DIFFERENTIAL GEOMETRY AND APPLICATIONS Satellite Conference of ICM in Berlin, Aug. 10 – 14, 1998, Brno Masaryk University in Brno (Czech Republic) 1999, 451–460

DECOMPOSITION OF HIGHER ORDER TANGENT FIELDS AND CALCULUS OF VARIATIONS

R. J. ALONSO

Abstract. Given a linear connection on a differentiable manifold M , we obtain a method for decomposing higher order tangent fields (in T^∞) by means of ordinary tangent fields and differential operators. As a consequence, we can find primitives for the result of the action of T^∞ on the module of differential forms on M of maximum degree. With certain restrictions, the same model applies to forms with values in a C^∞(M )-module. When the aforementioned module is the contact module of a fibered manifold, we can apply this result to the calculus of variations and then we get the Poincaré-Cartan operators associated to the decomposition obtained. This method clarifies the role played by the linear connection in the higher order variational theory. Finally we give an outline of the application to the variational bicomplex.

1. Introduction

In this paper we give a new approach to the Poincaré-Cartan forms in the calculus of variations. There are many references about first order variational calculus, let us cite a few of the pioneering works [2, 4, 5, 7, 13]. The situation becomes more complicated in the higher order case (see, for instance, [3, 6, 8, 10, 11, 16, 19]). As proved in [12], the Poincaré-Cartan operator, which is central to the variational calculus, is not natural in higher order. In other words, its construction requires the use of some additional element.

In our approach we take into account that the main objects in the theory (in particular, the vertical differential of a Lagrangian density) are elements of certain modules over the ring of differential operators D. On the other hand, one of the most important tool of the calculus of variations is the method of integration by parts, hence the necessity of finding such a method. We will solve this problem by means of suitable decompositions of higher order tangent fields on the base manifold. This clarifies where the introduction of an additional object is needed. Furthermore, this technique is available in the whole Euler-Lagrange resolution. This work is partially based in [1], but some improvements have been made.

The paper is organized as follows. In section §2 we recall the basic facts about Dmodules. In §3 we will see how to use a decomposition of higher order tangent fields

1991 Mathematics Subject Classification. 58E30, 32C38, 58G05.

Key words and phrases. Differential operators, calculus of variations, Lagrangian, Euler- Lagrange operator, Poincaré-Cartan operators, jets, contact system, variational bicomplex.

This paper is in final form and no version of it will be submitted for publication elsewhere.

to factorize its action on the exterior forms of maximum degree. In §4 and §5 we will show that a linear connection produces a decomposition morphism. In section §6 we will describe the differential calculus with values in the contact module of a given fibered manifold. The aforementioned calculus will allow us in §7 to define the Euler-Lagrange operator. In section §8 we will see how to find the Poincaré- Cartan operators once a decomposition morphism is given. Finally in §9, we will apply this method in order to find generalized Poincaré-Cartan operators when we replace the contact module by its exterior powers.

2. D-modules

Let M be a smooth manifold of dimension n, and let D be the ring of differential operators on M . We have a filtration by D^0 = C^∞(M ) ⊂ D^1 ⊂ D^2 ⊂ · · · ⊂ D and direct sums D^k = C^∞(M ) ⊕ T^k, where T^k stands for the tangent fields of order k (that is T^k = {P ∈ D^k; P (1) = 0}). Each D^k may be endowed with two different C^∞(M )-module structures; the ordinary one is obtained when we consider the product by functions on the left and the second one, D^k_{right}, when we consider the product on the right. We define D_{right} in the same way.

Because of the non commutativity of D, we will need to distinguish between left and right D-modules. A left D-module structure is the same thing as a C^∞(M )- module endowed with a flat derivation law. In particular C^∞(M ) and D are left D-modules. Examples of right D-modules are D_{right} by composition on the right and, the most important case, the module of differential forms of maximum degree Ω^n = Ω^n(M ), by means of minus the Lie derivative.

