Differential Geometry and Its Applications 281 Proc. Conf. Opava (Czechoslovakia), August 24–28, 1992 Silesian University, Opava, 1993, 281–320

NATURAL BUNDLES AND NATURAL LIFTINGS PROLONGATIONS OF GEOMETRIC STRUCTURES

Jacek Gancarzewicz Włodzimierz Mikulski Zdzisław Pogoda

Abstract. This paper is a survey of results on prolongation functors, natural bundles and liftings of geometric structures. The general ideas, important examples and fundamental results in theory of natural bundles, product preserving functors, natural transformations and liftings of geometric objects are presented. Especially problems of regularity conditions and finite order for these notions are studied. There are also new results.

Key words: natural bundle, prolongation functor, product preserving functor, Weil functor, local algebra, geometric object, natural transformation, lifting, lift, order of natural bundle, order of transformation (of lift).

AMS classifications: 53-02, 53C15, 58A20, 58A30.

§ 0. Introduction.

Some geometric objects were known in XIX century; the notions of vector, tensor and connection were systematically used in the differential geometry and its applications. The general idea of geometric object first was formulated in 1928 by O. Veblen [120] in his plenary lecture ”Differential Invariants and Geometry” at ICM in Bologna. O. Veblen has used there the notion ”invariant”. The expression ”geometric object” was firstly used by J. A. Schouten and E. R. van Kampen [109]. Some important results were obtained by J. A. Schouten and J. Haantjes [108], A. Nijenhuis [91], J. Aczel and S. Goła̧b [1], and his school (see also M. Kucharzewski, M. Kuczma [66]). The idea of fibre bundle introduced by H. Whitney [122], C. Ehresmann [12] and N. Steenrod [118] gave new possibilities of describing geometric objects. New attempts to formulate the theory of geometric objects were made by J. Haantjes and G. Laman [34], and N. K. Kuiper and K. Yano [67], with their fibre bundle approach. The more ”functorial” approach to this theory was introduced by A. Nijenhuis [93]. He has presented the very important concept of natural bundle. Some interesting results in the theory of geometric objects using the language of natural bundles firstly were given by S. Salvioli [106].

The general important questions in the theory of geometric objects there are questions on classifications and regularity. Attempts to classify geometric objects have been made in book of J. Aczel and S. Goła̧b [1]. First general results were given by C. L. Terng [119], and R. Palais and C. L. Terng [94]. In the last paper was given the fundamental

Typeset by AMS-TEX

282 J. Gancarzewicz, W. Mikulski

theorem about classification of geometric objects. R. Palais and C. L. Terng formulate the modern definition of natural bundle [94].

A natural bundle over n-dimensional manifolds is a covariant functor F from the category of n-dimensional manifolds and their embeddings into the category of fibered manifolds satisfying the following conditions:

1. For every n-dimensional manifold M, F(M) is a fibered manifold over M and π = π_M : F(M) −→ M is its projection. For a point x ∈ M we denote by F_x(M) = π^{−1}_M (x) the fibre over x.

2. The naturality conditions. For every embedding φ : M → N of two n-dimensional manifolds M, N, for the induced mapping F(φ) : F(M) → F(N) the following diagram F(M)^{F(φ)}−−−−→ F(N) π_M π_N M^φ−−−−→ N commutes and for every point x ∈ M the restriction F(φ)_{|Fx(M)} : F_x(M) → F_{φ(x)}(N) is a diffeomorphism.

3. The regularity condition. If φ_t : M → N is a smooth family of embeddings, then F(φ_t) : F(M) → F(N) is a smooth family of mappings.

D. B. A. Epstein and W. P. Thurson [11] proved that conditions (1) and (2) imply the regularity condition (3) (see also [71]).

Many natural bundles can be obtained as the restriction of prolongation functors to the category of n-dimensional manifolds and their embeddings. The notion of prolongation functor was introduced by I. Kolář (see also J. Janyška [36]).

