DIFFERENTIAL GEOMETRY AND APPLICATIONS Satellite Conference of ICM in Berlin, Aug. 10 – 14, 1998, Brno Masaryk University in Brno (Czech Republic) 1999, 399–412

TOPOLOGY AND CHARACTERISTIC CLOSURES OF K–CONTACT MANIFOLDS

PHILIPPE RUKIMBIRA

Abstract. The dimension of a characteristic closure on a closed K-contact 2n+1- manifold M is at most the smaller of n+1 and 2n+1 minus the rank of the vector space of harmonic vector fields on M . Moreover, there are at least n+1 closed characteristics on M and if their number is finite, then each of the Betti numbers of M is at most equal to 1. If in addition, M is simply connected, then it is homeomorphic to a sphere.

1. Introduction

A contact form on a 2n+1-dimensional manifold M is a 1-form α such that the identity α ∧ (dα)^n ≠ 0 holds everywhere on M . Given such a 1-form α, there is always a unique vector field ξ satisfying α(ξ) = 1 and i_ξdα = 0. The vector field ξ is called the characteristic vector field of the contact manifold (M, α) and the corresponding 1-dimensional foliation is called a contact flow.

The 2n-dimensional distribution D(x) = {v ∈ T_xM/α(x)(v) = 0}, which is left invariant by ξ, is called the contact distribution. It carries a 1-1 tensor field J such that J^2 = −I_{2n}, where I_{2n} is the identity 2n by 2n matrix. The tensor field J extends to all of T M by requiring Jξ = 0.

Also, the contact manifold (M, α) carries a nonunique riemannian metric g adapted to α and J in the sense that the identities dα(X, Y ) = g(X, JY ) and α(X) = g(ξ, X) are satisfied for any vector field X and Y on M . Such a metric g is called a contact metric. When the vector field ξ is Killing relative to the contact metric g, the triple (M, α, g) is called a K-contact manifold. K-contact structures have been widely studied in [BLA]. One of their characteristic identities is (1) (∇_X J)Y = R(ξ, X)Y , 1991 Mathematics Subject Classification. Primary 58F22, 58F18; Secondary 53C15. Key words and phrases. K-contact, Betti number, Morse Theory.

This paper is in final form and no version of it will be submitted for publication elsewhere.

where R is the riemannian curvature tensor ([BLA]). R(X, Y )Z = ∇_X ∇_Y Z − ∇_Y ∇_X Z − ∇_{[X,Y ]}Z . A flow on a manifold M is said to be almost regular ([THO]) if each point on M belongs to a flow box pierced by the flow at most a finite number of times. As an easy consequence of a theorem of Wadsley ([WAD]), any almost regular contact flow on a compact manifold is riemannian. Therefore, by Proposition 1 in [RU5], any almost regular compact contact manifold is K-contact.

Weinstein Conjecture ([WEI]) states that any compact contact manifold should carry at least one closed characteristic. This conjecture has been proved in some special cases, among others, it is proved in [VIT] for compact hypersurfaces of contact type in R^{2n} and in [RU2] for compact K-contact manifolds.

Many properties of a flow can be derived from those of the algebra of foliate vector fields; for example the leaf closures of an isometric flow on a compact manifold are orbits of an abelian Lie algebra of Killing foliate vector fields ([MOS]). For K-contact flows, we point out the fact that the leaf closures can have dimension at most n + 1 when the manifold is 2n + 1-dimensional.

In section 6, the lower bound for the dimension of leaf closures of K-contact flows will be made more precise using the first Betti number of the manifold.

The existence of at least 2 closed characteristics has been proven for circle invariant contact forms in [BA1]. Using a result of Weinstein ([WEI]) about critical manifolds of a circle invariant function, we will provide sharper lower bounds for the number of closed characteristics for the class of contact flows mentioned above.

The k^{th} Betti numbers of a compact sasakian 2n + 1-dimensional manifold are zero or even for odd k smaller or equal to n ([BLT]). In particular, the first Betti number of such a manifold is zero or even ([TAC]). A classical topological application of Morse Theory states that a closed n-dimensional manifold admitting a Morse function with only 2 critical points is homeomorphic to the sphere. Our Theorem 8.1 could be seen as a generalization of this result to Morse-Bott Theory on contact manifolds.

2. Killing foliate vector fields

Let M be a 2n + 1 dimensional manifold with a contact form α on it. Sections of the contact distribution D = ker α are called horizontal vector fields, whereas any vector field proportional to ξ is called a vertical vector field.

The 2-form dα induces a symplectic structure on the distribution D; in other words, D is a symplectic vector bundle over M . When the contact flow is regular ([BLA]), M is the total space of a fibre bundle π: M → B over the symplectic manifold B, the quotient of M under the R action induced by ξ. Definition 2.1. A vector field X is said to be foliate if its Lie bracket with ξ is a vertical vector field. X will be called transverse if it is foliate and horizontal.