Moreover, from D-modules we can get new ones by using tensor products (over M ) and Leibnitz rules. To sum up, let A, A_1, A_2 be left D-modules and B a right D-module. Then A_1 ⊗_M A_2 is a left D-module, if a_i ∈ A_i, i = 1, 2 and D ∈ T then we set D ·(a_1 ⊗a_2) = D ·a_1 ⊗a_2 +a_1 ⊗D ·a_2. Likewise, A⊗_M B is a right D-module, if a ∈ A and b ∈ B then we set (a ⊗ b) · D = −D · a ⊗ b + a ⊗ b · D. For example, D⊗_M D is a left D-module, and D⊗_M Ω^n is a right D-module. In particular we have a functor {Left D-modules} −→ {Right D-modules} which sends a left D-module A to A ⊗_M Ω^n. See [21] for further information about D-modules.

3. Decomposition morphisms

The Lie derivative of a n-form ω ∈ Ω^n, with respect to a tangent field D ∈ T , is the exact form L_Dω = di_Dω. In fact, we have a primitive: i_D ω. We would like to generalize this property to higher order tangent fields.

Let P ∈ T^∞ and ω as before. Let us suppose that P is written as ∑ Q ∘ D, where Q ∈ D and D ∈ T . Then we have ω · P = ∑ (ω · Q) · D = − ∑ L_D (ω · Q) = d(− ∑ i_D (ω · Q)). Here we have the problem of decomposing each P as ∑ Q ∘ D or something equivalent to this for our purposes.

Let us consider the inverse process, which consists of composing differential operators with tangent fields: G : D_{right} ⊗_M T −→ T^∞, Q ⊗ D −→ Q ∘ D where the overline means that on the tensor product we consider the structure of C^∞(M )-module (resp. left D-module) given by f ∗ (P ⊗ D) = fP ⊗ D (resp. Q ∗ (P ⊗ D) = Q ∘ P ⊗ D), for every P, Q ∈ D, D ∈ T and f ∈ C^∞(M ). With this structure G is C^∞(M ) and D linear.

Definition 3.1. G will be called the composition morphism.

Remark. We can consider a finite order analogous to G, G_k : D^{k−1}_{right} ⊗_M T −→ T^k. In this case the D linearity has non sense.

Let us consider the injective map g : Λ^2T −→ D^1_{right} ⊗_M T which sends D_1 ∧ D_2 to^1_2 (D_1 ⊗ D_2 − D_2 ⊗ D_1 − 1 ⊗ [D_1, D_2]). It is easy to check that G_2 vanishes on the image of g. Let us denote by D^k ∗ Λ^2T the result of the action of D^k on g(Λ^2T ) ⊂ D_{right} ⊗_M T . Proposition 3.2.

1. For each integer k, G_k is surjective.

2. Ker(G_1) = 0 and Ker(G_k) = D^{k−2} ∗ Λ^2T for k ≥ 2.

Proof.

1. Locally every higher order tangent field can be written as a composition of differential operators with ordinary tangent fields. By using partitions of the unity argument the result follows.

2. G_1 is the identity map on T . For k ≥ 2 we use that each element in Ker(G_k) may be reduced (for example, by using local charts) to a sum of terms like R ∘ D_1 ⊗ D_2 − R ∘ D_2 ⊗ D_1 − R ⊗ [D_1, D_2] = R ∗ g(D_1 ∧ D_2) ∈ D^{k−2} ∗ Λ^2T .

Corollary 3.3. G_k is an isomorphism if and only if k = 1 or n = 1.

Definition 3.4. A section F of G will be called a decomposition morphism. A section F_k of G_k will be called a decomposition morphism of order k.

Corollary 3.5.

1. The set of decomposition morphisms is identified with F_k +Hom_M (T^k, D^{k−2}∗ Λ^2T ), where F_k is a particular one.

