Steps in Differential Geometry, Proceedings of the Colloquium on Differential Geometry, 25–30 July, 2000, Debrecen, Hungary

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY

DEMETER KRUPKA AND JANA MUSILOVÁ

Abstract. In this paper, foundations of the higher order variational sequence theory are explained. Relations of the classes in the sequence to basic concepts of the variational calculus on fibered spaces, such as the lagrangians, Lepage forms, Euler–Lagrange forms, and the Helmholtz–Sonin forms, are discussed. Recent global results, including interpretation of the classes in the variational sequence as differential forms, are discussed.

1. Introduction

During the few last decades, there has been a growing interest in the study of global aspects of the calculus of variations. The arising theory, the calculus of variations on smooth manifolds and fibered spaces, includes the coordinate– free calculus of vector fields and differential forms, differential geometry, topology and global analysis. The most intensively studied general questions were those connected with the structure of Euler–Lagrange mapping, i.e., with variationally trivial lagrangians, the inverse problem of the calculus of variations, and the order reducibility problem.

Let Y be a fibered manifold over a base manifold X, where n = dim X, and let J^rY denote the r−jet prolongation of Y . The need of global concepts led to the introduction of the so called Lepage n−forms, and Lepage equivalents of lagrangians, based on the idea of Lepage and Dedecker that there should exist a close connection between the Euler–Lagrange mapping and the exterior derivative of forms (Krupka [32], [35], [36]). Later, this concept was extended to (n+1)−forms in field theory by Krupková [57], [62] and Klapka [27]. Krupková [57], [58], [61] applied Lepage 2−forms in higher order mechanics to the inverse problem, and to the order reducibility problem, and obtained their complete solutions.

The relationship between the Euler–Lagrange mapping and the exterior derivative operator has given rise to the theory of variational bicomplexes, and variational sequences. The idea was to discover a proper (cohomological) sequence in which

1991 Mathematics Subject Classification. 49F05, 58A15, 58E99.

Key words and phrases. Variational sequence, lagrangian, Lepage form, Euler–Lagrange mapping, Helmholtz–Sonin mapping.

This paper is in final form and no version of it will be submitted for publication elsewhere. Research supported by grants CEZ: J10/98: 129400002 and VS 96003 ”Global Analysis” of the Ministry of Education, Youth and Sports of Czech Republic, by grant No. 201/00/0724 of the Czech Grant Agency, by the Silesian University at Opava and by the Masaryk University at Brno. 161

162 DEMETER KRUPKA AND JANA MUSILOVÁ

the Euler–Lagrange mapping would be included as one ”arrow”; indeed, this would give us a tool for a global characteristic of the Euler–Lagrange mapping.

A theoretical background of theory of variational bicomplexes, which is based on infinite jet constructions, was formulated at the break of seventieth and eightieth by Anderson and Duchamp [2], Dedecker and Tulczyjew [12], Takens [73], Tulczyjew [75], Vinogradov et all [76] (see also e.g. Anderson [3], Vinogradov, Krasilschik and Lychagin [77]).

Finite order variational sequences were introduced by Krupka [43] in 1989 (see also [50], [56]), and was further developed by his co-workers (Kašparová, Krbek, Musilová, Štefánek [24], [25], [29], [30], [31], [63], [72]), and others (Grigore [20], Vitolo [78], [79], Francaviglia, Palese and Vitolo [13], [14]).

A comparison of both theories can be found in Krupka [53], Pommaret [67], and Vitolo [79].

Let us discuss some most important features of the theory of finite order variational sequences.

(1) The variational sequence is defined as the quotient sequence of the De Rham sequence over J^rY by its subsequence of contact forms, and its morphisms keep the order r fixed. The sequence is exact, and one of its morphisms is exactly the Euler–Lagrange operator. This demonstrates the relationship of d with the Euler–Lagrange mapping.

(2) Each term of the variational sequence is, as a quotient group, determined up to an isomorphism. This means that the variational sequence can be represented by various spaces. Important representations arise when the classes of forms are represented as globally defined forms (on some J^sY , where r ≤ s). It has already been proved that such representations do exist for spaces involving the domain and the range of the Euler–Lagrange mapping, and the next arrow in the sequence, the Helmholtz–Sonin mapping (see futher discussion).

(3) By the abstract De Rham theorem, the complex of global sections of the variational sequence has the same cohomology as the manifold Y . On the other hand, the classes in the variational sequence have a certain algebraic structure; therefore, the meaning of the cohomology conditions in the sequence differs from their meaning in the context of the variational bicomplex theory. In particular, the global variationality condition (H^{n+1}Y = 0) includes existence of global lagrangians of a certain analytic structure, defined by the sequence.

(4) An interesting question is the meaning of the Lepage forms and their generalizations, which play fundamental role in the global variational theory. It should be pointed out that within the context of the variational sequence, the Lepage forms are just proper representations of elements of the sequence (classes), defined by some specific properties.

Štefánek [72] found a complete (local) representation of the r−th order variational sequence in mechanics. Musilová [63] and Krbek and Musilová [30] described the representation by forms of the variational terms in the sequence, i.e. the terms relevant to the Euler–Lagrange, and Helmholtz–Sonin mappings. Moreover, they

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 163

described a reconstruction procedure of the classes. Kašparová [24], [25], [26] has found global representations of the variational terms in the first order field theory. Her results have been extended by Krbek, Musilová and Kašparová [31] to arbitrary order field theory.

The aim of the presented review paper is to give a consistent exposition of the present situation in the variational sequence theory. We define all concepts and present all basic theorems together with ideas of their proofs. For more details, the reader should consult the references.

2. The concept of the variational sequence

The main purpose of this part of the paper is to give a brief and consistent presentation of the theory of finite-order variational sequence on the adequately abstract level.

2.1. Differential forms on fibered manifolds. In this section we introduce the basic geometrical structures for the formulation of variational theories, especially for the concept of global higher order variational functionals as well as for the variational sequences. Modern global variational theories are formulated by means of differential forms defined on fibered manifolds and their jet prolongations. An important role is played by some special classes of forms: horizontal and contact forms. For the theory of differential forms the reader is referred e.g. to [1], [32], [35], [43], the structure of contact forms is discussed in detail in [47], [49]. The concept of a fibered manifold and its jet prolongations is based on the general theory of jets, presented in [28], [44] and [70], and can also be found in [55].

Throughout, we use the standard notation given e.g. in [32], [43], [49], [50]. The definitions of fundamental structures and objects are presented in the form adapted to practical purposes and emphasizing their coordinate expressions. All manifolds and mappings are of class C^∞.

Y is an (n+m)−dimensional fibered manifold with an n−dimensional base X and projection π : Y → X (surjective submersion). For an arbitrary integer r ≥ 0, J^rY is the r−jet prolongation of Y , π^r : J^rY → X, π^{r,s} : J^rY → J^sY , r ≥ s ≥ 0, are canonical jet projections of J^rY on X and J^sY , respectively. We denote N_r = dim J^rY . It holds N_r = n+ ∑_r k=0 M_k = n+m (_{n+r} n ) , where M_k = m (_{n+k−1} k ) . We denote by γ and J^r_xγ a section of the fibered manifold Y (a smooth mapping γ : X → Y for which π ∘ γ = id_X ) and its r−jet at the point x, respectively. The mapping J^rγ : x → J^rγ(x) = J^r_xγ is the r−jet prolongation of γ. Γ_Ω(π) is the set of all sections of Y defined on Ω ⊂ X. Let (V, ψ), ψ = (x^i, y^σ), 1 ≤ i ≤ n, 1 ≤ σ ≤ m, be a fibered chart on Y . Then we denote (U, φ) and (V^r, ψ^r) the associated chart on X and the associated fibered chart on J^rY , respectively. These charts are induced by (V, ψ) by such a way that U = π(V ), φ = (x^i) and V^r = (π^{r,0})^{−1}(V ), ψ^r = (x^i, y^σ , y^σ_{j1} , . . . y^σ_{j1...jk} ), where y^σ_{j1...jk} γ(x) =^{∂yσ γ(x)}_{∂xj1 ...∂xjk} for 1 ≤ k ≤ r, x ∈ U and every γ ∈ Γ_U (π). Thus, the variables y^σ_{j1 ...jk} are completely symmetric in all

164 DEMETER KRUPKA AND JANA MUSILOVÁ

indices contained in each multiindex J = (j_1 . . . j_k). The integer k = |J| is the length of the multiindex J. For y^σ we put |J| = 0.

Let Ξ be a vector field on an open subset W of Y . It is called π−projectable, if there exists a vector field ξ on π(V ) such that T π · Ξ = ξ ∘ π, T π being the tangent mapping to π. Then ξ is unique and it is called the π−projection of Ξ. In a fibered chart (V, ψ), V ⊂ W , ψ = (x^i, y^σ), it holds

Ξ = ξ^i(x^j ) ∂ ∂x^i + Ξ^σ (x^i, y^σ) ∂ ∂y^σ . Let (V, ψ) be a chart on Y . Let α : V → Y be a local isomorphism of Y and α_0 : U → X its projection, i.e. π ∘ α = α_0 ∘ π. We define the local isomorphism J^rα : V^r → J^rY of J^rY by the relation

J^rα(J^r_x γ) = J^r_{α0 (x)}αγα^{−1}_0 .