Definition 2.2. A differential form β will be said to be basic if i_ξ β = 0 and L_ξβ = 0. We will consider a particular type of foliate vector fields, mainly those which are infinitesimal isometries. They arise naturally in the setting of isometric flows ([CAR]) where they describe the leaf closures.

Let M be a 2n + 1-dimensional compact K-contact manifold. Since ξ is Killing with respect to some K-contact metric, as we have already mentionned before, the closures of the characteristics are orbits of an abelian Lie algebra G of Killing vector fields ([MOS]).

Definition 2.3. A vector field X on M is said to be a contact vector field if the identity L_X α = hα holds for some function h on M . When h ≡ 0, that is L_X α = 0, X is said to be strict contact.

The function α(X) is called the contact hamiltonian function of the contact vector field X and is related to h by the formula

(2) d(α(X))(ξ) = h

where ξ is the characteristic vector field of the contact form α. Theorem 2.1. Let M be a K-contact manifold with K-contact metric g. Then any Killing foliate vector field on M is a strict contact vector field with basic contact hamiltonian.

Proof. Let g be a fixed K-contact metric and let X be a Killing foliate vector field on M . Since α is the metric dual of ξ [RU2], one has, for any horizontal vector field A: L_X α(A) = Xα(A) − α([X, A]) = Xg(ξ, A) − g(ξ, [X, A]) = Xg(ξ, A) − g(ξ, [X, A]) − g([X, ξ], A) = L_X g(ξ, A) = 0 .

Therefore

(3) L_X α = hα

for some function h, where h = d(α(X))(ξ) = i_ξdi_X α by formula (2). Note that α([X, ξ]) = g(ξ, [X, ξ]) = Xg(ξ, ξ) − L_X g(ξ, ξ) − g(ξ, [X, ξ]) = −α([X, ξ]) ; hence α([X, ξ]) = 0 which implies that

(4) [X, ξ] = 0 , since [X, ξ] is a vertical vector field. Using identities (3) and (4), we see that h = L_X α(ξ) = Xα(ξ) − α([X, ξ]) = 0 . We shall denote by L the Lie algebra of Killing foliate vector fields. Any element X in L decomposes uniquely as X = X̄ + α(X)ξ . The fact that α(X) is basic, implies that X̄ is a transverse vector field. Also the identity (5) i¯_X dα = −di_X α holds.

Remark 2.1. On a compact manifold M with an isometric flow, the Lie algebra G which describes the leaf closures is a subalgebra of L.

Proposition 2.1. Let M be a K-contact compact manifold with Lie algebra of Killing foliate vector fields L. If X, Y ∈ L and [X, Y ] = 0, then [X̄, Ȳ ] = 0. Proof. The vanishing of [X, Y ] implies that

0 = [X̄ + α(X)ξ, Ȳ + α(Y )ξ] = [X̄, Ȳ ] + [X̄(α(Y )) − Ȳ (α(X))]ξ . So [X̄, Ȳ ] is a vertical vector field and hence, applying identity (5), 0 = i_[¯_{X,}¯_{Y ]}dα = L¯_X i¯_Y dα − i¯_Y L¯_X dα = di¯_X i¯_Y dα + i¯_X di¯_Y dα − i¯_Y i¯_X d^2α − i¯_Y di¯_X dα = d(dα(Ȳ , X̄)) , thus dα(X̄, Ȳ ) is a constant function. But since dα(X̄, Ȳ ) = −d(α(X))(Ȳ ) must vanish at some point on the compact manifold M , we deduce that dα(X̄, Ȳ ) = 0, which implies that α([X̄, Ȳ ]) = −dα(X̄, Ȳ ) = 0 , and therefore [X̄, Ȳ ] = 0 since [X̄, Ȳ ] is a vertical vector field.

Before we state our next theorem, we define the rank of a set of vector fields on a given manifold to be the maximum dimension of tangent planes spanned by elements of the set at any point on the manifold.

Theorem 2.2. Let M be a K-contact compact 2n + 1-dimensional manifold and L_0 a maximal abelian Lie subalgebra of Killing vector fields containing the characteristic vector field. Then the rank of L_0 is at most equal to n + 1. Proof. Each set of k linearly independent local commuting Killing foliate vector fields determines a local k − 1 dimensional horizontal integrable distribution by Proposition 2.1, and it is well known that the maximum dimension of an integral submanifold of the contact distribution is n, so k − 1 ≤ n and hence k ≤ n + 1. Corollary 2.1. A leaf closure of a K-contact 2n+1-dimensional compact manifold has at most dimension n + 1.

Proof. Corollary 2.1 is an immediate consequence of the fact that the leaf closures are orbits of G, a subalgebra of some L_0.