2. For k = 1 or n = 1, the decomposition morphisms are unique.

Proposition 3.6. There exists a canonical decomposition morphism of order 2.

Proof. We define F_2(D_1 ∘ D_2) =^1_2 (D_1 ⊗ D_2 + D_2 ⊗ D_1 + 1 ⊗ [D_1, D_2]), for each pair of tangent fields D_1, D_2 ∈ T .

Now we can solve the problem settled at the beginning of this section. Let F be a given decomposition morphism and let us consider the following sequence of maps

T^∞ ⊗_M Ω^{n F ⊗id} // D_{right} ⊗_M T ⊗_M Ω^{n ϕ} // Ω^{n−1}

where ϕ((Q ⊗ D) ⊗ ω) = −i_D(ω · Q). Let us denote ϕ ∘ (F ⊗ Id) by ϕ_F . We see that ϕ_F recovers in a rigorous way the calculations done at the beginning of this section. Thus

Theorem 3.7. For each decomposition morphism F , the following diagram is commutative

T^∞ ⊗_M Ω^{n L} //

ϕ_F &&MMMM MMM MMM Ω^n

Ω^{n−1} d ¡¡y yy yy yy y where L is defined as L(P ⊗ ω) = ω · P , for P ⊗ ω ∈ T^∞ ⊗_M Ω^n.

Proof. If F (P ) = ∑ Q ⊗ D then ∑ Q ∘ D = P , therefore L(P ⊗ ω) = ω · P = d(− ∑ i_D (ω · Q)) = dϕ_F (P ⊗ ω).

There is no change when we consider A ⊗_M Ω^n instead of Ω^n, where A is a left D-module. We define ϕ_F in the same way as before.

Theorem 3.8. For each decomposition morphism F , there exists a map ϕ_F such that the following diagram is commutative

T^∞ ⊗_M (A ⊗_M Ω^n)^L //

ϕ_F ))RRRRR

RRRR

RRRR

A ⊗_M Ω^n

A ⊗_M Ω^{n−1} d_{cov} 77pp ppp ppp ppp

where L is defined from the right D-module structure of A ⊗_M Ω^n, and d_{cov} is the covariant exterior differential associated with the covariant derivation law defined on A.

Proof. Note that the action of D on A ⊗_M Ω^n is generated by the following one of T : B · D = −L^{cov}_D B = −d_{cov}i_DB, where B ∈ A ⊗_M Ω^n, D ∈ T and L^{cov}_D is the covariant Lie derivative with respect to D. The rest follows as before.

4. Gradation associated with a linear connection

Let us fix a linear connection ∇ on M and let us consider the exact sequences

0 // T^{k−1} // T^{k σk} // S^kT // 0

where σ_k means taking the symbol on T^k ⊂ D^k (recall that T^k/T^{k−1} ≃ S^kT ).

From ∇ we will construct sections s_k of σ_k by recurrence:

s_1(D) = D

s_k(D_I ) = 1 k k∑ i=1 {D_i ∘ s_{k−1}(D_{Ii} ) − s_{k−1}(D^∇_i (D_{Ii} ))} where D_I = D_1 · · · D_k and D_{Ii} = D_1 · · · D_{i−1}D_{i+1} · · · D_k for D_i ∈ T , i = 1, . . ., k; in addition we have made use of the derivation law induced by ∇ on the symmetric powers of T . It is not hard to check that the s_k are well defined and, by induction, σ_k ∘ s_k = Id_Sk_T . Thus

Proposition 4.1. Each linear connection ∇ produces a gradation on T^∞, T^{∞ s}≊ ⨁ k S^kT where s = ⊕_ks_k.

See [9] for another construction of this gradation.

5. Decomposition morphism associated with a linear connection Let ∇ be as before. The gradation associated with ∇ allows us to work with homogeneous elements in T^∞.