A prolongation functor is a covariant functor F from the category of all manifolds and all smooth mappings into the category of fibered manifolds satisfying the similar conditions as a natural bundle. An essential difference between ”natural bundle” and ”prolongation functor” is that the induced mapping F(φ) is defined for all mapping φ in the case of ”prolongation functor” and only for embeddings in the case of ”natural bundle”.

The tangent bundles, the bundles of p^r-velocities are well-known examples of prolongation functors. The cotangent bundle and the bundles of tensors of type (p, q), where p, q > 0, are examples of natural bundles which are not obtained by the restrictions of prolongation functors.

I. Kolář and J. Slovák [55] proved that in the case of prolongation functors the regularity condition is a consequence of conditions (1) and (2).

The very important problem is a finite determinancy of natural bundles. F is called of finite order if there is a number k such that the following implication j^k_x φ = j^k_x ψ =⇒ F(φ)_{|Fx(M)} = F(ψ)_{|Fx(M)} holds for every mapping (embedding if F is a natural bundle) φ, ψ : M → N and every point x ∈ M. The smallest number k for which this implication holds, is called order of F. R. Palais and C. L. Terng (see [94]) show that every natural bundle F has a finite order (see also [58], [11], [131]). For prolongation functors a similar theorem is false

Natural bundles and natural liftings 283

(see Example 1.21). We can prove only that prolongation functors have locally finite order (see [77]). The theorem on finite order of natural bundles is called traditionally Palais-Terng theorem, but it can be deduce simply from a paper of K. Masuda [69].

Very important family of prolongation functors is formed by product preserving functors called also Weil functors.

Let F be a prolongation functor. For two manifolds M_1, M_2 we denote by π_i : M_1 × M_2 → M_i the standard projection on the i-th factor, where i = 1, 2. F is called product preserving functor or Weil functor if the mapping ( F(π_1), F(π_2) ) : F(M_1 × M_2) −→ F(M_1) × F(M_2)

is a diffeomorphism for all manifolds M_1, M_2.

The tangent bundle and the bundle J^r_0 (R^p, M) of r-jets at 0 ∈ R^p of mappings

R^p → M are important examples of product preserving functors.

G. Kainz, P. Michor [41], O. O. Luciano [68] and D. J. Eck [9] have given characterization of product preserving functors (see also [54]).

In the differential geometry we are interested to study geometric objects on natural bundles and constructions transforming geometric objects from one natural bundle into geometric object on the second one. We introduce the general definition of liftings of geometric objects.

Let F, G be natural bundles over n-dimensional manifolds, n + k = dim F(R^n) and let H be a natural bundle over (n + k)-dimensional manifolds. We denote by G(M) and H(F(M)) the families of local sections of G(M) → M and H(F(M)) → F(M) respectively. Elements of these families are called geometric G- and H-objects.

A lifting to F of geometric G-objects from M to geometric H-objects on F(M) is a family Λ = {Λ_M } of mappings Λ_M : G(M) −→ H(F(M)) satisfying the following conditions:

1. If σ ∈ G(M) is defined on an open subset U ⊂ M, then Λ_M (σ) ∈ H(F(M)) is defined on F(U) ⊂ F(M).

2. The naturality condition. For every embedding φ : M → N, if objects σ_1 ∈ G(M), σ_2 ∈ G(N) are φ-related, then Λ_M (σ_1) ∈ H(F(M)), Λ_M (σ_2) ∈ H(F(N)) are F(φ)-related.

3. The regularity condition. If σ_t ∈ G(M) is a smooth family of local fields of geometric objects on M, then Λ_M (σ_t) ∈ H(F(M)) is also a smooth family of local fields of geometric objects on F(M).

If F(M) = M and F(φ) = φ we obtain the definition of a natural transformation of G-object into H-objects on M. The standard constructions of Riemannian connections, curvature tensors, Ricci tensors are important examples of natural transformations. A complete lift of vector fields, a complete lift of geometric structures and complete lift of connections are classical examples of liftings.