3. Harmonic vector fields on K-contact manifolds

Starting with a contact metric structure on M with structure tensors J and g, one defines an almost complex operator J̃ on M × R by J̃(X + f d dt ) = JX − α(X) d dt + fξ . If the almost complex structure defined by J̃ is integrable ([BLA]), then the original contact metric structure is called sasakian. In that case, the two equivalent identities

(6) L_ξ g = 0; L_ξ J = 0

are satisfied. A contact metric structure satisfying any of the above equivalent identities is called K-contact. We refer to [BLA] for more properties of these structures. Let us point out however that on 3-dimensional compact manifolds, K-contact flows are sasakian.

The basic first cohomology of a K-contact flow on a compact manifold is known to be isomorphic to its first de Rham cohomology ([RU4]). It is therefore expected that the de Rham cohomology will affect the topology of those flows. If the flow is sasakian, we will show how the first Betti number of the manifold puts some restrictions on the maximum dimension of leaf closures.

In [RU3], examples of non-almost regular sasakian flows on the 3-dimensional sphere S^3 were provided. As a consequence of our next theorem, such non-almost regular K-contact flows cannot be found on a 3-dimensional compact manifold with nonvanishing first Betti number.

We first prove the following elementary lemma.

Lemma 3.1. Let Z be a harmonic vector field on a 2n + 1-dimensional K-contact manifold M with structure tensors J and g. Then Z is a transverse vector field.

Proof. Since β = g(Z, .) is a harmonic 1-form, it is basic ([RU3]); in particular the identity L_ξβ = 0 holds. Therefore, for any vector field Y on M , one has g([ξ, Z], Y ) = ξg(Z, Y ) − L_ξg(Z, Y ) − g(Z, Y ) − g(Z, [ξ, Y ]) = ξβ(Y ) − β([ξ, Y ]) = L_ξ β(Y ) = 0 .

Thus [ξ, Z] = 0 . Denoting by r_1(M ) the largest dimension of tangent planes spanned by harmonic vector fields on M and by b_1(M ) the first Betti number of M ; then r_1(M ) is at most equal to b_1(M ) and we have the following theorem:

Theorem 3.1. Let M be a compact K-contact 2n + 1-dimensional manifold with structure tensors J and g. Then a leaf closure of the K-contact flow has dimension at most inf {n + 1, 2n + 1 − r_1(M )}.

Proof. Let {Z_k}, k ∈ {1, 2, ..., b_1(M )} be linearly independant harmonic vector fields whose rank is r_1(M ) at some point p ∈ M , hence on an open set O containing all such points p ∈ M . Recall that orbit closures on K-contact flows on a compact manifold are orbits of a compact abelian group G of isometries, hence a torus. More precisely, denoting by φ_t the 1-parameter group of isometries generated by ξ and by I(M ) the group of isometries of M , then G is the closure of φ_t in I(M ). Keeping the same notation as in the previous section, let G denote the Lie algebra of G, so that elements in G are commuting Killing vector fields on M . Let V ∈ G, then V commutes with ξ. On one hand the flow is known to have at least 2 closed characteristics ([RU4]) and V is proportional to ξ along each of them, hence g(V, Z_k) = 0 along those closed orbits. On the other hand, due to the fact that V is Killing and Z_k are harmonic, all g(V, Z_k) are constants. It follows that one has g(V, Z_k ) = 0 everywhere. Consequently, in the open set O, the dimension of orbits of G is at most 2n + 1 − r_1(M ). By Lemma 3.1, all Z_k commute with ξ. As a consequence of this, the open set O contains all orbits of its points. Therefore, thanks to the theory of compact transformation groups ([DIE] page 43), the open set O contains an orbit whose closure has maximum dimension; thus the maximum dimension of a leaf closure is 2n + 1 − r_1(M ). This combined with Corollary 2.1 completes the proof of Theorem 3.1.

Corollary 3.1. Let M be a K-contact compact 3-dimensional manifold with nonzero first Betti number. Then the contact flow on M is almost regular.

Proof. In dimension 3, K-contact compact manifolds are sasakian. Thus, if there is a nonzero harmonic 1-form on M , then r_1(M ) = 2 and by Theorem 3.1, a leaf closure has dimension at most equal to inf {2, 1} = 1. Hence all characteristics are closed.

4. Critical manifolds of circle invariant functions

Let M be a compact manifold with an effective circle action on it. In general, the quotient Σ of M by the cirlce action is not a manifold in the ordinary sense, it is a V-manifold ([WE1]) in the sense of Satake ([SAT]).

Definition 4.1. The Lusternik-Schnirelman category of a space M , cat(M), is the minimum number of contractible open sets that can cover M .

Definition 4.2. The cuplength of a space M , denoted cuplength(M), is the maximum number m of positive degree cohomology classes [ω_1], [ω_2],. . .,[ω_m] such that ω_1 ∧ ω_2 ∧ ... ∧ ω_m ≠ 0 on M .