Theorem 5.1. Each linear connection ∇ produces a decomposition morphism F_∇. Proof. We define F_∇ : T^∞ −→ D_{right} ⊗ T by recurrence (notation as before) F_∇(s_1(D)) = F_∇(D) = 1 ⊗ D F_∇(s_k(D_I )) = 1 k ∑ i {D_i ∗ F_∇(s_{k−1}(D_{Ii} )) − F_∇(s_{k−1}(D^∇_i D_{Ii} ))}

Performing induction on k and using the D linearity of G we have G ∘ F_∇(s_k(D_I )) = 1 k ∑ i {D_i ∘ G ∘ F_∇(s_{k−1}(D_{Ii} )) − G ∘ F_∇(s_{k−1}(D^∇_i D_{Ii} ))} = = 1 k ∑ i {D_i ∘ s_{k−1}(D_{Ii} ) − s_{k−1}(D^∇_i D_{Ii} ))} = s_k(D_I ).

Remarks. 1) For finite order we also have decompositions F_{∇,k} on each T^k, k ≥ 1. 2) For k = 2 all of these F_{∇,2} equal to the decomposition F_2 defined in section §3.

6. C-valued calculus Let π : Y −→ M be a fibered manifold, which in a local fibered chart is written as π : (y_j , x_i) −→ (x_i), i = 1, . . . , n, j = 1, . . . , m and let J^k be the space of kjets of local sections of π. Local fibered coordinates (x_i, y_j ) on Y induce fibered coordinates (x_i, y_{jα}) on J^k as usual, where α runs over the multiindex of order |α| lower or equal than k.

Let us consider the C^∞(M )-module C_k formed by the contact 1-forms on J^k. Locally C_k is spanned (over C^∞(J^k)) by the forms θ_{jα} = dy_{jα} − y_{jα+1i} dx_i, |α| < k. By means of pull-back we have inclusions C_k ⊂ C_{k+1}. Definition 6.1. C = inj limC_k will be called the contact module of π.

Each tangent field on M induces derivations ^D : C^∞(J^k) −→ C^∞(J^{k+1}) which are defined in the following way. Let p^{k+1} a jet in J^{k+1} which projects on x in M , and f an smooth function on J^k; then we put ( ^Df)(p^{k+1}) = D_x(p^{k,1}f), where p^{k,1} : C^∞(J^k) −→ C^∞(M )/m^2_x is the image of p^{k+1} by the immersion J^{k+1} ⊂ J^1J^k (see [17] for the definition of jets of sections as morphisms).

Definition 6.2. ^D will be called the total or formal derivative associated with D.

The assignment D −→ ^D produces a section of (T J^k)_J k+1 −→ (T M )_J k+1 whose associated retract θ^{k+1} (with values in the vertical tangent bundle with respect to the projection J^k −→ M ) is the so called canonical 1-form on J^{k+1}. Locally θ^{k+1} = ∑ θ_{jα} ⊗^∂_{∂yjα} . On the other hand, we can think of ^D as a map J^{k+1} −→ T J^k along the projection J^{k+1} −→ J^k. In local fibered coordinates, we have ^^∂_{∂xi} =^∂_{∂xi} + y_{jα+1i}^∂_{∂yjα} . Now we will use the concept of infinitesimal variation in the sense of Kumpera (see [15, 18] or also [19]) in order to define from ^D a Lie derivative L_{^D} : Ω^p(J^k) −→ Ω^p(J^{k+1}), p ≥ 0, which fulfills Cartan formula L_{^D} = i_{^D} d + di_{^D} (where i_{^D} stands for the formal inner product). Proposition 6.3.

1. L_{^D}C_k ⊂ C_{k+1}.

2. The rule D ⇝ L_{^D} on C is a flat derivation law. Proof.

1. Locally, L_{^∂∂xi} θ_{jα} = θ_{jα+1i} (see [15, 18] or [19]).

2. It follows from 1) and [ ^D_1, ^D_2] = ^[D_1, D_2] for D_1, D_2 ∈ T . Corollary 6.4. C is a left D-module.

Definition 6.5. The above mentioned derivation law on C will be called the formal derivation law.

