Differential Geometry and Its Applications 353 Proc. Conf. Opava (Czechoslovakia), August 24–28, 1992 Silesian University, Opava, 1993, 353–364

NATURALLY REDUCTIVE RIEMANNIAN HOMOGENEOUS SPACES AND REAL HYPERSURFACES IN COMPLEX AND QUATERNIONIC SPACE FORMS

Jürgen Berndt and Lieven Vanhecke

Abstract. We prove that the )-umbilical real hypersurfaces in non-flat complex space forms and the ∏-quasiumbilical real hypersurfaces in non-flat quaternionic space forms are equipped with a naturally reductive homogeneous structure. Moreover, we show that all simply connected, non-symmetric, three-dimensional naturally reductive Riemannian homogeneous spaces can be realized via standard models of )-umbilical real hypersurfaces in complex projective and hyperbolic spaces of complex dimension two. Keywords. Complex and quaternionic space forms, )-umbilical and ∏-quasiumbilical real hypersurfaces, naturally reductive homogeneous spaces and structures. MS classification. 53B20, 53C30, 53C40, 53C55.

1. Introduction

In [1] W. Ambrose and I.M. Singer provided an infinitesimal characterization of Riemannian homogeneous spaces which extends that of E. Cartan for symmetric spaces. Using this theory, F. Tricerri and the second author [17] introduced the concept of homogeneous structures and used decomposition theory of spaces of tensors to characterize among the Riemannian homogeneous spaces the naturally reductive ones by a simple additional property of their homogeneous structures. The concept of (naturally reductive) homogeneous structures constitutes the methodical background in this note. We shall now summarize our results.

We prove that every η-umbilical real hypersurface in a non-Euclidean Kähler manifold of constant holomorphic sectional curvature can be equipped with a naturally reductive homogeneous structure (Theorem 1). From this we conclude that every - geodesic hypersphere in a complex projective space or a complex hyperbolic space, - horosphere in a complex hyperbolic space;

- universal covering space of a tube about a totally geodesic complex hyperbolic hyperplane in a complex hyperbolic space

This paper is in final form and no version of it will be submitted for publication elsewhere.

Typeset by AMS-TEX

354 J. Berndt, L. Vanhecke

is a non-symmetric naturally reductive Riemannian homogeneous space (Corollary 1). For the geodesic hyperspheres this is already known from the work of W. Ziller in [20]. Every horosphere in a complex hyperbolic space is isometric to a Heisenberg group (see for instance [6]), which is also known to be naturally reductive (see [9]). However, it seems to us not to be known that the latter spaces are naturally reductive.

O. Kowalski [11] has provided a group-theoretical classification of all simply connected three-dimensional naturally reductive Riemannian homogeneous spaces. Using his classification it turns out (Theorem 2) that every non-symmetric, simply connected, three-dimensional naturally reductive Riemannian homogeneous space is isometric to one of the above examples (where, of course, the ambient space has to be of complex dimension two). So we see that these particular homogeneous spaces can be realized geometrically in a nice way.

We then study the quaternionic analogue and prove that every Q-quasiumbilical real hypersurface in a non-Euclidean quaternionic Kähler manifold of constant quaternionic sectional curvature can be equipped with a naturally reductive homogeneous structure (Theorem 3). This leads to the conclusion that every - geodesic hypersphere in a quaternionic projective space or a quaternionic hyperbolic space;

- horosphere in a quaternionic hyperbolic space;

- tube about a totally geodesic quaternionic hyperbolic hyperplane in a quaternionic hyperbolic space is a non-symmetric naturally reductive Riemannian homogeneous space (Corollary 2). Also here the latter examples for naturally reductive spaces seem to be new for us. The geodesic hyperspheres have been treated by W. Ziller [20]. And every horosphere in a quaternionic hyperbolic space is isometric to a generalized Heisenberg group with three-dimensional center (see [6]), which is known to be naturally reductive (see [9]).

The article is organized in the following way. In Section 2 we recall the basic notion of homogeneous structure. Section 3 is divided into two parts. Firstly, we provide basic material about real hypersurfaces in complex space forms. In the second part we prove the above results concerning the η-umbilical real hypersurfaces. Finally, in Section 4 we study the quaternionic analogue.

2. Homogeneous structures

In this section we recall briefly the notion of homogeneous structure (see [17] for more details).