By the Lusternik-Schnirelman theory ([SCH]), one has (7) cat(M ) ≥ cuplength(M ) + 1 . The following proposition has been taken from [WE1]:

Proposition 4.1. Let M be a compact manifold with an effective circle action and let Σ be the corresponding quotient V-manifold. Then any circle invariant function f on M has at least cat(Σ) critical circles.

Proof. Let L_1, . . . , L_n be the critical circles of f. Choose circle invariant tubular neighborhoods of L_i, i = 1, 2, . . ., n, each contractible to L_i. The gradiant vector field grad f is circle invariant and thus induces a vector field ḡrad f on Σ.

Let Ψ_t denote the 1-parameter group generated by ḡradf. Each of the tubular neighborhoods of L_i projects to a contractible neighborhood U_i of L̄_i in Σ. Let V_i = ∪_{t≥0}Ψ_t(U_i). Each V_i is open, contractible to U_i and hence to L̄_i in Σ.

Since for each x ∈ Σ, lim_{t→−∞} Ψ_t(x) = L̄_i for some i, we have Σ ⊂ ∪^n_{i=1}V_i. This proves that n ≥ catΣ.

5. Circle invariant contact forms

Let M be a 2n+1 dimensional manifold with a circle invariant contact form α. If Z denotes the infinitesimal generator of the circle action, then it is shown in [BA1] that critical circles of the circle invariant function α(Z) are closed characteristics of α. For completeness, we briefly present the proof of this fact.

Let us denote by S the function −α(Z) = −i_Z α. Then, taking into account that the vector field Z leaves α invariant, we observes that dS = −di_Z α = −L_Z α + i_Z dα = i_Z dα . Hence, a point p ∈ M is critical if and only if Z and ξ are proportional at p. This implies in turn that the Z and ξ orbits through p are the same since Z and ξ commute.

When the restriction of α to each orbit of the circle action is nonsingular, a sharper lower bound to the number of those closed characteristics can be obtained. This is the case, as we shall see later, when α is a K-contact form.

Theorem 5.1. Let M be a 2n+1 dimensional compact manifold with a circle invariant contact form α. If Z is the infinitesimal generator of the circle action and α(Z) ≠ 0 everywhere on M , then α has at least n+1 closed characteristics.

Proof. As already mentionned above, critical circles of the circle invariant function S = α(Z) are closed characteristics of α ([BA1]). Let β =^1_{α(Z)} α. Then β is also a contact form. Since

(8) dβ = (− 1 (α(Z))^2 )di_Z α ∧ α + 1 α(Z) dα and L_Z α = 0, we see that

(9) i_Z dβ = − Zα(Z) (α(Z))^2 α + 1 α(Z) (di_Z α + i_Z dα) = 0 ,

that is, Z is the characteristic vector field of β. As a consequence, the quotient V-manifold Σ of M by the circle action generated by Z carries a symplectic form and since (dβ)^n ≠ 0, one sees that cuplength(Σ) ≥ n. Now, by Proposition 4.1 and inequality (7), the function S = α(Z) has at least n + 1 critical circles, which are also closed characteristics of α.

Suppose now that M is a 2n+1-dimensional K-contact manifold with K-contact form α, characteristic vector field ξ and K-contact metric g. Since M is compact, its isometry group I(M ) is a compact Lie group by a classical theorem of Myers and Steenrod ([MYS]). Let φ_t denote the real 1-parameter group of isometries generated by ξ. The closure of φ_t in I(M ) is a torus group, hence one can find arbitrary close to ξ, a periodic Killing vector field Z which commutes with ξ and such that α(Z) ≠ 0 everywhere on M . A straightforward calculation shows that Z leaves α invariant. This shows also that K-contact forms satisfies the hypotheses of Theorem 5.1 and we have the following corollary:

Corollary 5.1. Let M be a compact K-contact 2n+1-dimensional manifold. Then the characteristic flow has at least n + 1 closed leaves.

Examples of K-contact flows with exactly n + 1 closed characteristics are known on the 2n + 1-dimensional sphere ([RU2]). We ask ourselves the question: If a closed K-contact 2n + 1-dimensional manifold M has a finite number of closed characteristics, is M necessarily a homology sphere? The affirmative answer to this question in dimension 3 follows trivially from Corollary 3.1.

Using the material in the next section, we will prove the following theorem:

Theorem 5.2. Let M be a closed K-contact manifold with a finite number of closed characteristics. Then each of the Betti numbers of M is equal to at most 1.

In particular, if M is a sasakian closed 2n+1 dimensional manifold, then the i^{th} and (2n + 1 − i)^{th} Betti numbers of M are zero for odd i ≤ n ([BLT]).

6. Morse theory on K-contact manifolds

In this section, we will apply elementary Morse theory to the function that generates closed leaves of K-contact flows. We begin the section with some terminology, referring to [BOT] for more details on Morse theory.

A connected submanifold N ⊂ M is called a nondegenerate critical manifold of a function f on M if the following conditions are satisfied:

(1) Each point p ∈ N is a critical point of f.