In this way, we have obtained a differential calculus on Ω^·(M ) with values in C. In particular, we get a covariant exterior differential ^d and a covariant Lie derivative ^L_D related by ^L_D = i_D ^d + ^di_D .

Let us define C_1 ⊂ C as C_1 ⊗_M F, where F = inj limC^∞(J^k). By means of local coordinates it can be proved the following result.

Proposition 6.6. The map L : D_{right} ⊗_M C_1 −→ C, sending P ⊗ σ ∈ D_{right} ⊗_M C_1 to P · σ (where the dot stands for the action of D on C) is an isomorphism. In other words, all the contact forms can be obtained from the first order ones through formal Lie derivatives.

7. Euler-Lagrange operators Let us consider the morphism of left D-modules μ : D −→ D ⊗_M D sending 1 to 1 ⊗ 1. Taking into account the isomorphism C ≃ D_{right} ⊗_M C_1, we will get μ: C −→ D ⊗_M C. Finally we put μ = μ ⊗ Id_Ωn to obtain a right D-modules morphism μ : C ⊗_M Ω^n −→ D ⊗_M C ⊗_M Ω^n whose local expression is μ(θ_{jα} ⊗ ω) = ∑ β+γ=α (_α β ) (^∂_{∂x} )^β ⊗ θ_{jγ} ⊗ ω where ω ∈ Ω^n.

Remark. μ is a reflection on D of the product of Taylor expansions. Besides, μ is closely related to the so called vertical lift.

On the other hand, the right structure of C ⊗_M Ω^n produces a map

L : D ⊗_M C ⊗_M Ω^n −→ C ⊗_M Ω^n,

sending P ⊗ σ ⊗ ω ∈ D ⊗_M C ⊗_M Ω^n to (σ ⊗ ω) · P .

Lemma 7.1. L vanishes on each A · D, where D ∈ T and A ∈ D ⊗_M C ⊗_M Ω^n.

Proof. If A = P ⊗ B, where B ∈ C ⊗_M Ω^n and P ∈ D, then A · D = −D ∘ P ⊗ B + P ⊗ B · D (see §2). Thus, L(A · D) = −B · (D ∘ P ) + (B · D) · P = 0.

Theorem 7.2.

1. τ = L ∘ μ vanishes on the subspace ^d(C ⊗_M Ω^{n−1}) of C ⊗_M Ω^n. 2. τ is a projector.

3. C ⊗_M Ω^n ≃ (C_1 ⊗_M Ω^n) ⊕ ^d(C ⊗_M Ω^{n−1}).

Proof. Let us denote the result of the action of T on C ⊗_M Ω^n by (C ⊗_M Ω^n) · T (and analogously for T^∞).

1. It is not hard to check that ^d(C ⊗_M Ω^{n−1}) ≃ (C ⊗_M Ω^n) · T (for example by using local charts). Then we apply D-linearity and the lemma above.

2. For each A ∈ C ⊗_M Ω^n we have A − τ A = (Id − τ )A = L ∘ (1 ⊗ Id− μ)A. Now, Im(1 ⊗ Id − μ) ⊆ T^∞ ⊗_M C ⊗_M Ω^n, therefore Im(Id − τ ) ⊆ (C ⊗_M Ω^n) · T^∞ = (C ⊗_M Ω^n) · T = ^d(C ⊗_M Ω^n). Thus, A − τ A ∈ ^d(C ⊗_M Ω^n), and then, from 1), we deduce that τ A − τ^2A = 0.

3. It suffices to check that Im(τ ) = C_1 ⊗_M Ω^n. On C_1 ⊗_M Ω^n, τ is the identity, thus C_1 ⊗_M Ω^n ⊆ Im(τ ). Moreover, for each A in C ⊗_M Ω^n which is locally ∑ f_{jα}σ_{jα}⊗ω, where ω = dx_1∧· · ·∧dx_n, we have τ A = ∑ (−1)^{|α|}(^^∂_{∂x} )^α(f_{jα})θ_j ⊗ ω ∈ C_1 ⊗_M Ω^n.