J^rα is called the r−jet prolongation of α. Using prolongations of local isomorphisms connected with the one-parameter group of a projectable vector field we can define jet prolongations of this vector field: Let Ξ be a π−projectable vector field on Y and let ξ be its π−projection. Let α_t be the local one-parameter group of Ξ. Then we define

J^rΞ(J^r_x γ) = ( d dt J^rα_t(J^r_x γ) ) t=0 for each J^r_x γ ∈ dom J^rα_t. This relation defines the vector field on J^rY called the r−jet prolongation of Ξ. Its chart expression is as follows:

J^rΞ = ξ^i ∂ ∂x^i + Ξ^σ_J ∂ ∂y^σ_J , Ξ^σ_{j1 ...jk} = d_{jk} ξ^σ_{j1 ...jk−1} − y^σ_{j1...jk−1 i} ∂ξ^i ∂x^{jk} , 0≤|J|≤r (in details see e.g. [49]), where d_i denotes the total (formal) derivative operator for any function f : W → R in a fibered chart (V, ψ), V ⊂ W :

d_if = ∂f ∂x^i + ∂f ∂y^σ_J y^σ_{Ji}, 0≤|J|≤ r. It can be easily seen that J^rΞ is π^{r,s}−projectable for every 0 ≤ s ≤ r and it is also π^r−projectable. Denote W^r = (π^{r,0})^{−1}W . Let Ξ be a vector field on W^r. It is called π^r−projectable, if there exists a vector field ξ on π(W ) such that T π^r · Ξ = ξ ∘ π^r . In a fibered chart (V, ψ), V ⊂ W , ψ = (x^i, y^σ) we have

Ξ = ξ^i(x^j ) + Ξ^σ_J ∂ ∂y^σ_J , Ξ^σ_J = Ξ^σ_J (x^i, y^σ , y^σ_{j1} , . . . , y^σ_{j1...jr} ). A vector field Ξ on W^r is called π^{r,s}−projectable for 0 ≤ s ≤ r, if there exists a vector field ξ on W^s such that T π^{r,s} · Ξ = ξ ∘ π^{r,s}, i.e. Ξ^σ_{j1 ...jk} = Ξ^σ_{j1 ...jk} (x^i, y^σ, y^σ_{j1} , . . . , y^σ_{j1...js} ) for s≤k ≤r. Let W ⊂ Y be again an open set. We denote by Ω^r_0W the ring of smooth functions on W and by Ω^r_q W the Ω^r_0W −module of smooth differential q−forms on W^r. The fibered structure on Y leads to the concept of vertical vectors and vector

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 165

fields and of horizontal forms, as follows: A vector Ξ ∈ T_yJ^rY is called π^r−vertical if T π^r · Ξ = 0. If the same holds for a vector field Ξ on W^r ⊂ J^rY at every point y ∈ W^r, we have the π^r −vertical vector field. (In coordinates this means that ξ^i = 0 on π^r(W^r).) Let 0≤s≤r be integers. A vector Ξ ∈ T_yJ^rY (or a vector field Ξ on J^rY ) is called π^{r,s}−vertical, if T_yπ^{r,s} · Ξ=0 (or T π^{r,s} · Ξ=0, respectively).

A form ϱ ∈ Ω^r_q W is called π^r− horizontal (or simply horizontal), if it takes zero value whenever some of its vector arguments are π^r−vertical vectors. It can be proved that for every form ϱ ∈ Ω^r_qW , q ≥ 1, there exists the uniquely defined horizontal form hϱ ∈ Ω^{r+1}_q W for which J^rγ^∗ϱ = J^{r+1}γ^∗hϱ for all sections γ of Y , ∗ denoting the pullback mapping. Putting in addition hf = f ∘ π^{r+1,r} for a function f : W^r → R, we obtain a morphism h : Ω^r_q W → Ω^{r+1}_q W which is induced by the fibered structure on Y . This morphism is called the horizontalization. For the chart expressions it holds (1) h dx^i = (π^{r+1,r})^∗dx^i = dx^i, h dy^σ_{j1 ...jk} = y^σ_{j1 ...jk i} (π^{r+1,r})^∗dx^i = y^σ_{j1 ...jk i} dx^i, for 1≤k ≤r. It holds h(ω ∧ η) = hω ∧ hη.

A form ϱ ∈ Ω^r_qW is called contact if it holds J^rγ^∗ϱ = 0 for every section γ of Y , or equivalently, if hϱ = 0. Let (V, ψ) be a fibered chart on Y . We define (2) ω^σ_{j1...jk} = dy^σ_{j1 ...jk} − y^σ_{j1 ...jk i} dx^i, 0≤k ≤r−1. We can see that the integers M_k = m (_{n+k−1} k ) defined previously give also the number of independent forms ω^σ_{j1...jk} .

The forms ω^σ_{j1...jk} defined by (2) are contact, as can be easily verified. Then we can use the so called contact base of 1−forms on V^r (dx^i, ω^σ, ω^σ_{j1} , . . . , ω^σ_{j1...jr−1} , dy^σ_{j1...jr} ) instead of the canonical one, (dx^i, dy^σ, dy^σ_{j1} , . . . , dy^σ_{j1...jr} ).

Recall that a form ϱ ∈ Ω^r_qW is called π^r−projectable if there exists a form η on π^r(W ) for which ϱ = (π^r )^∗η. A form ϱ ∈ Ω^r_q W is called π^{r,s}−projectable for r ≥ s ≥ 0 if there exists a form η ∈ Ω^s_q W for which ϱ = (π^{r,s})^∗η. Let ϱ ∈ Ω^r_q W be a form. We denote pϱ = (π^{r+1,r})^∗ϱ − hϱ its contact part (pϱ is of course contact, as can be immediately proved with the use of definition of hϱ). There exists the unique decomposition

(3) (π^{r+1,r})^∗ϱ = hϱ + p_1ϱ + · · · + p_q ϱ

of the form (π^{r+1,r})^∗ϱ in which p_kϱ, for every 1≤k ≤ q, is the contact form, called the k−contact component of ϱ. In an arbitrarily chosen fibered chart (V, ψ) on Y the chart expression of p_kϱ is a linear combination of exterior products ω^{σ1}_{I1} ∧ . . . ∧ ω^{σk}_{Ik} ∧ dx^{ik+1} ∧ . . . ∧ dx^q with coefficients from Ω^{r+1}_0 V , where I_p = (j_1 . . . j_p), 0 ≤ p ≤ r, are multiindices. Every such product contains exactly k exterior factors of the type ω^σ_{j1 ...jp} , 0≤p≤r. The form hϱ is the horizontal or 0−contact component of the form ϱ. The lowest integer k for which p_k ≠ 0 is called the degree of contactness of the form ϱ. We

166 DEMETER KRUPKA AND JANA MUSILOVÁ

denote the submodule of horizontal q−forms on W^r by Ω^r_{q,X} W . A q−form ϱ ∈ Ω^r_qW is called π^{r,s}−horizontal if for every π^{r,s}−vertical vector field Ξ on J^rY it holds i_Ξϱ = 0. The decomposition (3) is, of course, coordinate invariant. In a fibered chart (V, ψ) it can be expressed as follows: Let ϱ ∈ Ω^r_q W have, in a fibered chart (V, ψ), V ⊂ W , the chart expression

(4) ϱ = q∑ s=0 A^{I1}_{σ1} · · ·^{Is}_{σs,is+1,...iq} dy^{σ1}_{I1} ∧ . . . ∧ dy^{σs}_{Is} ∧ dx^{is+1} ∧ . . . ∧ dx^{iq} in which coefficients A^{I1}_{σ1} · · ·^{Is}_{σs,is+1,...iq} ∈ Ω^r_0V are antisymmetric in all multiindices ((_{I1} σ_1 ) , . . . , (_{Is} σ_s )) , 0 ≤ |I_p| ≤ r, antisymmetric in all indices (i_{s+1}, . . . , i_q ) and symmetric in all indices contained in each multiindex I_p. Then for every 0 ≤ k ≤ q it holds (5) p_kϱ = C^{I1}_{σ1} · · ·^{Ik}_{σk ,ik+1,...iq} ω^{σ1}_{I1} ∧ . . . ∧ ω^{σk}_{Ik} ∧ dx^{ik+1} ∧ dx^{ik+1} ∧ . . . ∧ dx^{iq} , C^{I1}_{σ1} · · ·^{Ik}_{σk ,ik+1 ,...iq} = = q∑ s=k ( s k ) A^{I1}_{σ1} · · ·^{Ik}_{σk} · · ·^{Is}_{σs,is+1...iq} y^{σk+1}_{Ik+1ik+1} . . . y^{σs}_{Isis} , alt(i_{k+1}, . . . , i_q). (The summations over multiindices I_p are taken over all independent choices of indices in each multiindex.) The proof of the existence and uniqueness of the decomposition (3) and the relation (5) can be found in [49]. It can be immediately seen from the relation (5) that for q > n every q−form is contact. Moreover, in such a case it holds hϱ = p_1ϱ = · · · = p_{q−n−1}ϱ = 0. Let q > n. A form ϱ ∈ Ω^r_qW is called strongly contact if p_{q−n}ϱ = 0. A form ϱ ∈ Ω^r_q W is called decomposable if hϱ (or p_{q−n}ϱ) is π^{r+1,r}−projectable for 1≤q ≤n, (or q > n, respectively).

The decomposition of forms (3), and especially contact and strongly contact forms, plays an important role in the theory of variational functionals. We anticipate that all such basic concepts as a lagrangian, the Euler–Lagrange form and the Helmholtz–Sonin form are based on the decomposition (3) combined with the exterior derivative operator. Let us present the local structure of contact forms more precisely (for detailed discussion see e.g. [47], [49]).

Let W ⊂ Y be an open set and let ϱ ∈ Ω^r_qW be a q−form. Let (V, ψ) be again a fibered chart on Y for which V ⊂ W , ψ = (x^i, y^σ). Then it holds: (a) For q =1 a form ϱ is contact if and only if it can be expressed in (V, ψ) as (6) ϱ = Φ^J_σ ω^σ_J , 0≤|J|≤r−1, where Φ^J_σ ∈ Ω^r_0V are some functions.

(b) For 2≤q ≤n a form ϱ is contact if and only if it can be expressed in (V, ψ) as (7) ϱ = ω^σ_J ∧ Ψ^J_σ + dΨ, 0≤|J|≤r−1,

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 167

where Ψ^J_σ ∈ Ω^r_{q−1}V are some (q − 1)−forms and Ψ ∈ Ω^r_{q−1}V is some contact (q−1)−form for which Ψ = ω^σ_I ∧ χ^I_σ , |I|=r−1, χ^I_σ ∈ Ω^r_{q−2}V .

(c) For n<q ≤N_r a form ϱ is strongly contact if and only if it can be expressed in (V, ψ) as (8) ϱ = ω^{σ1}_{J1} ∧ . . . ∧ ω^{σp}_{Jp} ∧ dω^{σp+1}_{Ip+1} ∧ . . . ∧ dω^{σp+s}_{Ip+s} ∧ Φ^{J1}_{σ1} · · ·^{JpIp+1}_{σp σp+1} · · ·^{Ip+s}_{σp+s} , where Φ^{J1}_{σ1} · · ·^{JpIp+1}σ_pσ_{p+1} · · ·^{Ip+s}σ_{p+s} ∈ Ω^r_{q−p−2s}V are some forms, 0≤|J|≤r−1 for 1≤l ≤p, |I_j | = r −1 for p+1 ≤ j ≤ p+s, and summation is taken over all such p for which p+s≥q−n−1, p+2s≤q. It is evident that for q >P_r, where P_r = ∑_{r−1} k=0 M_k+2n−1, the relation (8) gives the identically zero form. Furthermore, for convenience in most calculations we denote by ω_0 = dx^1 ∧ . . . ∧ dx^n the volume element on X and ω_i = i ∂_{∂xi} ω_0 = (−1)^{i−1}dx^1 ∧ . . . ∧ dx^{i−1} ∧ dx^{i+1} ∧ . . . ∧ dx^n.