A homogeneous structure on a Riemannian manifold (M, g) is a tensor field T of type (1,2) such that (1) g(T_XY, Z) + g(Y, T_XZ) = 0,

(2) (∇_W R)(X, Y )Z = T_W R(X, Y )Z − R(T_W X, Y )Z − R(X, T_W Y )Z − R(X, Y )T_W Z,

Naturally reductive spaces and space forms 355

(3) (∇_X T )_Y Z = T_X T_Y Z − T_Y T_X Z − T_TX_Y Z

for all vector fields W, X, Y, Z on M. Here, ∇ is the Levi Civita connection and R is the Riemannian curvature tensor of (M, g). If we put ~∇ := ∇ − T , then the conditions (1), (2) and (3) are equivalent to ~∇g = 0, ~∇R = 0 and ~∇T = 0, respectively.

A Riemannian manifold on which there exists a homogeneous structure is a locally homogeneous Riemannian manifold. W. Ambrose and I.M. Singer [1] have proved that a complete and simply connected Riemannian manifold is homogeneous if and only if it admits a homogeneous structure. Naturally reductive Riemannian homogeneous spaces are characterized by the additional property

(4) T_X X = 0

for all vector fields X [17, Chapter 6], that is, by means of a naturally reductive homogeneous structure.

3. Real hypersurfaces in complex space forms

a) Preliminaries

Let M̄ be an m-dimensional (m ≥ 2) Kähler manifold of constant holomorphic sectional curvature c ∈ IR \ {0}. The standard models for such non-Euclidean complex space forms are the complex projective space C P^m (c) (for c > 0) and the complex hyperbolic space C H^m (c) (for c < 0). We denote by g the Riemannian metric and by ¯∇ the Levi Civita connection of M̄. J is the complex structure and Ω the corresponding Kähler form on M̄ defined by Ω(X, Y ) := g(X, JY ). The Riemannian curvature tensor R̄ of M̄ is given by R̄(X, Y )Z = c 4 (g(Y, Z)X − g(X, Z)Y + g(JY, Z)JX − g(JX, Z)JY − 2g(JX, Y )JZ). Next, let M be an orientable real hypersurface in M̄ and ξ a unit normal field on M. We also denote by g the induced Riemannian metric on M. ∇ is the Levi Civita connection and R the Riemannian curvature tensor of (M, g). Further, A denotes the shape operator of M with respect to ξ. We define a unit vector field U on M by U := −Jξ and denote the corresponding one-form by η, that is, η(X) := g(X, U) (= −Ω(X, ξ)). Let P be the skew-symmetric tensor field of type (1, 1) on M characterized by JX = P X + η(X)ξ for all vector fields X on M. P X is the tangential component of JX and we have

(5) P^2X = −X + η(X)U.

356 J. Berndt, L. Vanhecke

For the readers convenience we formulate explicitely the fundamental equations for submanifolds adapted to our special situation (see for instance [19]) : the equation of Gauss : ¯∇_X Y = ∇_X Y + g(AX, Y )ξ; the equation of Weingarten : ¯∇_X ξ = −AX; the equation of Gauss of second order : R(X, Y )Z = c 4 (g(Y, Z)X − g(X, Z)Y + g(P Y, Z)P X − g(P X, Z)P Y − 2g(P X, Y )P Z) + g(AY, Z)AX − g(AX, Z)AY ; the equation of Codazzi : (∇_X A)Y − (∇_Y A)X = c 4 (η(X)P Y − η(Y )P X − 2g(P X, Y )U).

Evaluating the tangential part of both sides of ¯∇_X (JY ) = J ¯∇_X Y by means of the equations of Gauss and Weingarten yields (6) (∇_X P )Y = η(Y )AX − g(AX, Y )U. Analogously, from ¯∇_X (Jξ) = J ¯∇_X ξ we get (7) ∇_X U = P AX, and hence (8) (∇_X η)Y = g(P AX, Y ).

b) η-umbilical real hypersurfaces and naturally reductive homogeneous structures

The Codazzi equation for a real hypersurface in a non-flat complex space form M̄ is not trivial, that is, ∇A is not symmetric in its variables. As a consequence there are no umbilical real hypersurfaces in non-Euclidean complex space forms of complex dimension greater than one, a fact already observed by Y. Tashiro and S. Tachibana [16]. Further, the shape operator of a geodesic hypersphere in M̄ is of the form (9) AX = λX + μη(X)U for some λ, μ ∈ R (see below). This suggests the following definition [10] : An orientable real hypersurface M of M̄ is called η-umbilical if its shape operator A is of the form (9) for some functions λ and μ on M.