There are four interesting types of problems: (1) to study a finitity of order of liftings; (2) to study the regularity condition of liftings;

(3) for given natural functors F, G, H, to give characterizations and classifications of liftings Λ = {Λ_M }, where Λ_M : G(M) −→ H(F(M));

(4) to consider a particular lifting Λ = {Λ_M }, where F, G, H are some special natural bundles, and to study properties of Λ from a point of view of a possibility of prolongations of geometric structures from a manifold M to F(M).

284 J. Gancarzewicz, W. Mikulski

We suppose always that all manifolds in this paper are smooth, paracompact and second countable.

This paper is a survey of results on prolongation functors, natural bundles and liftings of geometric structures. There are also new results. Our references are not complete. For more complete references see the book of I. Kolář, P. Michor and J. Slovák [54].

§ 1. Natural bundles and prolongation functors.

We recall the definition of natural bundle proposed by Palais and Terng [94]. Definition 1.1. A natural bundle over n-dimensional manifolds is a covariant functor F from the category of n-dimensional manifolds and their embeddings into the category of fibered manifolds satisfying the following conditions:

(1) For every n-dimensional manifold M F(M) is a fibered manifold over M with a projection π = π_M : F(M) −→ M . For a point x ∈ M we denote by F_x(M) = π^{−1}_M (x) the fibre over x.

(2) The naturality conditions. For every embedding φ : M → N of two n-dimen-sional manifolds M, N, for the induced mapping F(φ) : F(M) → F(N) the following diagram F(M)^{F(φ)}−−−−→ F(N) π_M πN M^φ−−−−→ N commutes and for every point x ∈ M the restriction F(φ)_{|Fx(M)} : F_x(M) → F_{φ(x)}(N) is a diffeomorphism.

(3) The regularity condition. If φ_t : M → N is a smooth family of embeddings, then F(φ_t) : F(M) → F(N) is a smooth family of mappings.

A natural bundle F is called linear or a natural vector bundle if for every manifold M the bundle F(M) is a vector bundle and for every embedding φ : M → N the induced mapping F(φ) : F(M) → F(N) is a vector bundle homomorphism. It means that F_x(φ) is linear for every point x ∈ M.

Remark 1.2. Let us observe that the commutativity of the diagram in condition (2) of our definition implies that for any point x ∈ M the induced map F(φ) transforms the fibre F_x(M) into F_{φ(x)}(N). It means that the second part of condition (2) has a sense. Remark 1.3. Let us observe that if F is a natural bundle then for any open subset U ⊂ M of an n-dimensional manifold M the inclusion F(i) is a diffeomorphism of F(U) onto F(M)_{|U} = π^{−1}_M (U). Using this diffeomorphism we will identify F(U) with F(M)_{|U} . Remark 1.4. Epstein and Thurson [11] proved that conditions (1) and (2) from Definition 1.1 imply the regularity condition (see also [71]).

In the theory of geometric objects prolongation functors play very important role. They are defined in a similar way as natural bundles.

Definition 1.5. A prolongation functor is a covariant functor F from the category of all manifolds and all smooth mappings into the category of fibered manifolds satisfying the following conditions:

(1) For every manifold M, F(M) is a fibered manifold over M and π = π_M :

F(M) −→ M is its projection. For a point x ∈ M we denote by F_x(M) = π^{−1}_M (x) the fibre over x.

Natural bundles and natural liftings 285

(2) For every mapping φ : M → N of two manifolds M, N, for the induced mapping F(φ) : F(M) → F(N) the following diagram F(M)^{F(φ)}−−−−→ F(N) π_M πN M^φ−−−−→ N commutes and if φ is an embedding, then for x ∈ M the restriction F(φ)_{|Fx(M)} : F_x(M) → F_{φ(x)}(N) is a diffeomorphism.

(3) The regularity condition. If φ_t : M → N is a smooth family of mappings, then F(φ_t) : F(M) → F(N) is a smooth family of mappings.