(2) The hessian of f, Hess_f , is nondegenerate in directions normal to N . The normal bundle νN of a nondegenerate critical manifold N is decomposed into a positive and negative part νN = ν^+N ⊕ ν^−N where ν^+_p N and ν^−_p N are the positive and negative eigenspaces of the hessian of f, Hess_f . The fiber dimension of ν^−N , denoted by λ_N , is referred to as the index of N relative to f. A function f all of whose critical manifolds are nondegenerate is said to be a clean function. The following proposition is due to [GST].

Proposition 6.1. Let f: X → R be a clean function. Suppose that the indices of all critical manifolds of f are even. Then f has a unique local maximum.

Proof. Let C_1,. . .,C_k be the critical manifolds of local maxima and C_{k+1},. . .,C_n the remaining critical manifolds. Then f = constant a_i on C_i, where a_1,. . .,a_k are the local maxima of f. Let Ψ_t be the 1-parameter group generated by the gradient of f; and let W_i = {x ∈ X, Ψ_t(x) → C_i as t → +∞} .

One of the fundamental theorems of Morse theory is that dim W_i = index C_i + dim C_i and X = ∪W_i (disjoint union) is a cell decomposition. So X = W_1 ∪ .... ∪ W_k ∪ W_{k+1} ∪ · · · ∪ W_n where W_i is open for i ≤ k and codim W_i ≥ 2 for i > k. But, if W_i is of codimension ≥ 2, it cannot disconnect X, so X − ∪_{i>k}W_i is connected, and hence k = 1.

Let θ^− denote the orientation bundle of ν^−N and

P_t(M ; R) = ∑ t^kdimH^k(M ; R) the Poincaré series of M . If one defines the Morse series ([BOT]) of f relative to the coefficient field R by

(10) M_t(f) = ∑ t^{λN} P_t(N ; θ^− ⊗ R)

where the sum runs over all critical manifolds of f, then the Morse inequalities hold:

(11) M_t(f) ≥ P_t(M ; R) .

The inequalities (11) implies that M_t(f) majorizes P_t(M ; R) coefficient by coefficient.

Let M be a closed K-contact manifold with characteristic vector field ξ. We choose a vector field Z as in Theorem 5.1 so that closed characteristics are critical manifolds of the function S = α(Z) .

Those critical manifolds admit a more specific description as is contained in the following proposition ([RU3]):

Proposition 6.2. Let (M, α) be a closed K-contact manifold with characteristic vector field ξ. Then the set F_ξ of periodic points of ξ is a nonempty union F_ξ = ∪V_i where each V_i is a closed totally geodesic submanifold of odd dimension.

Proof. Let G be the closure of the 1-parameter group φ_t of isometries generated by ξ. The orbits of G are the closures of the ξ-orbits. Let H_1,. . .,H_k ⊂ G be the isotropy subgroups, so that each closed orbit is a set of fixed points of H_1,. . . or H_k. Let H_i, ..., H_k be the corresponding Lie algebras of Killing vector fields. Each periodic point of ξ is a zero of either H_1,. . .or H_k. But zeros of Lie algebras of Killing vector fields are known to satisfy the conclusion of Proposition 6.2 ([KOB]).

Each connected component of F_ξ is in fact an invariant regular K-contact submanifold of M . Here, invariant should be understood in the sense of ([KEM], page 372).

We now proceed to compute the hessian Hess_S of S = α(Z) in directions perpendicular to a connected component N of F_ξ. Let p ∈ N and v, w be tangent vectors perpendicular to N at p. We extend v and w into local vector fields V and W by parallel translation along geodesics emanating from p. In particular, the identities (∇V )(p) = 0 = (∇W )(p) is valid and will be used repeatedely as well as the identity ∇_X ξ = −JX valid on any K-contact manifold ([BLA]) and the fact that Z is a Killing vector field commuting with ξ. Hess_S(p)(v, w) = (V (W g(ξ, Z)))(p) = (V (−g(JW, Z) + g(ξ, ∇_W Z)))(p) = (−g(∇_V JW, Z) − g(JW, ∇_V Z) − V g(∇_ξ Z, W ))(p) = (−g(∇_V JW, Z) − g(JW, ∇_V Z) + V g(JZ, W ))(p) = (−g(∇_V JW, Z) − g(JW, ∇_V Z) + g(∇_V JZ, W ) + g(JZ, ∇_V W ))(p) = (−g((∇_V J)W, Z) − g(J∇_V W, Z) − g(JW, ∇_V Z) + g((∇_V J)Z, W ) + g(J∇_V Z, W ) + g(JZ, ∇_V W ))(p) = (−g(R(ξ, V )W, Z) + 2g(∇_V W, JZ) + 2g(W, J∇_V Z) + g(R(ξ, V )Z, W ))(p) by identity (1) = (2g(R(ξ, V )Z, W ) + 2g(W, J∇_V Z))(p) . Evaluating at p, we have obtained the identity (12) Hess_S(p)(v, w) = 2g(R(ξ, v)Z, w) + 2g(w, J∇_vZ) . Let α(Z)(p) = k and put Z = kξ + δ where δ is a Killing vector field vanishing all along N . Then points at which δ is zero lie on periodic orbits of ξ and one has the identity: (13) ∇_vZ = −kJv + ∇_vδ .