Let M be a connected η-umbilical real hypersurface in M̄. Then the functions λ and μ are constant and so M has two distinct constant principal curvatures λ and α := λ+μ

Naturally reductive spaces and space forms 357

of multiplicities 2(m − 1) and 1, respectively [10, Lemma 2.5]. The corresponding spaces of principal curvature vectors are D and J(⊥ M)(= RU), where ⊥ M is the normal bundle of M in M̄ and D is the orthogonal complement of J(⊥ M) in the tangent bundle T M of M. The model spaces for η-umbilical real hypersurfaces in C P^m (c) and

C H^m (c) and their principal curvatures are drawn up in the following Table 1 (see [2] for

more details concerning the explicit computation of α and λ for these model spaces): M α λ geodesic hypersphere of radius r ∈ ]0, π/ √ c[ in C P^m (c) √ c cot( √ cr)^{√c}_2 cot(^{√c}_2 r)

geodesic hypersphere of radius

r ∈ R_+ in C H^m (c)^√−c coth(^√−cr)^{√−c}_2 coth(^{√−c}_2 r)

horosphere in C H^m (c) √ −c^{√−c}_2 tube of radius r ∈ R_+ about

C H^{m−1} (c) in C H^m (c)^√−c coth(^√−cr)^{√−c}_2 tanh(^{√−c}_2 r)

Table 1. η-umbilical real hypersurfaces in C P^m (c) and C H^m (c)

Remarks. 1. It has been proved by M. Kon [10, Theorem 3.2] (for c > 0) and S. Montiel and A. Romero [14, Corollary 5.3] (for c < 0) that every η-umbilical real hypersurface in a non-flat complex space form is locally isometric to one of these model spaces.

2. Note that π/ √ c is the injectivity radius of C P^m (c). The set of points at a distance of π/ √ c from a fixed point in C P^m (c) is a totally geodesic embedding of C P^{m−1} (c) in

C P^m (c). Thus a geodesic hypersphere of radius r ∈ ]0, π/^√c[ in C P^m (c) can also be

regarded as a tube of radius π/ √ c − r about C P^{m−1} (c) in C P^m (c) (see [4, p. 493] for more details).

3. In the above table C H^{m−1} (c) is the standard totally geodesic embedding of

C H^{m−1} (c) in C H^m (c). Every tube M about C H^{m−1} (c) in C H^m (c) is an S^1-bundle

over C H^{m−1} (c). As C H^{m−1} (c) is contractible to a point, M must be diffeomorphic to

C^{m−1} × S^1. Hence the fundamental group of M is isomorphic to Z. The other model

spaces in Table 1 are simply connected : Every geodesic hypersphere is obviously diffeomorphic to an ordinary sphere, a horosphere in C H^m (c) is diffeomorphic to R^{2m−1}.

Following the method of proof for geodesic hyperspheres used by F. Tricerri and the second author in [18] we have

Theorem 1. Let M be an η-umbilical real hypersurface in a Kähler manifold of constant holomorphic sectional curvature c ∈ R\ {0}. Then (10) T_X Y := λ(η(Y )P X − η(X)P Y − g(P X, Y )U) defines a naturally reductive homogeneous structure on M.

358 J. Berndt, L. Vanhecke

Proof. Equations (1) and (4) are consequences of the skew-symmetry of P. Next, inserting (9) into the Gauss equation of second order and using the fact that λμ + c/4 = 0 (which can be deduced easily from Table 1) we get

R(X, Y )Z =(λ^2 + c 4 )(g(Y, Z)X − g(X, Z)Y ) + c 4 (g(P Y, Z)P X − g(P X, Z)P Y − 2g(P X, Y )P Z − g(Y, Z)η(X)U + g(X, Z)η(Y )U − η(Y )η(Z)X + η(X)η(Z)Y ). Using this expression for R and (6) - (10) a straightforward calculation shows that (2) is valid. Eventually, equation (3) follows by a simple computation using (5) - (10). �

Remark. Note that (10) is equivalent to g(T_XY, Z) = 3λ(η ∧ Ω)(X, Y, Z), and so T_X X = 0 trivially.