A prolongation functor F is called linear if for every manifold M the bundle F(M) is a vector bundle and for every mapping φ : M → N the induced mapping F(φ) : F(M) → F(N) is a vector bundle homomorphism.

Let us observe that for every fixed natural number n the restriction of a prolongation functor to the category of n-dimensional manifolds and their embeddings is a natural bundle. Remarks 1.2 — 1.4 hold also for a prolongation functor (the property formulated in Remark 1.4 for prolongation functors was proved by I. Kolář and J. Slovák [55], [114].

We give the following list of examples of natural bundles and prolongation functors.

Example 1.6. The tangent bundle. T M denotes the tangent bundle of a manifold M and for a smooth mapping φ : M → N of two manifolds the differentiation dφ : T M → T N is the induced mapping. It is a prolongation functor.

Example 1.7. The cotangent bundle. For a manifold M we denote by T^∗M the cotangent bundle and for a smooth mapping φ : M → N and a point x ∈ M let (d_xφ)^∗ : T^∗_{φ(x)}N → T^∗_x M be the transposed mapping of the differential d_xφ : T_xM → T_{φ(x)}N of φ at x . If φ is an embedding of two n-dimensional manifolds M and N , then d_xφ is an linear isomorphism, and we define T^∗_x φ = ((d_xφ)^∗)^{−1} : T^∗_x M → T^∗_{φ(x)}N and the induced mapping T^∗φ : T^∗M → T^∗N by (T^∗φ)|T^∗_x M = T^∗_x φ . T^∗M is a natural bundle. The cotangent bundle T^∗M is not the restriction of a prolongation functor to the category of n-dimensional manifolds and their embeddings because for ω ∈ T^∗_0 R^n, ω ≠ 0, the function R\{0} ∋ t → T^∗(t id_R n )(ω) ∈ T^∗_0 R^n has not a limit for t → 0. It is a contradiction with the regularity condition.

Example 1.8. The bundle of linear frames. For a manifold M we denote by LM the principal bundle of linear frames. The linear group GL(n, R) , where n = dim M , is its structure group. Let φ : M → N be an embedding of two n-dimensional manifolds. We define an induced mapping Lφ : LM → LN as follows: if p = (v_1, . . ., v_n) is an element of LM, then p is a basis of T_xM for some point x ∈ M and (d_xφ(v_1), . . ., d_xφ(v_n)) is a basis of T_{φ(x)}N because d_xφ is an isomorphism; we set L(φ)(p) = (d_xφ(v_1), . . ., d_xφ(v_n)) . LM is a natural bundle. The induced mappings are defined only for embeddings of n-dimensional manifolds.

Example 1.9. The bundle of frames of order r. Let n and r be natural numbers. We denote by L^r_n the differential group of order r, it means

L^r_n = { j^r_0ξ | ξ : U → R^n, U ⊂ R^n is open, ξ is an embedding, ξ(0) = 0 } .

286 J. Gancarzewicz, W. Mikulski

L^r_n is a Lie group with respect to multiplication of r-jets j^r_0ξ_1 · j^r_0 ξ_2 = j^r_0(ξ_1 ∘ ξ_2).

Let M be an n-dimensional manifold. We denote by L^r(M) the bundle of r-frames over M. It means

L^r(M) = { j^r_0γ | γ : U → M, U ⊂ R^n is open, γ is an embedding } . The group L^r_n acts on L^r(M) on the right by the formula j^r_0γ · j^r_0ξ = j^r_0 (γ ∘ ξ). L^r(M) is a principal fibre bundle with the structure group L^r_n. The principal bundle L^r (M) is a natural bundle, where for an embedding φ : M → N the induced mapping L^r(φ) : L^r(M) → L^r(N) is given by L^r(φ)(j^r_0ξ) = j^r_0 (φ ∘ ξ). If r = 1, L^1M coincides with the bundle of linear frames constructed in Example 1.8.