2.2. The finite order variational sequence. In this section we give a relatively complete exposition of the theory of higher order variational sequence including comments concerning the proofs. The main ideas and results are based on the theory of sheaves e.g. in [51].

Let q ≥ 0 be an integer. Let Ω^r_q be the direct image of the sheaf of smooth q−forms over J^rY by the jet projection π^{r,0}. We denote

Ω^r_{q,c} = ker p_0 = ker h for 0≤q ≤n, Ω^r_{q,c} = ker p_{q−n} for n<q ≤N_r, where p_0 and p_{q−n} are morphisms of sheaves induced by mappings p_0 : ϱ → p_0ϱ and p_{q−n} : ϱ → p_{q−n}ϱ for 0 ≤ q ≤ n and n < q ≤ N_r, respectively. So, for 0 ≤ q ≤ n, Ω^r_{q,c} is the sheaf of contact q−forms and for n < q ≤ N_r it is the sheaf of strongly contact q−forms. (Recall that the functions are considered as 0−forms and thus Ω^r_{0,c} = {0}. Moreover, Ω^r_q = {0} for q > N_r.) Let dΩ^r_{q−1,c} be the image sheaf of Ω^r_{q−1,c} by the exterior derivative d. Let W ⊂ Y be an open set. Then Ω^r_q W is the Abelian group of q−forms on W^r and Ω^r_{q,c}W is its Abelian subgroup of contact or strongly contact q−forms on W^r, for 0 ≤ q ≤ n or n < q ≤ N_r, respectively. Let us denote

(9) Θ^r_q = Ω^r_{q,c} + dΩ^r_{q−1,c}, Θ^r_q W = Ω^r_{q,c}W + dΩ^r_{q−1,c}W.

Note that Θ^r_qW is a subgroup of the group Ω^r_q W . Let us consider the well-known de Rham sequence of sheaves

(10) {0} → Ω^r_1 → · · · → Ω^r_n → Ω^r_{n+1} → Ω^r_{n+2} → · · · → Ω^r_{Nr} → {0}

in which the arrows (with the exception of the first one) represent the exterior derivative d. The sequence (10) is exact. Furthermore, let us consider the sequence

(11) {0} → Θ^r_1 → · · · → Θ^r_n → Θ^r_{n+1} → Θ^r_{n+2} → · · · → Θ^r_{Pr} → {0}

with arrows having the same meaning as in (10). The following lemma ensures that (11) is the exact subsequence of de Rham sequence (10):

168 DEMETER KRUPKA AND JANA MUSILOVÁ

Lemma 1. Let W ⊂ Y be an open set and let ϱ ∈ Θ^r_q W be a form, 1 ≤ q ≤ N_r. Then the decomposition ϱ = ϱ_c + dϱ_c, where ϱ_c ∈ Ω^r_{q,c}W and ϱ_c ∈ Ω^r_{q−1,c}W , is unique.

Proof–comments: The proof of lemma 1 is done by the direct coordinate calculations and its idea is as follows: For 1≤q ≤n it holds dΩ^r_{q−1,c}W ⊂ Ω^r_q W and thus only the case n < q ≤ N_r needs proof. Let q > n and let ϱ_c ∈ Θ^r_q W . Let ϱ = 0, i.e. ϱ_c = −dϱ_c. Then dϱ_c = 0. Moreover, it holds p_{q−n}ϱ_c = 0, p_{q−n−1}ϱ_c = 0. Using the decomposition (3) for ϱ_c and the chart expression (5), we can calculate the chart expression of (π^{r+2,r+1})^∗p_k dϱ_c. Then we use two mentioned conditions p_{q−n}ϱ_c = 0 and p_{q−n−1}ϱ_c = 0. By some recursive calculations we show that the conditions p_k dϱ_c = 0 for q−n+1≤k ≤q+1 imply that all coefficients in the chart expression of ϱ_c vanish, i.e. ϱ_c = 0. Thus, dϱ_c = 0. In an completely analogous way we prove that also ϱ_c = 0. ♦ Thus, the sequence (11) is the exact subsequence of the de Rham sequence (10). The quotient sequence

{0} → R_Y → Ω^r_0 → Ω^r_1/Θ^r_1 → · · · → Ω^r_n/Θ^r_n → Ω^r_{n+1}/Θ^r_{n+1} → Ω^r_{n+2}/Θ^r_{n+2} → (12) → · · · → Ω^r_{Pr} /Θ^r_{Pr} → Ω^r_{Pr +1} → · · · → Ω^r_{Nr} → {0} is called the r−th order variational sequence on Y . It is exact too. Elements of Ω^r_q /Θ^r_q are classes of forms defined by the following equivalence relation: Forms ϱ, η ∈ Ω^r_q W are called equivalent if ϱ − η ∈ Θ^r_qW . The quotient mappings are defined by the relation

(13) E^r_q : Ω^r_q /Θ^r_q ∋ [ϱ] −→ E^r_q ([ϱ]) = [dϱ] ∈ Ω^r_{q+1}/Θ^r_{q+1}, 0≤q ≤N_r.

In the standard sense, the quotient spaces are determined up to an isomorphism. This enables us to interpret the classes of equivalent forms as elements of different sheaves. This means that we could describe each of the quotient sheaves Ω^r_q /Θ^r_q by means of a certain subsheaf of the sheaf of forms Ω^s_q , generally for s ≥ r. Within this approach a class of equivalent forms will be represented by an element of Ω^s_q. More precisely: Let us consider the diagram

{0} −→ Θ^{r+1}_q −→ Ω^{r+1}_q −→ Ω^{r+1}_q /Θ^{r+1}_q −→ {0} ↑ ↑ ↑ {0} −→ Θ^r_q −→ Ω^r_q −→ Ω^r_q /Θ^r_q −→ {0} in which the first two ”uparrows” represent the immersions by pullbacks and the third one defines the quotient mapping Q^{r+1,r} q : Ω^r_q /Θ^r_q −→ Ω^{r+1}_q /Θ^{r+1}_q

defined by

(14) Q^{r+1,r}_q ([ϱ]) = [(π^{r+1,r})^∗ϱ].

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 169

The following lemma ensures the injectivity of mappings Q^{r+1,r}_q :

Lemma 2. Let us consider the diagram

(15)

{0} −→ Θ^r_q −→ Θ^{r+1}_q −→ Θ^{r+1}_q /Θ^r_q −→ {0} ↓ ↓ ↓ {0} −→ Ω^r_q −→ Ω^{r+1}_q −→ Ω^{r+1}_q /Ω^r_q −→ {0}

in which the last downarrow denotes the quotient mapping and the remaining ones are inclusions. Then the quotient mapping is injective.

Proof–comments: Let W ⊂ Y be an open set and let ϱ ∈ Θ^{r+1}_q W be a form, 1 ≤ q ≤ N_r. Let us suppose that the form ϱ is π^{r+1,r}−projectable, i.e. there exists a form η ∈ Ω^r_q W , such that ϱ = (π^{r+1,r})^∗η. We need to show that η ∈ Θ^r_qW . The proof of this property can be made again by direct coordinate calculations: We express both forms ϱ_c ∈ Ω^{r+1}_{q,c} W and ϱ_c ∈ Ω^{r+1}_{q−1,c}W in the decomposition ϱ = ϱ_c + dϱ_c in agreement with (5) and we calculate the corresponding chart expression of ϱ. Taking into account the π^{r+1,r}−projectability of the resulting expression we can conclude, after somewhat tedious calculations, that the forms ϱ_c and ϱ_c themselves are π^{r+1,r}−projectable, i.e. ϱ_c ∈ Ω^r_{q,c}W , ϱ_c ∈ Ω^r_{q−1,c}W .

This ensures the injectivity of the quotient mapping in the scheme (15). Then the 3×3 lemma ensures the exactness of the sequence {0} → Ω^r_q /Θ^r_q → Ω^{r+1}_q /Θ^{r+1}_q → Ψ → {0}, in which Ψ = (Ω^{r+1}_q /Θ^{r+1}_q )/(Ω^r_q /Θ^r_q), as well as the injectivity of Q^{r+1,r}_q . We can define the mappings

Q^{s,r}_q : Ω^r_q/Θ^r_q ∋ [ϱ] → [(π^{s,r})^∗ϱ] ∈ Ω^s_q /Θ^s_q, s > r

in a quite analogous way. These mappings are injective as well. ♦ Now, let us discuss the cohomology of the variational sequence.

Theorem 1. Each of the sheaves Ω^r_q is fine.

Proof–comments: It is sufficient to show that Θ^r_q admits a sheaf partition of unity. However, this property is the immediate consequence of lemma 1 (the details of the proof see e.g. in [43] or [50].) ♦ The following theorem describes global properties of the variational sequence. It is the direct consequence of theorem 1.

Theorem 2. The variational sequence is an acyclic resolution of the constant sheaf R_Y over V.

170 DEMETER KRUPKA AND JANA MUSILOVÁ

Proof–comments: It has been proved that the variational sequence is exact and thus it is a resolution of the constant sheaf R_Y . On the other hand, by theorem 1, each of the sheaves Θ^r_q is fine and thus soft. The sheaves Ω^r_q are soft too, and thus the same holds for the quotient sheaves Ω^r_q /Θ^r_q. Thus, the resolution is acyclic. ♦ Let us use the following shortened notation for the variational sequence (12): 0 → R_Y → V. Let Γ(Y, Ω^r_0) be the cochain complex of global sections

0 → Γ(Y, R_Y ) → Γ(Y, Ω^r_0) → Γ(Y, Ω^r_1) → · · · → Γ(Y, Ω^r_{Nr} ) → 0.