Every model space in Table 1 can be realized as a level set of a certain function and is therefore closed and hence complete : A geodesic hypersphere is a level set of a distance function to a point, a horosphere in C H^m (c) arises as a level set of a Busemann function on C H^m (c), and a tube about C H^{m−1} (c) in C H^m (c) is a level set of the distance function to C H^{m−1} (c) on C H^m (c). The completeness of these model spaces follows also from their homogeneity : Given any two points p and q on the model space M, the two-point homogeneity of the ambient space M̄ implies that there is an isometry (not uniquely determined) f of M̄ with f(p) = q and f_∗ξ_p = ξ_q. It is not hard to see that such an isometry maps M into itself and hence induces an isometry on M (see also [2, Section 6.2]). Combining now Theorem 1 and the above mentioned result of Ambrose and Singer we get

Corollary 1. Every - geodesic hypersphere in a complex projective space or a complex hyperbolic space; - horosphere in a complex hyperbolic space;

- universal covering space of a tube about a totally geodesic complex hyperbolic hyperplane in a complex hyperbolic space is a (simply connected) naturally reductive Riemannian homogeneous space.

In [11] O. Kowalski gave a group-theoretical classification of all simply connected, three-dimensional naturally reductive Riemannian homogeneous spaces (see also [17]). We shall now see that the non-symmetric ones are precisely those spaces listed in Corollary 1 which are of dimension three.

Theorem 2. Let N be a three-dimensional, simply connected, naturally reductive Riemannian homogeneous space. Then N is isometric to one of the following spaces :

(I) a symmetric space (more precisely, to S^3, E^3 , RH^3, S^2 × R or RH^2 × R); (II) a geodesic hypersphere of some radius r ∈ ]0, π/ √ c[ in C P^2 (c) or a geodesic hypersphere of some radius r ∈ R_+ in C H^2 (c);

Naturally reductive spaces and space forms 359

(III) the universal covering space of a tube of some radius r ∈ R_+ about C H^1 (c) in

C H^2 (c);

(IV) a horosphere in C H^2 (c).

If N is not simply connected, it is locally isometric to one of these model spaces.

Proof. In the course of proving Theorem 1 we have already calculated an expression for the Riemannian curvature tensor of an η-umbilical real hypersurface M. From this expression we get for the Ricci tensor Ric of M (11) RicX = aX − c 2 mη(X)U with a := 2(m − 1)λ^2 + c 2 m. In particular, the Ricci tensor of M has the two distinct eigenvalues a and 2(m − 1)λ^2 of multiplicity 2(m − 1) and 1, respectively.

Due to O. Kowalski [11] N is isometric to a symmetric space or to (G, g), where G is one of the following groups equipped with a suitable left-invariant metric g : the special unitary group SU(2), the universal covering group SL(2, R)^∼ of SL(2, R), or the three-dimensional Heisenberg group H_3. Moreover, the Ricci tensor of (G, g) has two distinct eigenvalues a and b of multiplicity two and one, respectively, with

b > 0 and a + b > 0, if G = SU(2); b > 0 and a + b < 0, if G = SL(2, R)^∼; b > 0 and a = −b, if G = H_3.

We assume that N is non-symmetric. Then N must be isometric to one of the above spaces (G, g). At first we assume that G = SU(2) and put c := a − b. If c > 0, there exists precisely one r ∈ ]0, π/ √ c[ such that b = (c/2) cot^2( √ cr/2). By means of Table 1 and (11) a geodesic hypersphere of radius r in C P^2 (c) has the two distinct Ricci roots a and b of multiplicity two and one, respectively. As a geodesic hypersphere

in C P^2 (c) is diffeomorphic to S^3 and hence simply connected, the uniqueness part of

Kowalski’s classification yields that (SU(2), g) is isometric to a geodesic hypersphere of this particular radius r in C P^2 (c). Analogously, if c < 0, we get that (SU(2), g) is isometric to a geodesic hypersphere of radius r ∈ R_+ in C H^2 (c), where r is uniquely determined by b = −(c/2) coth^2( √ −cr/2). Along the same line of argumentation we get that (SL(2, R)^∼, g) is isometric to the universal covering of the tube of radius r about

C H^1 (c) in C H^2 (c), where c and r are given by c := a−b and b = −(c/2) tanh^2(^√−cr/2),

and that (H_3, g) is isometric to a horosphere in C H^2 (−2b). �

Remark. From Theorem 2 and the classification of all four-dimensional naturally reductive Riemannian homogeneous spaces in [12] we also get the following conclusion : The non-symmetric, simply connected, four-dimensional naturally reductive Riemannian homogeneous spaces are precisely the Riemannian products N × R, where N is one of the model spaces (II), (III) or (IV) in Theorem 2.