Let us observe that for r = +∞ we can construct a group L^r_n (of infinite dimension) and an infinite dimensional principal fibre bundle L^r(M) .

Example 1.10. The associated bundle. Let F be an L^r_n-space, it means that F is a manifold and L^r_n acts on F on the left. For a manifold M we can define associated bundle E^F (M) with L^r(M) , where L^r(M) is defined in Example 1.9, and standard fibre F . We recall that E^F (M) is the set of all orbits in L^r(M) × F with respect to the action of L^r_n given by (j^r_0γ, y) · j^r_0ξ = (j^r_0(γ ∘ ξ), j^r_0(ξ^{−1}) · y) . We denote by < j^r_0 γ, y > the orbit of (j^r_0γ, y) and we define π : E^F (M) → M , π(< j^r_0γ, y >) = γ(0) .

For an embeddings φ : M → M of two n-dimensional manifolds we define E^P (φ) : E^F (M) → E^F (N) by E^F (φ)(< j^r_0 γ, y >) =< j^r_0 (φ ∘ γ), y > . It is a natural bundle.

Example 1.11. The r-th order vector tangent and cotangent bundle. Let J^r (M, R) be the bundle of r-jets (at points of M) of smooth functions on M. It is a vector bundle with the projection π : J^r (M, R) ∋ j^r_xf → x ∈ M. Let J^r_x (M, R) = π^{−1}(x) be the fiber over x ∈ M. For a smooth mapping φ : M → N of two manifolds and a point x ∈ M of M we define the induced mappings of corresponding fibres φ_{∗|x} : J^r_{φ(x)}(N, R) −→ J^r_x(M, R) , φ_{∗|x}(j^r_{φ(x)}f) = j^r_x(f ∘ φ) . (Let us observe a contravariant character of this mapping.) Let β : J^r (M, R) → R be the target projection given by β(j^r_xf) = f(x). Because of β is linear on fibers of J^r (M, R), thus

J^r(M, R)_0 = ker β = { j^r_xf : f is a function on M, x ∈ M, f(x) = 0 }

is a vector subbundle of J^r(M, R). Let J^r_x (M, R)_0 be the fiber of J^r (M, R)_0 over x ∈ M . It is easy to observe that φ_{∗|x}(J^∗_{φ(x)}(N, R)_0) ⊂ J^∗_x (M, R)_0 .

If φ : M → N is an embeddings of two n-dimensional manifolds, then φ_{∗|x} is an isomorphism and we can define J^r(φ, R) : J^r (M, R) → J^r(N, R) by the formula

J^r (φ, R)|J^r_x(M, R) = (φ_{∗|x})^{−1} .

It is clear that J^r (φ, R) ( J^r (M, R)_0 ) ⊂ J^r (N, R)_0 .

J^r(M, R) and J^r (M, R)_0 are natural bundles called extended r-th order vector cotangent bundle and r-th order vector cotangent bundle respectively. They are not prolongation functors,

Let us observe that for any manifold M we have a natural isomorphism (equivariance) of functors J^r(M, R)_0 × R = J^r(M, R) given by (j^r_xf, a) → j^r_x(f + a), f(x) = 0. Let ~T^r(M) = (J^r(M, R))^∗, T^rM = (J^r(M, R)_0)^∗

Natural bundles and natural liftings 287

be dual vector bundles. ~T^r(M) is called extended r-th order vector tangent bundle and T^rM — r-th order vector tangent bundle. T^rM is a vector subbundle of ~T^r(M) and ~T r(M) = T rM × R. Let us observe that T 1(M) = T M is the tangent bundle (the case r = 1).

For a mapping φ : M → N and a point x ∈ M we define the induced mapping ~T^r(φ) : ~T r(M) −→ ~T r(N) by the condition that the restriction ~T r(φ) e_{T rx (M)} : ~T r_x (M) −→ ~T r_{φ(x)}(N) is the transposed mapping to φ_{∗|x} . It is easy to see that ~T r(M) is a linear

prolongation functor. Because of ~T^r(φ)(T^rM) ⊂ T^rN, we can define T^rφ : T^rM → T^rN as the restriction of ~T^r(φ). T^rM is also a linear prolongation functor (cf. also [42]).