Lemma 6.1.

(1) The tangent vector ∇_vδ is nonzero and perpendicular to N . (2) The hessian Hess_S of α(Z) along N satisfies Hess_S(p)(v, J∇_vδ) = 2g(∇_vδ, ∇_vδ) and is therefore nondegenerate in directions perpendicular to N .

Proof. Our proof of the first part of assertion (1) was inspired from the work of Kobayashi ([KOB]). If ∇_vδ were zero, then, since δ(p) = 0, the vector field δ would be zero along the geodesic γ tangent to v at p, hence every orbit that intersects γ would be closed, contradicting the fact that v is perpendicular to N . Let η be an arbitrary vector field tangent to N in a neighborhood of p. Then g(∇_vδ, η) = g(∇_vZ, η) − kg(∇_vξ, η) = −g(v, ∇_η Z) + kg(Jv, η) = 0 .

The first and second terms in the last identity are zero because N is totally geodesic and Jv is perpendicular to N . This proves that ∇_vδ is perpendicular to N and completes the proof of assertion (1). Now combining identities (12) and (13) and exploiting the tensor nature of R as well as the identity ([BLA], page 65) R(ξ, v)ξ = −v , we see that Hess_S(p)(v, J∇_vδ) = 2g(R(ξ, v)Z, J∇_vδ) + 2g(J∇_vZ, J∇_vδ) = 2kg(R(ξ, v)ξ, J∇_vδ) + 2g(J∇_vZ, J∇_vδ) = −2kg(v, J∇_vδ) + 2g(J∇_vZ, J∇_vδ) = 2kg(Jv, ∇_vδ) + 2g(∇_vδ − kJv, ∇_vδ) = 2kg(Jv, ∇_vδ) + 2g(∇_vδ, ∇_vδ) − 2kg(Jv, ∇_vδ) = 2g(∇_vδ, ∇_vδ) ≠ 0 . It follows from Hess_S (p)(v, J∇_vδ) ≠ 0 that Hess_S (p) is nondegenerate in directions perpendicular to N , which completes the proof of Lemma 6.1. Proposition 6.3. The function S = α(Z) is clean and each of its critical manifolds has even index.

Proof. By Lemma 6.1, each critical submanifold of α(Z) is nondegenerate. It remains to prove the assertion about even index. To that end, let v be any direction perpendicular to N at p. Then, using identity (12), Hess_S(p)(Jv, Jv) = 2g(R(ξ, Jv)Z, Jv) + g(J∇_{Jv}Z, Jv) = −2kg(Jv, Jv) − 2g(Jv, ∇_vZ) = −2kg(v, v) + 2g(v, J∇_vZ) = 2g(R(ξ, v)Z, v) + 2g(v, J∇_vZ) = Hess_S (p)(v, v) . This clearly establishes the fact that if Hess_S is negative definite in the direction v, it is also negative definite in the direction Jv, hence the indices are all even.

Assume now that the closed K-contact 2n + 1-dimensional manifold M with a function α(Z) as in Proposition 6.3, has a finite number n + 1 of closed characteristics, one for each even index 0, 2,. . .,2n. Let’s denote the critical circles by N_i, M_t(α(Z)) = n∑ i=0 t^{λNi} P_t(N_i; θ^−_i ⊗ R) where λ_{Ni} = 2i are even integers. But since for i = 0, 1, 2, ..., n, ν^−N_i is an orientable vector bundle over S^1, one has: P_t(N_i; θ^−_i ⊗ R) = 1 + t .

Hence, using the notation b_i(M ) for the dimension of H^i(M ; R), the Morse inequalities (11) can be written as: n∑ i=0 t^{λNi} (1 + t) ≥ 2n+1∑

i=0 b_i(M )t^i . As a result, one has the following theorem:

Theorem 6.1. Let M^{2n+1} be a closed K-contact manifold with n + 1 closed characteristics. Then each of the real Betti numbers of M^{2n+1} is less or equal to 1.

7. Stratification for K-contact manifolds

Given a K-contact manifold M^{2n+1} with n + 1 closed characteristics, N_0, N_1,. . ., N_n which are critical circles of a function α(Z) with index 0, 2, ..., 2n respectively, we shall denote by M^{2k+1}, 0 ≤ k ≤ n, the closures of the sets {x ∈ M, lim_{t→∞} Ψ_t(x) ∈ N_k}, where Ψ_t is the gradient flow for the function α(Z). For an arbitrary vector field Y on M^{2n+1}, one has d(α(Z))(Y ) = di_Zα(Y ) = g(JZ, Y ) . Therefore, Ψ_t is generated by the vector field JZ. For the argument to follow, we point out that ξ, Z and JZ are commuting vector fields. The subsets M^{2k+1} constitute a stratification of M^{2n+1} as follows:

M^1 ⊂ M^3 ⊂ M^5 ⊂ · · · ⊂ M^{2n−1} ⊂ M^{2n+1}

and each M^{2k+1} is a closed 2k+1-dimensional submanifold with k+1 nondegenerate critical circles for the restriction of α(Z).