360 J. Berndt, L. Vanhecke

4. Real hypersurfaces in quaternionic space forms

We now study the analogous situation in non-flat quaternionic space forms.

a) Preliminaries

Let M̄ be an m-dimensional (m ≥ 2) quaternionic Kähler manifold of constant quaternionic sectional curvature c ∈ R \ {0}. The standard models for such spaces are the quaternionic projective space HP^m (c) (for c > 0) and the quaternionic hyperbolic space HH^m (c) (for c < 0). Let g be the Riemannian metric, ¯∇ the Levi Civita connection and J the quaternionic Kähler structure of M̄. The Riemannian curvature tensor R̄ of M̄ is locally of the form R̄(X, Y )Z = c 4 (g(Y, Z)X − g(X, Z)Y + 3∑ i=1 (g(J_iY, Z)J_iX − g(J_iX, Z)J_iY − 2g(J_iX, Y )J_iZ)), where J_1, J_2, J_3 is a canonical local basis of J (see [8] for more details).

Next, let M be an orientable real hypersurface in M̄ and ξ a unit normal field on M. The induced Riemannian metric on M will also be denoted by g. We denote by A the shape operator of M with respect to ξ, by ∇ the Levi Civita connection and by R the Riemannian curvature tensor of (M, g). Let J_1, J_2, J_3 be a canonical local basis of J such that U_i := −J_iξ is a vector field on an open subset V of M(i = 1, 2, 3). The corresponding one-form will be denoted by η_i, that is, η_i(X) = g(X, U_i). Let P_i be the skew-symmetric tensor field of type (1,1) on V characterized by J_iX = P_iX + η_i(X)ξ for all vector fields X on V . P_iX is the tangential component of J_iX and we have (here, and henceforth, the index has to be taken modulo three)

(12)

P_iU_i = 0, P_iU_{i+1} = U_{i+2}, P_iU_{i+2} = −U_{i+1}, P^2_i X = −X + η_i(X)U_i, P_iP_{i+1}X = P_{i+2}X + η_{i+1}(X)U_i, P_iP_{i+2}X = −P_{i+1}X + η_{i+2}(X)U_i.

The equations of Gauss and Weingarten are like the ones in the complex case. The equation of Gauss of second order and the equation of Codazzi are locally of the form R(X, Y )Z = c 4 (g(Y, Z)X − g(X, Z)Y + 3∑ i=1 (g(P_iY, Z)P_iX − g(P_iX, Z)P_iY − 2g(P_iX, Y )P_iZ))

+ g(AY, Z)AX − g(AX, Z)AY

Naturally reductive spaces and space forms 361 and (∇_X A)Y − (∇_Y A)X = c 4 3∑ i=1 (η_i(X)P_iY − η_i(Y )P_iX − 2g(P_iX, Y )U_i),

respectively. As J is parallel, there exist local one-forms q_1, q_2, q_3 on M̄ such that

(13) ¯∇_X J_i = q_{i+2}(X)J_{i+1} − q_{i+1}(X)J_{i+2}

for all vector fields X on M̄. Evaluating the tangential part of ( ¯∇_X J_i)Y by means of (13) on the one hand, and by means of the equations of Gauss and Weingarten on the other hand, gives

(14) (∇_X P_i)Y = η_i(Y )AX − g(AX, Y )U_i + q_{i+2}(X)P_{i+1}Y − q_{i+1}(X)P_{i+2}Y.