A Lagrangian density of order k on the fibered manifold π is an element λ in (Ω^n)_J k ⊂ (Ω^n)_J ∞ . If ω is a volume element (local or global) we have λ = Lω for some function L ∈ C^∞(J^k). We define a map δ from the space of Lagrangian densities (Ω^n)_J ∞ to C ⊗_M Ω^n by making the derivative with respect to the canonical 1-form θ^k. Locally we have δλ = ∑ ∂L ∂y_{jα} θ_{jα} ⊗ ω Definition 7.3. We will call E = τ ∘ δ : (Ω^n)_J ∞ −→ C_1 ⊗_M Ω^n the Euler-Lagrange operator.

Corollary 7.4. For each Lagrangian density we have δλ = E(λ) + H(λ), where H(λ) ∈ ^d(C ⊗_M Ω^{n−1}). 8. Poincaré-Cartan operators Let us fix a decomposition morphism F . The map L : T^∞ ⊗_M C ⊗_M Ω^n −→ C ⊗_M Ω^n factorizes as L = ^d ∘ ϕ_F (see section §3). Thus,

Theorem 8.1. For each decomposition morphism F there exists an operator

Θ_F : C ⊗_M Ω^n −→ C ⊗_M Ω^{n−1}

such that A = τ A + ^dΘ_F (A), for any A ∈ C ⊗_M Ω^n. That is, we can recover a ^d-primitive of the exact part of A ∈ C ⊗ Ωn.

Proof. We have A = τ A + L ∘ (1 ⊗ Id − μ)A, then it suffices to put Θ_F (A) = ϕ_F ∘ (1 ⊗ Id − μ)A.

Definition 8.2. The operator Θ_F will be called the Poincaré-Cartan operator associated with F .

Remark. There exists finite order analogous Θ_{Fk} : C_k ⊗_M Ω^n −→ C_{2k−1} ⊗_M Ω^n. Taking into account the properties of F_k we deduce that Θ_1 = Θ_{F1} are not depending of F and, for n = 1, also Θ_F does not. Finally, for k = 2, there exists a canonical Θ_{F2} .

Corollary 8.3. With the above notation, for each Lagrangian density λ we have a decomposition δλ = E(λ) + ^dΘ_F (δλ) where E(λ) = C_1 ⊗_M Ω^n and Θ_F (δλ) ∈ C ⊗_M Ω^n.

By means of the alternation map C ⊗ Ω^n −→ C ∧ Ω^n, we can move the above formula from the formal to the ordinary differential calculus. The differential ^d becomes the so called horizontal differential. As a result we get a version of the first variation formula. This allows us to find out the equations for the critical sections of a given variational problem (see [10, 11]).

9. Generalized Poincaré-Cartan operators The method used above also works in the case of exterior powers of C case. In this way we will get analogous higher degree operators to the Poincaré-Cartan. Therefore we may apply the preceding techniques to the variational bicomplex (see [2, 22, 23]).

First, we note that the formal covariant derivative on C extends naturally to the exterior powers Λ^·C = ⊕_r Λ^rC. Thus, we have a formal differential calculus on Λ^·C ⊗_M Ω^·; in particular we have the corresponding ^d and ^L_D derivatives (D ∈ T ). Moreover, Λ^·C is also a left D-module. Second, we span μ : C −→ D ⊗_M C to μ_r : Λ^rC −→ D ⊗_M Λ^rC by deriving the alternate product. Therefore, we can define μ_r : Λ^rC ⊗_M Ω^n −→ D ⊗_M Λ^rC ⊗_M Ω^n. Now, it is easy to check that μ_r is D-linear. In third place, we keep on denoting L the action map L : D ⊗_M Λ^·C ⊗_M Ω^n −→ Λ^·C ⊗_M Ω^n

induced by the right D-module structure of Λ^·C ⊗_M Ω^n. Let us consider also the derivative δ : Λ^rC ⊗_M Ω^q −→ Λ^{r+1}C ⊗_M Ω^q generated by the δ in the above sections (this is the vertical differential in the formal calculus). As in section §7, we have

Lemma 9.1.