Let H^q(Γ(R_Y , V)) be the q−th comohology group of this complex. As the immediate consequence of theorem 2 and the abstract de Rham theorem applied to the variational sequence 0 → R_Y → V we can identify the cohomology groups H^q(Γ(R_Y , V)) for every q ≥ 0 with the corresponding standard cohomology group H^q(Y, R) of the manifold Y , i.e. H^q (Γ(R_Y , V)) = H^q(Y, R). This is an important result for the discussion of global properties of variational functionals.

3. Fundamental concepts of the calculus of variations

This part of the paper is devoted to the presentation of basic concepts of higher order calculus of variations, such as higher order variational functionals, Lepage equivalents of forms (especially of n−forms and lagrangians), the Euler–Lagrange mapping and the Helmholtz–Sonin mapping. All considerations are based on the theoretical background presented in [32] and [35], and on the theory of Lepage forms (see e.g. [7], [15], [17], [18], [32], [36], [65], and especially [49] for Lepage equivalents of lagrangians).

3.1. Variational functionals. In this section we introduce the definition of higher order variational functionals and their variational derivatives.

Let W ⊂ Y be an open set. Let Ω be a compact n−dimensional submanifold of X with boundary, such that Ω ⊂ π(W ) and let ∂Ω be its boundary. Let ϱ ∈ Ω^r_nW be an n−form. Then the mapping

(16) Γ_Ω(π) ∋ γ −→ ϱ_Ω(γ) = ∫ Ω J^rγ^∗ϱ ∈ R defines a variational functional induced by ϱ. Note that in this definition the variational functional is connected with an arbitrarily chosen n−form and thus it is more general than the one obviously defined by a lagrangian λ ∈ Ω^r_{n,X} W . On the other hand, it holds J^rγ^∗ϱ = J^{r+1}γ^∗hϱ and thus the lagrangian hϱ ∈ Ω^{r+1}_{n,X} W defines the same functional as the form ϱ. Hence, the generalized r−th order variational functional (16) connected with an arbitrary n−form ϱ can be defined by means of the specially chosen lagrangian of the (r+1)−st order (polynomial in variables of the highest order, y^σ_{j1 ...jr+1} ). If, as a special case, the form ϱ itself is an r−th order lagrangian λ ∈ Ω^r_{n,X} W , we obtain from (16) the standard definition of the corresponding variational functional: λ_Ω = ∫ Ω J^rγ^∗λ.

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 171

Let U ⊂ X be an open set and let γ ∈ Γ_U (π) be a section. Let Ξ be a π−projectable vector field on an open set W ⊂ Y for which γ(U) ⊂ W . If α_t is the local one-parameter group of Ξ and α_{0t} is its projection, we define by γ_t = α_tγ(α_{0t})^{−1} a one-parameter family of sections of the projection π, called the variation (deformation) of γ induced by the vector field Ξ. Let ε>0 be such a real number for which Ω ⊂ dom γ_t for all t ∈ (−ε, ε). We define the (smooth) mapping (−ε, ε) ∋ t −→ ϱ_{α0t (Ω)}(α_tγα^{−1}_{0t} ) = ∫ α_{0t} (Ω) ( J^r(α_tγα^{−1}_{0t} ) )_∗ ϱ ∈ R. Using the transformation integral theorem and the definition of Lie derivative we obtain ( d dt ϱ_{α0t (Ω)}(α_tγα^{−1}_{0t} ) ) t=0 = ∫ Ω J^rγ^∗∂_J r_Ξϱ =⇒ (∂_J r_Ξϱ)_Ω(γ) = ∫ Ω J^rγ^∗∂_J r_Ξϱ.

We call the mapping Γ_Ω(π) ∋ γ → (∂_J r_Ξϱ)_Ω(γ) ∈ R the variational derivative or first variation of ϱ_Ω by the vector field Ξ. Note that the direct generalization of this definition is possible for obtaining higher order variational derivatives of the starting variational function (for more details see [49]).

We say that the section γ is the stationary point of the variational function ϱ_Ω if (∂_J r_Ξϱ)(γ) = 0, i.e. ∫ Ω J^rγ^∗∂_J r_Ξϱ = 0 for all admissible variations Ξ of γ. Let λ ∈ Ω^r_{n,X} W be a lagrangian. Stationary points of the variational function λ_Ω are called the extremals of the r−th order Lagrange structure (π, λ). Let ϱ ∈ Ω^r_nW be a form. It is evident that the stationary points of the variational function ϱ_Ω are just the extremals of the (r+1)−th order Lagrange structure (π, hϱ).

3.2. Lepage forms and Lepage equivalents. Let us now briefly introduce the concept of a Lepage form. Let W ⊂ Y be an open set and let ϱ ∈ Ω^r_nW . The form ϱ is called the Lepage n−form if the 1-contact component p_1dϱ of its exterior derivative is π^{r+1,0}−horizontal, i.e. hi_Ξdϱ = 0 for every π^{r,0}−vertical vector field Ξ on W^r. The following theorem describes the local structure of Lepage n−forms:

Theorem 3. Let W ⊂ Y be an open set and let ϱ ∈ Ω^r_nW be an n−form. Then ϱ is the Lepage n−form if and only if for every fibered chart (V, ψ), ψ = (x^i, y^σ ) on Y for which V ⊂ W , it has the following chart expression

(17) (π^{r+1,r})^∗ϱ = Θ_P + dχ + μ,

where χ ∈ Ω^{r+1}_{n−1,c}V is a contact (n−1)-form, μ ∈ Ω^{r+1}_{n,c} V is a form with the degree of contactness at least 2, and Θ_P is expressed as

(18) Θ_P = f_0ω_0 + r∑ k=0 (_{r−k} ∑ l=0 (−1)^ld_{s1} . . . d_{sl} ∂f_0 ∂y^σ_{j1...jk s1 ...sli} ) ω^σ_{j1...jk} ∧ ω_i, where f_0 ∈ Ω^{r+1}_0 V is a function.

172 DEMETER KRUPKA AND JANA MUSILOVÁ

Proof–comments: Theorem 3 can be proved by tedious calculations in three steps (see [49]):

Step 1: Every Lepage n−form ϱ ∈ Ω^r_nW has the chart expression

(π^{r+1,r})^∗ϱ = f_0ω_0 + r∑ k=0 f^{i,j1 ...jk} σ ω^σ_{j1...jk} ∧ ω_i + η, where η ∈ Ω^{r+1}_{n,c} V has the degree of contactness at least 2 and functions f_0, f^{i,j1...jk} σ ∈ Ω^{r+1}_0 V are connected by the relations

(19) ∂f_0 ∂y^σ_{j1 ...jk} − d_if^{i,j1 ...jk} σ − f^{jk ,j1 ...jk−1} σ = 0, sym (j_1, . . . , j_k), 1≤k ≤r, ∂f_0 ∂y^σ_{j1 ...jr+1} − f^{jr+1 ,j1...jr} σ = 0, sym (j_1, . . . , j_{r+1}).

Step 2: The system of equations (19) is solved by means of the decomposition of functions f^{i,j1...jk} σ = F^{i,j1 ...jk} σ + G^{i,j1 ...jk}_σ into their symmetric and complementary parts, F^{i,j1 ...jk}_σ and G^{i,j1 ...jk}_σ , respectively. Functions F^{i,j1 ...jk} σ symmetrized over (j_1, . . . , j_k, i) are finally expressed by means of f_0. This enables us to express the form (π^{r+1,r})^∗ϱ as the sum Θ_P + ν + μ where Θ_P has exactly the form (18), μ ∈ Ω^{r+1}_{n,c} V is the form of the degree of contactness at least 2 and the contact form ν ∈ Ω^{r+1}_{n,c} V is expressed by means of functions G^{i,j1 ...jk} σ . Step 3: There exists a contact (n−1)−form χ for which p_1dχ = ν. This can be proved by the direct solution of this equation supposing the form χ to have the chart expression χ = 1 2 r∑ k=0 H^{i1 i2 ,j1...jk} σ ω^σ_{j1 ...jk} ∧ ω_{i1i2} with unknown coefficients H^{i1 i2 ,j1...jk}_σ , 0≤k ≤r, where ω_{ij} = i ∂_{∂xi} ω_j . ♦ The form Θ_P is called the principal component of the Lepage form ϱ with respect to the considered fibered chart (V, ψ). Note that Θ_P is not in general coordinate invariant.

Let ϱ ∈ Ω^r_nW be an n−form. A Lepage n−form Θ_ϱ ∈ Ω^s_{n,Y} W , s ≥ r in general, is called the Lepage equivalent of ϱ, if it obeys the condition hΘ_ϱ = hϱ, up to a possible projection. Note that if ϱ is a lagrangian we obtain the standard concept of Lepage equaivalent of lagrangian (see e.g. [49]). Let λ ∈ Ω^r_{n,X} W be a lagrangian for which λ = Lω_0 in a fibered chart (V, ψ) such that V ⊂ W . Then, as the immediate

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 173

consequence of the relation (18), a Lepage form Θ ∈ Ω^s_{n,Y} V is its Lepage equivalent if and only if its principal component is of the form

Θ_P = Lω_0 + r−1∑ k=0 (_{r−k−1} ∑ l=0 (−1)^ld_{j1} . . . d_{jl} ∂L ∂y^σ_{i1...ik j1 ...jl i} ) ω^σ_{i1 ...ik} ∧ ω_i. This assertion can be reformulated for an arbitrary form ϱ ∈ Ω^r_nW taking its horizontal component as the corresponding lagrangian. It is evident that for every form ϱ ∈ Ω^r_nW there exists its Lepage equivalent, Θ_ϱ = Θ_{hϱ}. It is not unique, in general. (Note that the principal component (Θ_ϱ)_P itself gives a Lepage equivalent of the form ϱ which is in general defined only locally, because of the non-invariance of the splitting (17) with respect to various fibered charts.)

The corresponding reformulation of the well-known first variational formula, in its integral or infinitesimal version, reads: ∫ Ω J^{r+1}γ^∗∂_J r+1_Ξhϱ = ∫ Ω J^sγ^∗i_js_Ξ dΘ_ϱ + ∫ ∂Ω J^sγ^∗i_J s_ΞΘ_ϱ, or

(π^{s+1,r+1})^∗∂_J r+1_Ξhϱ = hi_J s_Ξ dΘ_ϱ + h di_js_ΞΘ_ϱ for every π−projectable vector field Ξ on W . (In a special case in which ϱ is a lagrangian this gives the standard first variational formula.)