Also, from (13) and the equations of Gauss and Weingarten we get

(15) ∇_X U_i = q_{i+2}(X)U_{i+1} − q_{i+1}(X)U_{i+2} + P_iAX,

and hence

(16) (∇_X η_i)Y = q_{i+2}(X)η_{i+1}(Y ) − q_{i+1}(X)η_{i+2}(Y ) + g(P_iAX, Y ).

b) Q-quasiumbilical real hypersurfaces and naturally reductive homogeneous structures

¿From the Codazzi equation it can be deduced that there are no umbilical real hypersurfaces in non-flat quaternionic space forms of quaternionic dimension greater than one (see for example [5]). Thus a geodesic hypersphere in M̄ is not umbilical. Its shape operator A is locally of the form

(17) AX = λX + μ 3∑ i=1 η_i(X)U_i for some λ, μ ∈ R (see for instance [3]). Following C.S. Houh [7] we call a connected real hypersurface M in M̄ Q-quasiumbilical if its shape operator is locally of the form (17) with some functions λ and μ on M. J.S. Pak [15, Theorem 4] proved that on every Q-quasiumbilical real hypersurface M in M̄ the functions λ and μ are constant and

(18) λμ + c 4 = 0.

(Note that Pak used another sign convention.) Therefore every Q-quasiumbilical real hypersurface M in a non-flat quaternionic space form has two distinct principal curvatures, namely λ and α := λ + μ, with multiplicities 4(m − 1) and 3, respectively. The corresponding spaces of principal curvature vectors are D and J (⊥M)(= RU_1 ⊕ RU_2 ⊕ RU_3 locally), where D is the orthogonal complement of J (⊥ M) = {Jξ|J ⊗ ξ ∈ J ⊗ ⊥ M} in TM. The standard models of Q-quasiumbilical real hypersurfaces in HP^m (c) and

HH^m (c) are :

362 J. Berndt, L. Vanhecke

- a geodesic hypersphere of radius r ∈ ]0, π/ √ c[ in HP^m (c);

- a geodesic hypersphere of radius r ∈ R_+ in HH^m (c); - a horosphere in HH^m (c);

- a tube of radius r ∈ R_+ about the standard totally geodesic embedding of HH^{m−1} (c)

in HH^m (c).

Every Q-quasiumbilical real hypersurface in M̄ is locally congruent to one of the above model spaces (for c > 0 see [13, Theorem 5.7], for c < 0 see [3, Theorem 2]).

We now prove the quaternionic analogue of Theorem 1.

Theorem 3. Let M be a Q-quasiumbilical real hypersurface in a quaternionic Kähler manifold of constant quaternionic sectional curvature c ∈ R\ {0}. Then the tensor field T on M, which is locally given by

(19) T_X Y =λ 3∑ i=1 (η_i(Y )P_iX − η_i(X)P_iY − g(P_iX, Y )U_i)

− μ 3∑ i=1 (η_{i+1}(X)η_{i+2}(Y ) − η_{i+2}(X)η_{i+1}(Y ))U_i,

is a naturally reductive homogeneous structure on M.

Proof. The proof is analogous to the one of Theorem 1, but needs some more effort. Equations (1) and (4) are consequences of the skew-symmetry of P_1, P_2 and P_3. To see the validity of (2) one may proceed as follows :

Step 1. Insert (17) into the equation of Gauss of second order and use (18) to obtain an expression for R.

Step 2. Insert (17) into (14), (15) and (16) and use these formulae to compute (∇_W R)(X, Y )Z with R as calculated in Step 1.

Step 3. Compute the right-hand side of (2) with R as calculated in Step 1. Step 4. The resulting expression involves terms of the form

(T_W P_i − P_iT_W )X , η_i(T_W X) and T_W U_i,

which can be computed by means of the explicit expression of T in (19) and the formulae in (12).

Step 5. Insert these expressions into the one computed in Step 3. This gives precisely the formula derived in Step 2, whence (2) is shown.

The validity of (3) can be seen in this way : First compute the left-hand side of (3) from (19) using (14)-(16) and then the right-hand side of (3) from (19) using (12). Both sides coincide. �

Remark. The tensor field T defined in (19) satisfies g(T_XY, Z) = 3λ 3∑ i=1 (η_i ∧ Ω_i)(X, Y, Z) − 6μ(η_1 ∧ η_2 ∧ η_3)(X, Y, Z),

Naturally reductive spaces and space forms 363

where Ω_i(X, Y ) := g(X, J_iY ).