1. L vanishes on each A · D, where D ∈ T and A ∈ D ⊗_M Λ^·C ⊗_M Ω^n.

2. τ_r = L ∘ μ_r vanishes on the subspace ^d(Λ^·C ⊗_M Ω^{n−1}) of Λ^·C ⊗_M Ω^n.

Theorem 9.2.

1. τ_r =^1_r τ_r is a projector on Λ^rC ⊗_M Ω^n. 2. Λ^rC ⊗_M Ω^n ≃ Im(τ_r ) ⊕ ^d(Λ^r C ⊗_M Ω^n).

Proof.

1. Let A = σ_1 ∧ · · · ∧ σ_r ⊗ ω ∈ Λ^rC ⊗_M Ω^n and β(σ) = σ − μ(σ) ∈ T^∞ ⊗_M C for each σ ∈ C. Then

τ_r(A) = (L ∘ μ_r )A = L( ∑ i σ_1 ∧ · · · ∧ μ(σ_i) ∧ · · · ∧ σ_r ⊗ ω) = = r(σ_1 ∧ · · · ∧ σ_r ⊗ ω) + L( ∑ i σ_1 ∧ · · · ∧ β(σ_i) ∧ · · · ∧ σ_r ⊗ ω).

Therefore τ_r (A) = rA + B where B ∈ (Λ^r C ⊗_M Ω^n) · T^∞ = ^d(Λ^rC ⊗_M Ω^{n−1}). From the above lemma, we deduce that τ^2_r A = rτ_r A.

2. It suffices to proof that Ker(τ_r ) = ^d(Λ^rC ⊗_M Ω^{n−1}). By the above lemma we deduce that ^d(Λ^r C ⊗_M Ω^{n−1}) ⊆ Ker(τ_r ). Now, let A ∈ Ker(τ_r ), then 0 = τ_rA = A+B where B ∈ ^d(Λ^rC⊗_M Ω^{n−1}). Therefore Ker(τ_r ) ⊆ ^d(Λ^rC⊗_M Ω^{n−1}).

Remark. The spaces Λ^pC ⊗_M Ω^q endowed with the horizontal and vertical differentials define the variational bicomplex in the infinite formulation (see the above mentioned references). For the formulation on jets spaces of finite order we refer to [14].

We will denote A_0 = (Ω^n)_J ∞ , and A_r = Im(τ_r ) for r > 0.

Definition 9.3. The operators E_i : A_r −→ A_{r+1} given by E_r = τ_{r+1}∘δ will be called the higher degree Euler-Lagrange operators. E_0 is the ordinary Euler-Lagrange operator and E_1 is known as the Helmholtz-Sonin operator.

Remark. From (A_r , E_r) it may be constructed the Euler-Lagrange resolution (see [22], where the τ_r operators are defined by means of local charts).

Finally, we will construct primitives for the ^d-exact terms in the direct sum of the above theorem.

Theorem 9.4. Given a decomposition morphism F , there exists operators

Θ^r_F : Λ^rC ⊗_M Ω^n −→ Λ^rC ⊗_M Ω^{n−1}

such that A = τ_r (A) + ^dΘ^r_F (A) for each A ∈ Λ^r C ⊗_M Ω^n. The Θ^r_F will be called the Poincaré-Cartan operator of degree r.

Proof. It suffices to take Θ^r_F = ϕ_F ∘ (1 ⊗ Id − μ_r ).