It is well-known that the concept of Lepage equivalents of lagrangians is closely related to equations of motion of variational physical systems. Moreover, we shall see that the concept of Lepage forms in somewhat generalized sense plays an important role in the problem of representation of variational sequence by forms. So, let us now present some examples of Lepage equivalents of lagrangians.

Example 1. In mechanics, every lagrangian λ ∈ Ω^r_{1,X} W has unique Lepage equivalent. In a fibered chart (V, ψ), V ⊂ W , a lagragian is expressed as λ = L dt. Then its Lepage equivalent is an element of Ω^{2r−1}_{n,Y} W and has the form

Θ_λ = L dt + r∑ k=0 (_{r−k−1} ∑ l=0 (−1)^l d^l dt^l ( ∂L ∂y^σ_{(k+l+1)} )) ω^σ_{(k)}. For r =1 we obtain the well-known Poincaré–Cartan form.

In the field theory the situation is not so simple, because of the fact that every lagrangian has a family of Lepage equivalents which are not necessarily globally defined. Nevertheless one can construct some special types of Lepage equivalents:

Example 2. Let λ ∈ Ω^1_{n,X} W . The family of corresponding Lepage equivalents contains the uniquely defined one, such that its degree of contactness is at most 1. It is given by the chart expression (see also [49]).

Θ_λ = Lω_0 + ∂L ∂y^σ_i ω^σ ∧ ω_i and it is called the Poincaré–Cartan equivalent of λ.

174 DEMETER KRUPKA AND JANA MUSILOVÁ

Example 3. Some other important type of Lepage equaivalent of first order lagrangians is so called fundamental Lepage equivalent discovered by Krupka [36], [42] and Betounes [7]. It has the chart expression

Θ_λ = n∑ k=0 1 k!(n−k)! ( ∂^kL ∂y^{σ1}_{j1} . . . ∂y^{σk}_{jk} ) ϵ_{j1 ...jk ik+1 ...in} ω^{σ1} ∧. . .∧ω^{σk} ∧dx^{ik+1} ∧. . .∧dx^{in} . Note that this Lepage equivalent is defined on J^rY , i.e. it is of the same order as the lagrangian.

Example 4. The family of Lepage equivalents of every second order lagrangian contains an invariant Lepage equivalent given by:

Θ_λ = Lω_0 + ( ∂L ∂y^σ_i − d_j ( ∂L ∂y^σ_{ji} )) ω^σ ∧ ω_i + ∂L ∂y^σ_{ji} ω^σ_j ∧ ω_i (see [32]). As an example let us show the second order Hilbert–Einstein lagrangian depending on second order derivatives of the metric tensor, which has been studied in details by Krupková [61] and Novotný [64] (see also [56]): λ = R √ |det g_{ij} |ω_0, where (g_{ij} ) is the metric tensor and R is the scalar curvature R = g^{ik}g^{jp}R_{ijkp}, 0≤i, j, k, p≤3, R_{ijkp} = 1 2 (g_{ip,jk} + g_{jk,ip} − g_{ik,jp} − g_{jp,ik}) + g_{sq} (Γ^s_{jk} Γ^q_{ip} − Γ^s_{jp}Γ^q_{ik}), Γ^i_{jk} = 1 2 g^{is}(g_{sj,k} + g_{sk,j} − g_{jk,s}). Moreover, this lagrangian is affine in second order variables (g_{ij,kl}) and it is of the special type λ = ( L_0(x^i, y^σ ) + G^{jk}_ν (x^i, y^σ) y^ν_{jk} ) ω_0 (see [61]). There exists the global first order Lepage equivalent of λ (see [61], [64]):

Θ_λ = √ |det g_{ij} |g^{ip} ( Γ^j_{ip}Γ^k_{jk} − Γ^j_{ik}Γ^k_{jp} ) ω_0+ ( g^{jp}g^{iq} − g^{pq}g^{ij} ) ( dg_{pq,j} + Γ^k_{pq} dg_{jk} ) ∧ω_i. By some calculations we can make sure that the coefficients of the chart expression of p_1dΘ_λ in the fibered chart (V, ψ) are exactly the left-hand sides of the vacuum Einstein equations.

The concept of a Lepage form was extended to the case of (n+1)−forms by Krupková in [57], [61] for mechanics (n=1) and recently also for the field theory (n > 1, see [62]):

Let E ∈ Ω^r_{n+1,Y} W be a form. In a fibered chart (V, ψ) on Y , such that V ⊂ W , it has the chart expression E = E_σ ω^σ ∧ ω_0, E_σ ∈ Ω^r_0V.

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 175

A closed form α ∈ Ω^{r−1}_{n+1}W is called the Lepage (n+1)−form if it can be decomposed as (π^{r,r−1})^∗α = E + F , where E ∈ Ω^r_{n+1,Y} W and F ∈ Ω^r_{n+1,c}W is a strongly contact form. For every π^{r,0}-horizontal (n+1)−form E there exists the class of (n+1)−forms [α] for which p_1α = E. It is well-known that a form E ∈ Ω^r_{n+1,Y} W expresses the equations of motion E_σ = 0 of a physical system. The concept of Lepage (n+1)-forms given by Krupková enables us to answer the question whether a physical system given by its equations of motion is variational, i.e. whether it moves along extremals of a lagrangian: It can be proved (see [61] and [62]) that the class [α] corresponding to a given π^{r,0}-horizontal (n+1)−form E contains a Lepage representative if and only if E is variational. Such representative is then unique and π^{r,r−1}−projectable. In this generalized appropach, the variational form E ∈ Ω^r_{n+1,Y} W which represents the variational equations of motion is directly related to the Lepage (n+1)−form (instead of a lagrangian). The advantage of this approach lies in the fact that various equivalent lagrangians give the same system of equations for extremals of the corresponding Lagrange structure and, as we shall see in the section 3.3, the same Euler–Lagrange form.

3.3. Euler–Lagrange and Helmholtz–Sonin form. In this section we extend the definition of the well-known Euler–Lagrange mapping of calculus of variations which assigns to every lagrangian λ its Euler–Lagrange form E_λ.

By direct calculation we can prove the following theorem which is closely related to the concept of Euler–Lagrange mapping:

Theorem 4. Let ϱ ∈ Ω^r_{n,Y} be a Lepage n−form. Then there exists the unique decomposition of its exterior derivative (π^{r+1,r})^∗dϱ = E + F , where E = p_1dϱ is the 1-contact π^{r+1,0}−horizontal (n+1)−form which depends on hϱ only, and F is a form such that its degree of contactness is at least 2. Moreover, it holds

(20) E = p_1dϱ = E_σ ω^σ ∧ ω_0 = (_r ∑ k=0 (−1)^kd_{j1} . . . d_{jk} ∂f_0 ∂y^σ_{j1...jk} ) ω^σ ∧ ω_0.

The form E is called the Euler–Lagrange form of ϱ.

Following the standard first variation procedure we can assign to every lagrangian λ ∈ Ω^r_{n,X} W its Euler–Lagrange form E_λ given by the relation (20) applied to ϱ = Θ_λ. This form is defined on J^{2r}Y , in general, i.e. E_λ ∈ Ω^{2r}_{n+1,Y} W . (Recall that the Euler–Lagrange form E_λ = p_1dΘ_λ of the lagrangian λ is unique and it is independent of the concrete choice of the Lepage equivalent Θ_λ.) This correspondence defines the Euler–Lagrange mapping in the standard way: Ω^r_{n,X} W ∋ λ −→ E_λ ∈ Ω^{2r}_{n+1,Y} W. The importance of Euler–Lagrange mapping is evident from the following theorem the proof of which is based on the first variational formula and on the fact that p_1 dΘ_λ = E_λ.

176 DEMETER KRUPKA AND JANA MUSILOVÁ

Theorem 5. Let W ⊂ Y be an open set. Let λ ∈ Ω^r_{n,X} W be a lagrangian and let E_λ be its Euler–Lagrange form. Let γ ∈ Γ_U (π) be a section of π, Ω ⊂ U a compact n−dimensional submanifold of X with boundary ∂Ω. Denote as Θ_λ ∈ Ω^s_{n,Y} W a Lepage equivalent of λ. Then the following four conditions are equivalent:

(a) γ is an extremal of (π, λ) on Ω.

(b) For every π-vertical vector field Ξ defined on a neighborhood of γ(U), such that supp (Ξ ∘ γ) ⊂ U, it holds J^sγ^∗i_J s_Ξ dϱ = 0.

(c) For any fibered chart (V, ψ), ψ = (x^i, y^σ) on Y , such that V ⊂ W , γ satisfies the system of differential equations (equations of motion) E_σ (λ) ∘ J^{2r}γ = 0, 1≤σ ≤m.

(d) The Euler–Lagrange form E_λ vanishes along J^{2r}γ, i.e. E_λ ∘ J^{2r}γ = 0.

Following the generalized concept of a Lepage equivalent presented in Section 3.2, we can also extend the concept of the Euler–Lagrange form and the Euler–Lagrange mapping.

It is evident that the structure of the ”classical” Euler–Lagrange mapping has the key importance for the variationally trivial problem, because its kernel gives all trivial lagrangians. On the other hand, knowing the structure of its image, we can characterize all variational π^{r,0}−horizontal (n+1)−forms by the well known Helmholtz–Sonin expressions (see e.g. [43]): Let W ⊂ Y be an open set. Let a form E ∈ Ω^r_{n+1,Y} W be, in a fibered chart (V, ψ) on Y , such that V ⊂ W , expressed as E = E_σ ω^σ ∧ ω_0. The functions H^{j1...jk} σν = 1 2 ( ∂E_ν ∂y^σ_{j1...jk} − (−1)^k ∂E_σ ∂y^ν_{j1 ...jk} − r∑ l=k+1 (−1)^l ( l k ) d_{jk+1} . . . d_{jl} ∂E_σ ∂y^ν_{j1...jl} )

are called its Helmholtz–Sonin expressions. Recall that a form E = E_σ ω^σ ∧ ω_0 is called variational if it is the Euler–Lagrange form of a lagrangian λ, i.e. E = E_λ. A given π^{r,0}−horizontal (n+1)−form E is variational if and only if the corresponding Helmholtz–Sonin expression vanish identically.