Proposition 7.1. M^3 is a minimal submanifold, which is diffeomorphic to a quotient of the standard S^3 by an abelian finite group of isometries.

Proof. For x ∈ N_0 or x ∈ N_1; if v ∈ T_xM^3 and α(v) = 0, then the fact that Jv ∈ T_xM^3 follows from J-invariance of the splitting ν_{Ni} = ν^−_{Ni} ⊕ ν^+_{Ni} for the normal bundle of N_i, i = 0, 1 (see Proposition 6.3). For x ∈ M^3 − (N_0 ∪ N_1), the tangent space T_xM^3 is spanned by the vectors JZ, ξ and Z −α(Z)ξ and is therefore J-invariant. This implies that M^3 is a K-contact invariant submanifold and it is known that contact invariant submanifolds are minimal ([END]).

Since M^3 supports an isometric flow with exactly two closed orbits, it follows from Carrière’s classification of riemannian flows on compact 3-manifolds ([CAR]), that M^3 is diffeomorphic to either a quotient of S^3 under an abelian finite group of isometries or S^2 × S^1. But H^1(M^3) = 0 ([RU1]) and hence M^3 must be diffeomorphic to a lens space.

Remark 7.1. It is possible that each M^{2k+1} is a contact invariant, hence minimal submanifold of M^{2n+1}.

8. Characterization of the sphere

The subsets M^{2k−1} and N_k are disjoint closed submanifolds of M^{2k+1}, so each has a tubular neighborhood in M^{2k+1}. In fact, one can find open neighborhoods U of M^{2k−1} and V of N_k such that M^{2k−1}, N_k ≃ S^1 and S^{2k−1} × S^1 are deformation retracts of U , V and U ∩ V respectively. The Mayer-Vietoris sequence for the homology yields the following long exact sequence:

(14) · · · → H_∗(S^{2k−1} × S^1) → H_∗(M^{2k−1}) ⊕ H_∗(S^1) → H_∗(M^{2k+1}) → H_{∗−1}(S^{2k−1} × S^1) → . . .

Lemma 8.1. If H_1(M^{2k+1}) = 0, k ≥ 2, then H_1(M^{2k−1}) = 0 and H_2(M^{2k−1}) ≃ H_2(M^{2k+1}); k ≥ 2

Proof. Writing the exact sequence (14) from ∗ = 2 down to ∗ = 1 yields:

0 → H_2(M^{2k−1}) ⊕ 0 → H_2(M^{2k+1}) → Z → H_1(M^{2k−1}) ⊕ Z → 0 → . . .

Lemma 8.1 follows from exactness of the above sequence.

Lemma 8.2. If H_1(M^{2k+1}) = 0 and M^{2k−1} is a homology sphere, then M^{2k+1} is also a homology sphere.

Proof. We need only to prove H_i(M^{2k+1}) = 0 for 2 < i ≤ k, the case i = 2 being covered by Lemma 8.1 and the cases i > k will follow from duality.

Writing the sequence (14) for 2 < i ≤ k yields the following:

· · · → 0 → 0 → 0 ⊕ 0 → H_i(M^{2k+1}) → 0 → . . .

Therefore H_i(M^{2k+1}) = 0 for 2 < i ≤ k. Now by duality, H_{2k+1−i}(M^{2k+1}) = 0 for 2 ≤ i ≤ n. This completes the proof of Lemma 8.2.

Theorem 8.1. [RU6] Every closed simply connected K-contact manifold M^{2n+1} with a finite number n + 1 of closed characteristics is homeomorphic to the sphere S^{2n+1}.

Proof. If π_1(M^{2n+1}) = 0, then H_1(M^{2n+1}) = 0 and by Lemma 8.1, H_1(M^{2k+1}) = 0 for 1 ≤ k ≤ n. Since M^3 is a homology sphere, it follows from Lemma 8.2 and induction on k that M^{2n+1} is a homology sphere and thus, by Smale’s solution to the generalized Poincaré conjecture ([SMA]), M^{2n+1} is homeomorphic to S^{2n+1} for n ≥ 2. The case n = 1 is covered by Proposition 7.1.

Remark 8.1. We have actually proved that if M^{2n+1} is simply connected, then each of M^{2k+1}, 1 ≤ k ≤ n is homeomorphic to S^{2k+1}.