Remarks. 1) When n = 1, the Θ^r_F are not depending on F . 2) There are finite order analogous by restricting to Λ^r C_k ⊗_M Ω^n and taking a decomposition F_k. For example, the Θ^r_{F1} are uniquely defined and a Θ^r_{F2} may be canonically selected.

References

[1] Alonso, R. J., D-modules, contact valued calculus an Poincaré-Cartan form, To appear in Cz. Math. J.

[2] Dedecker, P., Calcul des variations et topologie algébrique, Theése, Liege (1957). [3] Ferraris, G., Francaviglia, A., On the global structure of the Lagrangian and Hamiltonian formalism in higher order calculus of variations, Proc. Int. Meeting on Geometry and Physics, 1983.

[4] García-Pérez, P. L., Geometría simpléctica en la teoría clásica de campos, Collect. Math.

19 (1968), 73–134.

[5] , The Poincaré-Cartan invariant in he calculus of variations, Symp. Math. XIV (1974), 219–246.

[6] , Muñoz-Masqué, J., On the geometrical structure of higher order variational calculus, Proceedings of the IUTAM-ISIMM, Symposium on modern developments in analytical dynamics, Tecnoprint, Bologna (1983), 127–147.

[7] Goldschmidt, H., Sternberg, S., The Hamilton-Cartan formalism in the calculus of variations, Ann. Inst. Fourier, Grenoble, 23 (1973), 203–267.

[8] Gotay, M., An exterior differential system approach to the Cartan form, Géometrie Sympletique et Physique Mathématique, P. Donato et al., Boston (1991), 160–188.

[9] Hess, H., Symplectic connections in geometric quantization and factor orderings, Ph. D.

Thesis, Berlin, 1981.

[10] Horák, M., Kolář, I., On the higher order Poincaré-Cartan forms, Cz. Math. J., (1983), 467–475.

[11] Kolář, I., A geometric version of the higher order Hamilton formalism in fibered manifolds, J. Geom. Phys. (1984), 127–137.

[12] , Natural operators related with the variational calculus, in Differential Geometry and its Applications, Opava (1992), 461–472.

[13] Krupka, D., A geometric theory of ordinary first order variational problems in fibered manifolds, J. Math. Anal. Appl. 49 (1975), 180–206.

[14] , Variational sequence on finite order jet spaces, in Differential Geometry and its Applications, World Scientific, Singapore (1990), 236–254.

[15] Kumpera, A., Invariants différentiels d’un pseudogroupe de Lie, J. Differential Geom. 10 (1975), 289–345.

[16] Muñoz-Masqué, J., Poincaré-Cartan forms in higher order variational calculus on fibered manifolds, Rev. Mat. Iberoamericana 4 (1985), 85–126.

[17] Muñoz, J., Muriel, F. J., and Rodríguez, J., Weil bundles and jet spaces, To appear. [18] Ruiz, C., Prolongement formel des systemes differentiels exterieurs d’order superieur, C.

R. Acad. Sci. Paris Sér. I Math. 285 (1977), 1077–1080.

[19] Saunders, D., An alternative approach to the Cartan form in Lagrangian field theories, J.

Phys. A (1987), 339–349.

[20] , The geometry of jet bundles, Lect. Notes Series, vol. 142, London Mathematical Society, Cambridge University Press, New York, 1989.

[21] Schneiders, J. P., An introduction to D-modules, Bull. Soc. Roy. Sci. Liege 63 (1994), 223– 295.

[22] Tulczyjev, W. M., The Euler-Lagrange resolution, Lect. Notes in Math. 836 (1980), 22–48. [23] Vinogradov, A. M., The C-spectral sequence, Lagrangian formalism and conservation laws, J. Math. Anal. Appl. (1984), 1–141.

Departamento de Matemáticas, Universidad de Salamanca Plaza de la Merced 1-4, E-37008 Salamanca, SPAIN E-mail: ricardo@gugu.usal.es