Every geodesic hypersphere in HP^m (c) or HH^m (c) is diffeomorphic to S^{4m−1}, every horosphere in HH^m (c) is diffeomorphic to R^{4m−1}, and every tube about HH^{m−1} (c)

in HH^m (c) is diffeomorphic to H^{m−1} × S^3. Thus all the above model spaces for Q-

quasiumbilical real hypersurfaces in HP^m (c) and HH^m (c) are simply connected. As in the complex case the completeness of these spaces can be deduced both from their homogeneity and from the fact that they arise as level sets of certain functions. So Theorem 3 combined with the result of Ambrose and Singer yields

Corollary 2. Every - geodesic hypersphere in a quaternionic projective space or a quaternionic hyperbolic space;

- horosphere in a quaternionic hyperbolic space;

- tube about a totally geodesic quaternionic hyperbolic hyperplane in a quaternionic hyperbolic space is a (simply connected) naturally reductive Riemannian homogeneous space.

References

1. W. Ambrose and I.M. Singer, On homogeneous Riemannian manifolds, Duke Math. J. 25 (1958), 647-669.

2. J. Berndt, Über Untermannigfaltigkeiten von komplexen Raumformen, Thesis, Köln, 1989. 3. J. Berndt, Real hypersurfaces in quaternionic space forms, J. Reine Angew. Math. 419 (1991), 9-26.

4. T.E. Cecil and P.J. Ryan, Focal sets and real hypersurfaces in complex projective space, Trans.

Amer. Math. Soc. 269 (1982), 481-499.

5. B.Y. Chen, Totally umbilical submanifolds of quaternion-space-forms, J. Austral. Math. Soc. Ser.

A 26 (1978), 154-162.

6. P. Eberlein, Geometry of 2-step nilpotent groups with a left invariant metric,, preprint (summary in Proc. 37th Symposium on Differential Geometry, Tokyo Metropolitan University (1990), 25-31).

7. C.S. Houh, On ∏-quasiumbilical hypersurfaces of quaternion Kaehler manifolds, Bull. Inst. Math.

Acad. Sinica 8 (1980), 447-456.

8. S. Ishihara, Quaternion Kählerian manifolds, J. Differential Geom. 9 (1974), 483-500. 9. A. Kaplan, On the geometry of groups of Heisenberg type, Bull. London Math. Soc. 15 (1983), 35-42.

10. M. Kon, Pseudo-Einstein real hypersurfaces in complex space forms, J. Differential Geom. 14 (1979), 339-354.

11. O. Kowalski, Spaces with volume-preserving symmetries and related classes of Riemannian manifolds, Rend. Sem. Mat. Univ. Politec. Torino, Fascicolo Speciale (Settembre 1983), 131-158.

12. O. Kowalski and L. Vanhecke, Four-dimensional naturally reductive homogeneous spaces, Rend.

Sem. Mat. Univ. Politec. Torino, Fascicolo Speciale (Settembre 1983), 223-232. 13. A. Martinez and J.D. Perez, Real hypersurfaces in quaternionic projective space, Ann. Mat. Pura Appl. (4) 145 (1986), 355-384.

14. S. Montiel and A. Romero, On some real hypersurfaces of a complex hyperbolic space, Geom.

Dedicata 20 (1986), 245-261.

15. J.S. Pak, Real hypersurfaces in quaternionic Kaehlerian manifolds with constant ∏-sectional curvature, Kōdai Math. Sem. Rep. 29 (1977), 22-61.

16. Y. Tashiro and S. Tachibana, On Fubinian and -Fubinian manifolds, Kōdai Math. Sem. Rep. 15 (1963), 176-183.

17. F. Tricerri and L. Vanhecke, Homogeneous structures on Riemannian manifolds, London Math.

Soc. Lecture Note Ser. 83, Cambridge University Press, London, 1983.

364 J. Berndt, L. Vanhecke

18. F. Tricerri and L. Vanhecke, Geodesic spheres and naturally reductive homogeneous spaces, Riv.

Mat. Univ. Parma (4) 10 (1984), 123-131.

19. K. Yano and M. Kon, Structures on manifolds, World Scientific, Singapore, 1984. 20. W. Ziller, Homogeneous Einstein metrics on spheres and projective spaces, Math. Ann. 259 (1982), 351-358.

J. Berndt, Universität zu Köln, Mathematisches Institut, Weyertal 86-90, W-5000 Köln 41, Germany

L. Vanhecke, Katholieke Universiteit Leuven, Department of Mathematics, Celestijnenlaan 200B, 3001 Leuven, Belgium

Received 29 August 1992