For the purposes of the variational sequence we define the following (n+2)−form associated with a given form E ∈ Ω^r_{n+1,Y} W : (21) H_E = H^{j1...jk}_{σν} ω^σ_{j1 ...jk} ∧ ω^ν ∧ ω_0, 0≤k ≤2r. Note that this definition is only local for present. Its coordinate invariance will be mentioned later, in section 4.1. The arising mapping

H : Ω^r_{n+1,Y} W ∋ E −→ H(E) = H_E ∈ Ω^{2r}_{n+2}W

is called (”classical”) Helmholtz–Sonin mapping.

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 177

4. Variational sequence and calculus of variations

In this part of the paper we shall demonstrate the possibility of an effective interpretation of fundamental concepts of the calculus of variations, such as Euler– Lagrange mapping and Helmholtz–Sonin mapping, as well as their relations, by means of the variational sequence. We also introduce the concept of the representation of the variational sequence by forms and we construct such appropriate representation which leads to the generalized concept of lagrangian and its Lepage equivalents, Euler–Lagrange form and Helmholtz–Sonin form.

4.1. Representation of the variational sequence by forms. In this section we use the injectivity of mappings Q^{s,r}_q to discuss the problem of the representation of the variational sequence (12) by the appropriately chosen (exact) sequence of mappings of spaces of forms. This problem is completely solved for the first order mechanics in [50]. Its solution for the part of the variational sequence closely related to the standard calculus of variations in higher order mechanics is presented in [30], [63] and [72]. For the field theory see e.g. [24] (first order field theory) and [43] or [31] (higher order field theory).

Any mapping

Φ^{s,r}_q : Ω^r_q W/Θ^r_qW ∋ [ϱ] −→ Φ^{s,r}_q ([ϱ]) = ϱ_0 ∈ Ω^s_q W

with ϱ_0 ∈ [(π^{s,r})^∗ϱ] is called representation of Ω^r_q W/Θ^r_q W . Because of the injectivity of mappings Q^{s,r}_q (see definition (14) and lemma 2) the representation mappings Φ^{s,r}_q are injective too. Thus, we can define the representation of the variational sequence by forms as the lower row of the following scheme: · · · −→ Ω^r_q /Θ^r_q −→ Ω^r_{q+1}/Θ^r_{q+1} −→ · · · ↓ ↓ · · · −→ Ω^s_q −→ Ω^s_{q+1} −→ · · · in which the upper row is the variational sequence, the ”downarrows” represent the mappings Φ^{s,r}_q and mappings of the lower row are defined by

(22) E^{s,r}_q : Ω^s_q −→ Ω^s_{q+1}, E^{s,r}_q = Φ^{s,r}_{q+1} ∘ E^r_q ∘ (Φ^{s,r}_q )^{−1}, E^{s,r}_0 = Φ^{s,r}_1 ∘ E^r_0 .

In the following considerations we shall show that there exists such a representation of the variational sequence by forms for q =n, n+1, n+2 for which E^{s,r}_n is the Euler– Lagrange mapping and E^{s,r}_{n+1} is the Helmholtz–Sonin mapping (see section 3.3).

Lemma 3. Let W ⊂ Y be an open set, and let q ≥ 1 be an integer. Let (V, ψ) be a fibered chart on Y for which V ⊂ W .

(a) Let 1≤q ≤n and let ϱ ∈ Ω^r_q W be a form. Then the mapping

(23) Φ^{s,r}_q : Ω^r_q V/Θ^r_q V ∋ ϱ −→ Φ^{s,r}_q ([ϱ]) = (π^{s,r})^∗hϱ ∈ Ω^s_q V, s≥r + 1

is the representation of Ω^r_q V/Θ^r_q V .

178 DEMETER KRUPKA AND JANA MUSILOVÁ

(b) Let q = n + 1 and let ϱ ∈ Ω^r_{n+1}W be a form for which p_1ϱ is in the fibered chart (V, ψ) expressed by the relation p_1ϱ = P^J_σ ω^σ_J ∧ ω_0, in which coefficients P^J_σ ∈ Ω^{r+1}_0 V , 0 ≤ |J| ≤ r, are given by the chart expression of ϱ following eqs. (4-5). Then the mapping Φ^{s,r}_{n+1} : Ω^r_{n+1}V/Θ^r_{n+1}V ∋ ϱ −→ Φ^{s,r}_{n+1}([ϱ]) = ϱ_0 ∈ Ω^s_{n+1}V, s≥2r + 1 assigning to the class [ϱ] the form

(24) ϱ_0 = (π^{s,2r+1})^∗ (_r ∑ l=0 (−1)^ld_{j1} . . . d_{jl} P^{j1...jl}_σ ) ω^σ ∧ ω_0

is the representation of Ω^r_{n+1}V/Θ^r_{n+1}V .

(c) Let q = n + 2 and let ϱ ∈ Ω^r_{n+2}W be a form for which p_2ϱ is in the fibered chart (V, ψ) expressed by the relation p_2ϱ = P^{JK}_{σν} ω^σ_J ∧ ω^ν_K ∧ ω_0, in which coefficients P^{JK}_{σν} ∈ Ω^{r+1}_0 V , 0 ≤ |J| ≤ r, can be obtained from the chart expression (4-5) of the form (π^{r+1,r})^∗ϱ. Then the mapping Φ^{s,r}_{n+2} : Ω^r_{n+2}V/Θ^r_{n+2}V ∋ ϱ −→ Φ^{s,r}_{n+2}([ϱ]) = ϱ_0 ∈ Ω^s_{n+2}V, s≥2r + 1 assigning to the class [ϱ] the form (25) ϱ_0 =

=(π^{s,2r+1})^{∗ 2r} ∑ j=0 [_j ∑ p=0 r∑ l=j−p (−1)^l (_l j−p ) d_{ij+1} . . . d_{ip+l} P^{i1 ...ip,ip+1...ip+l} σν ] ω^σ_{i1...ij} ∧ω^ν ∧ω_0, sym(i_1, . . . , i_j ), s≥2r + 1, is the representation of Ω^r_{n+2}V/Θ^r_{n+2}V .

Proof–comments: The equivalence Φ^{s,r}_q ([ϱ]) = 0 ⇔ ϱ ∈ Θ^r_q V is to be proved in cases (a-c). The proof of the part (a) is trivial, because of the fact that Θ^r_q ⊂ Ω^r_q . The proofs of parts (b) and (c) are based on tedious coordinate calculations and we present here their idea only. (For more detailed discussion see [31], [43]). (b) Let q = n+1. Let (V, ψ) be a fibered chart on Y and let ϱ ∈ Θ^r_{n+1}V . Then ϱ is uniquely decomposed as ϱ = ϱ_c + dϱ_c, where ϱ_c ∈ Ω^r_{n+1,c}V and ϱ_c ∈ dΩ^r_{n,c}V (see lemma 1). Then we have Φ^{s,r}_{n+1}([ϱ_c]) = 0. Now the equation Φ^{s,r}_{n+1}([dϱ_c]) = 0 needs proof. Taking into account the local structure of contact forms given by the equation (7) we can obtain by exterior derivative of the decomposition ϱ = ϱ_c +dϱ_c dϱ_c = d(ω^σ_J ∧ Ψ^J_σ ) ⇒ p_1dϱ_c = −ω^σ_{Ji} ∧ dx^i ∧ hΨ^J_σ − ω^σ_J ∧ hdΨ^J_σ .

Using the chart expressions of Ψ^J_σ in the form

(π^{r+1,r})^∗Ψ^J_σ = n−1∑ l=0 (B^J_σ )^{J1}_{σ1} . . .^{Jl}_{σl ,il+1...in−1} ω^{σ1}_{J1} ∧ . . . ∧ ω^{σl}_{Jl} ∧ dx^{il+1} ∧ . . . dx^{in−1} ,

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 179

we obtain the coefficients P^J_σ in the chart expression of p_1dϱ_c = P^J_σ ω^σ_J ∧ω_0. Putting them into (25) we obtain, after some technical steps, the equation Φ^{s,r}_{n+1}([dϱ_c]) = 0.

Conversely, let Φ^{s,r}_{n+1}([ϱ]) = 0. Using lemma 2 we obtain after some coordinate calculations the expected result ϱ ∈ Θ^r_{n+1}V .

(c) For q =n+2 the proof is based again on coordinate calculations and it is quite analogous with (b). ♦ The expressions (23) and (24) for representatives of classes of n−forms and (n+ 1)−forms can be found in [43]. In the same paper, the special case of the expression (25) was obtained, representing only the classes of (n + 2)−forms expressed as exterior derivatives of π^{r,0}−horizontal (n + 1)−forms. The local expression (25) for representatives of general classes of (n+2)−forms was presented recently (see [31]). As we shall see from the following theorem, all these expressions fulfil the transformation rules between various fibered charts and thus they are the chart expressions of forms representing classes of q−forms for q =n, n+1, n+2.

Theorem 6. Let (V, ψ) be a fibered chart on Y . Let 1≤q ≤n+2 and ϱ ∈ Ω^r_qY be a form. Then the class [ϱ] is represented by eqs. (23), (24) and (25) globally, for 1≤q ≤n, q =n+1 and q =n+2, respectively.

Proof–comments: The horizontalization mapping h is coordinate invariant and thus only the cases q = n+1, n+2 need proof. For the first order field theory the detailed proof can be found in [25] and [26], for the higher order field theory it was given recently in [31]. The idea of the proof is based on some integration procedure considering the coordinate invariance of functions

(26) η_Ω = ∫ Ω J^sγ^∗ ∘ (π^{s,r+1})^∗hi_J r_ξϱ and

(27) η_Ω = ∫ Ω J^sγ^∗ ∘ (π^{s,r+1})^∗hi_J r_ξ i_J r_ζ χ

for ϱ ∈ Ω^r_{n+1}W and χ ∈ Ω^r_{n+2}W , respectively. In these two relations, Ω is a compact piece of manifold X, ξ and ζ are π−vertical vector fields such that supp ξ ⊂ π^{−1}(Ω). For details of the proof we refer the reader to the paper [31] which has been submitted to these Proceedings as well. ♦ Corollary 1. W ⊂ Y be an open set. Let (Φ^{2r+1,r}_q ) for 1 ≤ q ≤ n + 2 be the representation of spaces Ω^r_q W/Θ^r_q W which is locally given by relations (23-25) following lemma 3.

