème de la régularité dans le calcul des variations du second ordre, C. R. Acad. Sc. Paris, t. 301, Série I 12, (1985), 639–642.

[3] G. Giachetta, L. Mangiarotti and G. Sardanashvily, Covariant Hamilton equations for field theory, J. Phys. A: Math. Gen. 32, (1999) 6629–6642.

[4] M. J. Gotay, A multisymplectic framework for classical field theory and the calculus of variations, I. Covariant Hamiltonian formalism, in: Mechanics, Analysis and Geometry: 200 Years After Lagrange, (M. Francaviglia and D. D. Holm, eds.), North Holland, Amsterdam, 1990, 203–235.

[5] D. Krupka, Some geometric aspects of variational problems in fibered manifolds, Folia Fac.

Sci. Nat. UJEP Brunensis 14, (1971) 1–65.

[6] D. Krupka, Lepagean forms in higher order variational theory, in: Modern developments in Analytical Mechanics I: Geometrical Dynamics, Proc. IUTAM-ISIMM Symp., Torino, Italy 1982, (S. Benenti, M. Francaviglia and A. Lichnerowicz, eds.), Accad. delle Scienze di Torino, Torino, 1983, 197–238.

[7] D. Krupka, On the higher order Hamilton theory in fibered spaces, in: Geometrical Methods in Physics, Proc. Conf. Diff. Geom. Appl., Nové Město na Moravě, 1983, (D. Krupka, ed.), J.E. Purkyně University, Brno, Czechoslovakia, 1984, 167–183.

[8] D. Krupka, Regular Lagrangians and Lepagean forms, in: Differential Geometry and Its Applications, Proc. Conf., Brno, Czechoslovakia, 1986, (D. Krupka and A. Švec, eds.), D. Reidel, Dordrecht, 1986, 111–148.

[9] D. Krupka and O. Štěpánková, On the Hamilton form in second order calculus of variations, in: Geometry and Physics, Proc. Int. Meeting, Florence, Italy, 1982, (M. Modugno, ed.), Pitagora Ed., Bologna, 1983, 85–101.

[10] O. Krupková, The Geometry of Ordinary Variational Equations, Lecture Notes in Mathematics 1678, Springer, Berlin, 1997.

[11] O. Krupková, Regularity in field theory, Lecture, Conf. ”New Applications of Multisymplectic Field Theory”, Salamanca, September 1999, Preprint, submitted.

[12] O. Krupková, Hamiltonian field theory revisited: A geometric approach to regularity, in these Poceedings.

ON HAMILTON p_2 –EQUATIONS IN SECOND-ORDER FIELD THEORY 341

[13] O. Krupková and D. Smetanová, On regularization of variational problems in first-order field theory, Rend. Circ. Mat. Palermo Suppl., Serie II, Suppl. 66 (2001) 133–140.

[14] O. Krupková and D. Smetanová, Legendre transformation for regularizable Lagrangians in field theory, Preprint GA 18/2000 A, submitted.

[15] D. J. Saunders, The regularity of variational problems, Contemporary Math. 132, (1992) 573–593.

Mathematical Institute of the Silesian University in Opava, Bezručovo nám. 13, 746 01 Opava, Czech Republic

E-mail address: Dana.Smetanova@math.slu.cz