References

[ABE] Abe, K., Erbacher, J., Nonregular contact structures on Brieskorn manifolds, Bull. Amer.

Math. Soc. 81 (1975), 407–409.

[BA1] Banyaga, A., Rukimbira, P., On characteristics of circle invariant presymplectic forms, Proc. Amer. Math. Soc. 123, no 12 (1995), 3901–3906.

[BA2] , Weak stability of almost regular contact foliations, Journ. of Geom. 50 (1994), 16–27.

[BLA] Blair, D. E., Contact manifolds in riemannian geometry, Lectures Notes in Mathematics 509 (1976), Springer Verlag.

[BLT] Blair, D. E., Goldberg, S. I., Topology of almost contact manifolds, J. Diff. Geom. 1 (1967), 347–354.

[BOT] Bott, R., Lectures on Morse theory, old and new, Bulletin (New series) of the AMS 7 (1982), 331–358.

[CAR] Carriere, Y., Flots riemanniens, Astérisque 116 (1982), 31–52, Structures Transverses des Feuilletages.

[DIE] Dieck, T., Transformation groups, Walter de Gruyter, Berlin, New York, 1987.

[END] Endo, H., Invariant submanifolds in contact riemannian manifolds, Tensor (N.S.) 42 (1985), 86–89.

[GOL] Goldberg, S. I., Nonnegatively curved contact manifolds, Proc. Amer. Math. Soc. 96 no 4 (1986), 651–656.

[GST] Guillemin, V., Sternberg, S., Convexity Properties of the Moment Mapping, Invent. Math.

67 (1982), 491–513.

[KEM] Yano, K., Kon, M., Structures on manifolds, Series in Pure Mathematics 3 (1984), World Scientific.

[KOB] Kobayashi, S., Fixed points of isometries, Nagoya Math. J. 13 (1958), 63–68. [MOL] Molino, P., Riemannian foliations, Progress in Mathematics (1984), Birkhauser, Boston. [MO1] , Réduction symplectique et feuilletages riemanniens; moment structural et théorème de convexité, In Séminaire Gaston Darboux de Géometrie et Topologie Différentielle, Univ. of Montpellier.

[MOS] Mosgawa, W., Feuilletages de Killing, Collect. Math. 36 (1985), 285–290. [MYS] Myers, S. B., Steenrod, N. E., The group of isometries of a riemannian manifold, Ann.

Math. 40 (1939), 400–416.

[PIU] Piu, P., Sur une charactérisation de la sphère S^{2n+1} en termes de géométrie riemannienne de contact, Rendic. Cir. Math. Pal. Tomo XXXVIII (1989), 297–304.

[RU1] Rukimbira, P., Topology and closed characteristics on K-contact manifolds, Bull. Belg.

Math. Soc. 2 (1995), 349–356.

[RU2] , The dimension of leaf closures of K-contact flows, Ann. Glob. An. Geom. 12 (1994), 103–108.

[RU3] , Chern Hamilton conjecture and K-contactness, Houston Journ. of Math. 21, no 4 (1995), 709–717.

[RU4] , Some remarks on R-contact flows, Ann. Glob. An. Geom. 13 (1993), 165–171. [RU5] , Vertical sectional curvature and K-contactnes, Journ. of Geom. 53 (1995), 163–166.

[RU6] , On K-contact manifolds with minimal number of closed characteristics, Proc.

Amer. Math. Soc. to appear (1998).

[SAT] Satake, I., On a generalization of the notion of manifold, Proc. Nat. Acad. Sci. USA. 42 (1956), 359–363.

[SCH] Schwartz, J. I., Nonlinear functional analysis, Gordon Breach, 1969. [SMA] Smale, S., The generalized Poincaré conjecture in higher dimensions, Bull. Amer. Math.

Soc. (N.S.) 66 (1960), 373–375.

[TAC] Tachibana, S., On harmonic tensors in compact sasakian spaces, Tôhoku Math. J. 17 (1965), 271–284.

[THO] Thomas, C., Almost regular contact manifolds, J. Diff. Geom. 11 (1978), 521–533. [VIT] Viterbo, C., A proof of Weinstein Conjecture in R^{2n} , Ann. Inst. H. Poincaré, Anal. non linéaire 4 (1987), 337–356.

[WAD] Wadsley, A. W., Geodesic foliations by circles, J. Diff. Geom. 10 (1975), 541–549. [WEI] Weinstein, A., On the hypothesis of Rabinowitz’s periodic orbits theorem, J. Diff. Eq. 33 (1978), 353–358.

[WE1] , Symplectic V-manifolds, Periodic orbits of hamiltonian systems and the volume of certain riemannian manifolds, Comm. Pure Appl. Math. xxx (1977), 265–271.

[XIA] Xia, C., A generalization of the classical sphere theorem, Proc. Amer. Math. Soc. 125 (1997), 255-258.

Department of Mathematics, Florida International University Miami Florida 33199, USA E-mail: rukim@fiu.edu