(a) Then the mapping E^{2r+1,r} n : Ω^{2r+1}_n −→ Ω^{2r+1}_{n+1} , E^{2r+1,r}_n = Φ^{2r+1,r}_{n+1} ∘ E^r_n ∘ (Φ^{2r+1,r}_n )^{−1}

180 DEMETER KRUPKA AND JANA MUSILOVÁ

is the (extended) Euler–Lagrange mapping.

(b) Let Ω^{2r+1}_{n+1,dyn} be the set of representatives of classes of π^{r,0}−horizontal (n+ 1)− forms defined on J^rY . Then mapping E^{2r+1,r} n+1 : Ω^{2r+1}_n −→ Ω^{2r+1}_{n+1} , E^{2r+1,r}_n = Φ^{2r+1,r}_{n+2} ∘ E^r_{n+1} ∘ (Φ^{2r+1,r}_{n+1} )^{−1} restricted to Ω^{2r+1}_{n+1,dyn} is the Helmholtz–Sonin mapping.

Proof–comments: (a) Let [ϱ] ∈ Ω^r_nW/Θ^r_nW be a class generated by the form ϱ ∈ Ω^r_nW . Then Φ^{2r+1,r}_n ([ϱ]) = (π^{2r+1,r+1})^∗hϱ is the corresponding lagrangian, hϱ = Lω_0. On the other hand, we have

p_1 d(π^{r+1,r})^∗ϱ = p_1 dhϱ + p_1 dp_1ϱ = p_1 d(Lω_0) + p_1 d(B^{J,i}_σ ω^σ_J ∧ ω_i), J = (j_1 . . . j_k), 0≤k ≤r, where coefficients L, B^{J,i}_σ ∈ Ω^{r+1}_0 V can be determined from the chart expression of the form ϱ, given by (4) and (5). For coefficients B^{J,i}_σ we obtain

p_1 d(π^{r+1,r})^∗ϱ = ∂L ∂y^σ_J ω^σ_J ∧ ω_0 − d_iB^{J,i}_σ ω^σ_J ∧ ω_0 − B^{J,i}_σ ω_{Ji} ∧ ω_0, and thus

P^{j1 ...jk} σ = ∂L ∂y^σ_{j1 ...jk} − d_iB^{j1 ...jk ,i} σ − B^{j1 ...jk−1 ,jk} σ , 1≤k ≤r, sym (j_1, . . . , j_k), P^{j1...jr+1} σ = ∂L ∂y^σ_{j1...jr+1} − B^{j1 ...jr ,jr+1} σ , sym (j_1, . . . , j_{r+1}), P_σ = ∂L ∂y^σ − d_iB^{,i}_σ . The relation (24) gives

(28) Φ^{2r+1,r}_{n+1} ([dϱ]) = r+1∑ k=0 (−1)^kd_{j1} . . . d_{jk} ( ∂L ∂y^σ_{j1...jk} ) ω^σ ∧ ω_0 .

We can see that this is exactly the relation (20) (see section 3.3) for the Euler– Lagrange form associated with the form ϱ (or, equivalently, the Euler–Lagrange form of the lagrangian hϱ). Thus we have (29) E^{2r+1,r}_n ∘ Φ^{2r+1,r}_{n+1} ([ϱ]) = E_{hϱ}.

(b) Let E ∈ Ω^r_{n+1,Y} W be a form given in the fibered chart (V, ψ), V ⊂ W , by the expression E = ε_σ ω^σ ∧ ω_0, ε_σ ∈ Ω^r_0V.

Then ϱ = dE = ∑ 0≤|J|≤r ∂ε_ν ∂y^σ_J ω^σ_J ∧ ω^ν ∧ ω_0.

On the other hand, in general, we have p_2ϱ = P^{JK}_{σν} ω^σ_J ∧ ω^ν_K ∧ ω_0, P^{JK}_{σν} + P^{KJ}_{νσ} = 0.

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 181

Thus,

P^{0J}_{σν} = −P^{J0}_{νσ} = − 1 2 ∂ε_σ ∂y^ν_J , J = (j_1 . . . j_k), 1≤k ≤r , P^{00}_{σν} = −P^{00}_{νσ} = ( ∂ε_ν ∂y^σ ) alt(σν) , other coefficients P^{JK}_{σν} being zero. Using the relation (25) we obtain, as the representative of the class [E], exactly the local expression (21) of the Helmholtz–Sonin form of E. ♦ As the immediate consequence of the just presented considerations we can formulate the following corollary:

Corollary 2. Let W ⊂ Y be an open set and let (V, ψ) be a fibered chart on Y form which V ⊂ W . Then the mapping Ψ^{2r+1,r} n : Ω^r_nV/Θ^r_nV ∋ [ϱ] −→ Ψ^{2r+1,r}_n ([ϱ]) = Θ_ϱ ∈ Ω^{2r+1}_n V, assigning to the class of n−forms generated by a form ϱ its Lepage equivalent Θ_ϱ is a representation of spaces Ω^r_nV/Θ^r_nV . Moreover, it holds (30) Φ^{2r+1,r}_{n+1} ([dϱ]) = p_1 dΨ^{2r+1,r}_n ([ϱ]), i.e. E_{hϱ} = p_1 dΘ_ϱ. This discloses the close relation of the variational sequence to one of the basic concepts of calculus of variations, the Euler–Lagrange mapping. Considering this relation described by corollaries 1 and 2 we can generalize the concept of the Euler– Lagrange and Helmholtz–Sonin mappings in the following way: We call the arrows E^r_n and E^r_{n+1} in the variational sequence (12) the generalized Euler–Lagrange mapping and generalized Helmholtz–Sonin mapping, respectively.

Because of the close relation of mappings E^{2r+1,r}_n and E^{2r+1,r}_{n+1} to physical theories we use for the corresponding representation of the variational sequence the name physical representation.

References [1] S. J. Aldersley, Higher Euler operators and some of their applications, J. Math. Phys. 20 (1979), 522-531.

[2] I. Anderson, T. Duchamp, On the existence of global variational principles, Am. J. Math. 102 (1980), 781-867.

[3] J. Anderson, Natural variational principles on Riemannian manifolds, Ann. of Math. 120 (1984), 329-370.

[4] I. Anderson, The Variational Bicomplex, preprint, Utah State University, 1989.

[5] I. Anderson, Introduction to the variational bicomplex, Contemporary Mathematics 132 (1992), 51-73.

182 DEMETER KRUPKA AND JANA MUSILOVÁ

[6] J. M. Ball, J. C. Curie, P. J. Olver, On the existence of global variational principles, Am. J. Math. 102 (1980), 781-867.

[7] D. Betounes, Extension of the classical Cartan form, Phys. Rev. D 29 (1984), 599-606.

[8] M. Castrillón-López, Gauge invariant variationally trivial U(1) problems, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czech Republic, August 1998, I. Kolář, D. Krupka, J. Slovák, eds.; Masaryk University, Brno, 1999, 461-468.

[9] M. Castrillón-López, Lagrangians Invariant Under the Group of Automorphisms and Variationally trivial problems, to appear in: Colloq. on Diff. Geom., Proc. Conf., Debrecen, Hungary, July 2000, L. Kozma, ed.; Debrecen, 2001. [10] J. Chrastina, Formal Calculus of Variations on Fibered Manifolds, unpublished, Masaryk University, Brno, 1989.

[11] P. Dedecker, On the generalization of symplectic geometry to multiple integrals in the calculus of variations, in: Lecture Notes in Math. 570, Springer, Berlin, 1977, 395-456.

[12] P. Dedecker, W. M. Tulczyjew, Spectral sequences and the inverse problem of calculus of variations, in: Differential Geometric Methods in Mathematical Physics, Proc. Internat. Coll., Aix-en-Provence, France, 1979; Lecture Notes in Math. 836, Springer, Berlin, 1980, 498-503.

[13] M. Francaviglia, M. Palese, R. Vitolo, Superpotentials in variational sequences, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czech Republic, August 1998, I. Kolář, D. Krupka, J. Slovák, eds.; Masaryk University, Brno, 1999, 469-480.

[14] M. Francaviglia, M. Palese, R. Vitolo, Second order variations in variational sequences, to appear in: Colloq. on Diff. Geom., Proc. Conf., Debrecen, Hungary, July 2000, L. Kozma, ed.; Debrecen, 2001.

[15] P. L. García, The Poincaré-Cartan invariant in the calculus of variations, Symposia Mathematica 14 (1974), 219-246.

[16] P. L. García, A. Péréz-Rendón, Symplectic approach to the theory of quantized fields, I, Commun. Math. Phys. 13 (1969), 22-44; II, Arch. Rational. Mech. Anal. 43 (1971), 101-124.

[17] H. Goldschmidt, S. Sternberg, The Hamilton–Cartan formalism in the calculus of variations, Ann. Inst. H. Poincaré 23 (1973), 203-267.

[18] M. Gotay, An exterior differential systems approach to the Cartan form, in: Géometrie Symplectique et Physique Mathématique, P. Donato et all., eds., Birkhauser, Boston, 1991.

[19] D. R. Grigore, D. Krupka, Invariants of velocities and higher-order Grassmann bundles, Journ. Geom. Phys. 24 (1998), 244-264.

[20] D. R. Grigore, The variational sequence on finite jet bundle extensions and the Lagrange formalism, Diff. Geom. Appl. 10 (1999), 43-77.

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 183

[21] D. R. Grigore, Variationally trivial lagrangians and locally variational differential equations of arbitrary order, Diff. Geom. Appl. 10 (1999), 79-15. [22] P. Hojman, Problem of the identically vanishing Euler–Lagrange derivatives in field theory, Phys. Rev. D 27 (1983), 451-453.

[23] P. Hořava, On a covariant Hamilton–Jacobi framework for the Einstein – Maxwell theory, Class. Quantum Grav. 8 (1991), 2069-2084.

[24] J. Kašparová, A representation of the first order variational sequence in field theory, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czech Republic, August 1998, I. Kolář, O.Kowalski, D. Krupka, J. Slovák, eds.; Masaryk University, Brno, 1999, 493-502.

[25] J. Kašparová, Variational sequences in field theory, Ph.D. thesis, Mathematical Institute, Silesian University, Opava, 2000.

[26] J. Kašparová, On some global representants of the 1−st order variational sequence, Preprint series in Global Analysis GA 4/2000, Mathematical Institute, Silesian University, Opava, 2000.

[27] L. Klapka, Euler–Lagrange expressions and closed two-forms in higher order mechanics, in: Geometrical Methods in Physics, Proc. Conf., Vol 2, Nové Město na Moravě, Czechoslovakia, 1983, D. Krupka, ed.; J. E. Purkyně University, Brno, 1984, 149-453.

[28] I. Kolář, P. Michor, J. Slovák, Natural Operations in Differential Geometry, Springe Verlag, Berlin, Heidelberg, 1993.

[29] M. Krbek, Variational sequence in mechanics and field theory, Diploma thesis, Faculty of Science, Masaryk University, Brno, 1998.

[30] M. Krbek, J. Musilová, A note to the representation of the variational sequence in mechanics, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czech Republic, August 1998, I. Kolář, O. Kowalski, D. Krupka, J. Slovák, eds.; Masaryk University, Brno, 1999, 511-523.

[31] M. Krbek, J. Musilová, J. Kašparová, The representation of the variational sequence in field theory, submitted to: Proc. Colloq. on Diff. Geom., Debrecen, Hungary, July 2000, L. Kozma, ed.; Debrecen, 2001.

[32] D. Krupka, Some Geometric Aspects of the Calculus of Variations in Fibered Manifolds, Folia Fac. Sci. Nat. UJEP Brunensis 14 (1973).

[33] D. Krupka, On the structure of Euler–Lagrange mapping, Arch. Math. (Brno) 10 (1974), 55-61.

[34] D. Krupka, On generalized invariant transformations, Rep. Math. Phys. (Torun) 5 (1974), 353-358.

[35] D. Krupka, A geometric theory of ordinary first order variational problems in fibered manifolds, I. Critical sections, J. Math. Anal. Appl. 49 (1975), 180-206. [36] D. Krupka, A map associated to the Lepagean forms of the calculus of variations in fibered manifolds, Czechoslovak Math. J. 27 (1977), 114-118.

184 DEMETER KRUPKA AND JANA MUSILOVÁ

[37] D. Krupka, On the local structure of Euler–Lagrange mapping of the calculus of variations, in: Differential Geometry and its Applications, Proc. Conf., Nové Město na Moravě, Czechoslovakia, 1980, O. Kowalski, ed.; Universita Karlova, Praha, 1981, 181-188.

[38] D. Krupka, Natural Lagrangian structures, Semester on Differential Geometry, Banach Center, Warsaw, 1979; Banach Center Publications 12 (1984), 185-210. [39] D. Krupka, O. Štěpánková, On the Hamilton form in second order calculus of variations, Proc. of the Meeting Geometry and Physics, Florence, October 1982; Pitagora Editrice Bologna, 1983, 85-101.

[40] D. Krupka, J. Musilová, Hamilton extremals in higher order mechanics, Arch. Math. (Brno) 20 (1984), 21-30.

[41] D. Krupka, Regular lagrangians and lepagean forms, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czechoslovakia, 1986, D. Krupka, A. Švec, eds.; D. Reidel, Dordrecht, 1986, 111-148.

[42] D. Krupka, Geometry of Lagrangean structures 2, 3, Arch. Math. (Brno) 22 (1986), 211-228; 14th Winter school on Abstract Analysis, Proc. Conf., Srní, Czechoslovakia, January 1986; Suppl. ai rend. del Circ. Mat. di Palermo 14 (1987), 178-224.

[43] D. Krupka, Variational sequences on finite order jet spaces, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czechoslovakia, 1989, J. Janyška, D. Krupka, eds.; World Scientific, Singapore, 1990, 236-254.

[44] D. Krupka, J. Janyška, Lectures on Differential Invariants, J. E. Purkyně University, Brno, Czechoslovakia, 1990.

[45] D. Krupka, Topics in the calculus of variations: Finite order variational sequences, in: Differential Geometry and its Applications, Proc. Conf., Opava, Czechoslovakia, 1992; Silesian University, Opava, 1993, 473-495. [46] D. Krupka, Lectures on variational sequences, Open Education & Sciences, Opava, Czech Republic, 1995.

[47] D. Krupka, The contact ideal, Diff. Geom. Appl. 5 (1995), 257-276. [48] D. Krupka, The trace decomposition problem, Beitr. Algebra Geom. 36 (1995), 303-315.

[49] D. Krupka, The Geometry of Lagrange structures, Preprint Series in Global Analysis GA 7/1997, Mathematical Institute, Silesian University, Opava 1997. [50] D. Krupka, Variational sequence in mechanics, Calc. Var. 5 (1997), 558-583. [51] D. Krupka, Geometry of Lagrange Structures, II. Elementary Sheaf Theory, Preprint Series in Global Analysis GA 2/1998, Mathematical Institute, Silesian University, Opava, 1998.

[52] D. Krupka, J. Musilová, Trivial lagrangians in field theory, Diff. Geom. Appl. 9 (1998), 293-305.

RECENT RESULTS IN VARIATIONAL SEQUENCE THEORY 185

[53] D. Krupka, Variational sequences and variational bicomplexes, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czechoslovakia, August 1998, I. Kolář, O. Kowalski, D. Krupka, J. Slovák, eds.; Masaryk University, Brno, 1999, 525-531.

[54] D. Krupka, J. Musilová, Variational sequence and trivial lagrangians (in Czech), in: 13th Conference of Slovak and Czech Physicists, Proc. Conf., Zvolen, Slovak Republic, August 1999, M. Reiffers, L. Just, eds.; Technical University, Slovak Physical Society, Zvolen, 2000, 328-331.

[55] D. Krupka, Jets and Contact Elements, Preprint Series in Global Analysis GA 8/2000, Mathematical Institute, Silesian University, Opava, 2000. [56] D. Krupka, Global Variational Functionals in Fibered Spaces, Preprins Series in Global Analysis GA 9/2000, Mathematical Institute, Silesian University, Opava, 2000; to appear in: 3rd World Congress on Non-linear Analysis, Proc. Conf., Catania, Spain, July 2000.

[57] O. Krupková, Lepagean 2−forms in higher order Hamiltonian mechanics, I. Regularity, II. Inverse problem, Arch. Math. (Brno) 22 (1986), 97-120; 23 (1987), 155-170.

[58] O. Krupková, Variational Analysis on Fibered Manifolds over One-dimensional Basis, Thesis, Department of Mathematics, Silesian University, Opava, 1992. [59] O. Krupková, A geometric setting for higher order Dirac–Bergmann theory of constraints, J. Math. Phys. 35 (1994), 6557-6576.

[60] O. Krupková, Higher order constraint system on fibered manifolds: An exterior differential systems approach, in: New Developments in Differential Geometry, Proc. Conf., Debrecen, Hungary, 1994, J. Tamassy, J. Szenthe, eds.; Kluwer, Dordrecht, 1996, 255-278.

[61] O. Krupková, The Geometry of Ordinary Variational Equations, Lecture Notes in Math. 1678, Springer, Berlin, 1997.

[62] O. Krupková, Hamiltonian field theory revisited: A geometric approach to regularity, submitted to Proc. Colloq. on Diff. Geom., Debrecen, Hungary, July 2000, L. Kozma, ed.; Debrecen 2001.

[63] J. Musilová, Variational sequence in higher order mechanics, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czech Republic, September 1995, J. Janyška, I. Kolář, J. Slovák, eds.; Masaryk University, Brno, 1996, 611- 624.

[64] J. Novotný, On the geometric foundations of the Lagrange formulation of general relativity, in: Differential Geometry, Coll. Math. Soc. J. Bolyai 31, Budapest, Hungary, 1979; North-Holland, Amsterdam, 1982.

[65] P. Olver, Equivalence and the Cartan form, Acta Applicandae Mathematicae 31 (1993), 99-136.

[66] P. Olver, Hyperjacobians, determinantal ideals and weak solutions to variational problems, Proc. Royal Soc. Edinburgh A 95 (1983), 317-340.

186 DEMETER KRUPKA AND JANA MUSILOVÁ

[67] J. F. Pommaret, Partial Differential Equations and Group Theory, Kluwer Academic Publishers, Dordrecht, 1994.

[68] J. F. Pommaret, Spencer sequence and variational sequence, Acta Appl. Math. 41 (1995), 285-296.

[69] H. Rund, Integral formulae associated with Euler–Lagrange operator of multiple integral problems in the calculus of variations, Aequationes Math. 11 (1974), 212-229.

[70] D. Saunders, The Geometry of Jet Bundles, Cambridge Univ. Press, 1989. [71] W. F. Shadwick, The Hamiltonian formulation of regular r−th order Lagrangian field theories, Letters in Math. Phys. 6 (1982), 409-416. [72] J. Štefánek, A representation of the variational sequence in higher order mechanics, in: Differential Geometry and its Applications, Proc. Conf., Brno, Czechoslovakia, September 1995, J. Janyška, I. Kolář, J. Slovák, eds.: Masaryk University, Brno, 1996, 469-478.

[73] F. Takens, A global version of the inverse problem of calculus of variations, J. Differential Geometry 14 (1979), 543-562.

[74] A. Trautman, Noether equations and conservation laws, Commun. Math. Phys. 6 (1967), 248-261.

[75] W. M. Tulczyjew, The Euler–Lagrange resolution, in: Internat. Coll. on Diff. Geom. Methods in Math. Phys., Aix-en-Provence, 1979; Lecture Notes in Math. 836, Springer, Berlin, 1980, 22-48.

[76] A. M. Vinogradov, A spectral sequence associated with a non-linear differential equation, and the algebro-geometric foundations of Lagrangian field theory with constraints, Soviet Math. Dokl. 19 (1978), 790-794.

[77] A. M. Vinogradov, I. S. Krasilschik, V. V. Lychagin, Introduction to the Geometry of Non-linear Differential Equations (Russian), Nauka, Moscow, 1986. [78] R. Vitolo, Finite order Lagrangian Bicomplexes, Math. Proc. Cambridge Phil. Soc. 125 (1999).

[79] R. Vitolo, On different geometric formulations of lagrangian formalism, Diff. Geom. Appl. 10 (1999), 225-255.

Mathematical Institute, Silesian University, Opava Bezručovo nám. 13, 746 01 Opava, Czech Republic E-mail address: Demeter.Krupka@math.slu.cz

Faculty of Science, Masaryk University, Brno Kotlářská 2, 611 37 Brno, Czech Republic

E-mail address: janam@physics.muni.cz