Example 1.12. The bundle of connections. Let n be a natural number and let Q = R^{n3} . We define an action on the left of the group L^2_n on Q as follows: let γ = [γ^i_{jk}]^{i=1,...,n}_{jk=1,...,n} , γ̄ = [γ̄^i_{jk}]^{i=1,...,n} jk=1,...,n be two elements of Q and A i j , A^i_{jk} be the coordinates of an element ξ of L^2_n ; we define γ̄ = ξ · γ if and only if

γ̄^i_{jk} = n∑ p,q,r=1 A^i_p γ^p_{qs} ~A^q_j ~A^s_k + n∑ p=1 A^i_p ~A^p_{jk} for i, j, k = 1, . . ., n ,

where ( ~A^i_j , ~A^i_{jk}) are the coordinates of ξ^{−1} (transformation rules of Christoffel’s symbols). Let Q(M) be the associated bundle with the principal bundle L^2M of frames of order 2 and the standard fibre Q (see Example 1.10). Q(M) is called a bundle of linear connections. Smooth sections of Q(M) are linear connections on M .

Example 1.13. Jet prolongation of natural bundle. Let G be a natural bundle over ndimensional manifolds and let k be a non-negative integer. For a manifold M we denote by G(M) the set of local smooth sections of G(M) with open domains. We define a new bundle J^k G as follows:

For an n-dimensional manifold M we set

J^k G(M) = { j^k_xσ | σ ∈ G(M), x ∈ domain of σ, x ∈ M }

and let π^k : J^k G(M) → M be a projection given by π^k(j^k_xσ) = x. For a point x ∈ M we denote, as usual, J^k_x G(M) = (π^k)^{−1}(x) the fibre over x.

For an embedding φ : M → N of two n-dimensional manifolds M, N we define the induced mapping J^k G(φ) : J^k G(M) → J^k G(N) by the formula

(J^k G(φ))(j^k_xσ) = j^k_{φ(x)}(G(φ) ∘ σ ∘ φ^{−1}) .

J^kG(M) is called k-jet prolongation of G(M). J^k G is a new natural bundle. If k = +∞ then we can also define J^k G(M) and J^k G(M) verifies all conditions from definition of natural bundles instead of the fact that J^k G(M) is a finite dimensional manifold.

Using the identification from Remark 1.3 we can prove

288 J. Gancarzewicz, W. Mikulski

Proposition 1.14. If F is a natural bundle (respectively a prolongation functor), then for two embeddings (respectively two mappings if F is a prolongation functor) φ, ψ : M → N and for any open subset U ⊂ M we have the following implication φ_{|U} = ψ_{|U} =⇒ Fφ_{|π}−1_{(U)} = Fψ_{|π}−1_{(U)} . Proof. Let i : U → M be the inclusion. Then the equality φ_{|U} = ψ_{|U} is equivalent to φ ∘ i = ψ ∘ i. From the naturality condition we obtain F(φ) ∘ F(i) = F(ψ) ∘ F(i). It means that Fφ_{|π}−1_{(U)} = Fψ_{|π}−1_{(U)}. 2

Remark 1.15. The property formulated in Proposition 1.14 is called often the locality condition. This condition is supposed often in the definition of natural bundle instead of the second part of condition (2) (see [54])

Proposition 1.16. For every natural bundle F, F(R^n) is isomorphic with the trivial bundle R^n × F , where F = F_0(R^n).

Proof. Let τ_a : R^n → R^n be the translation, τ_a(x) = x + a . Now the mapping I :

R^n × F → F(R^n) given by I(a, y) = F(τa)(y) is a bundle isomorphism. 2

Using the standard methods (so-called Borel Lemma) we can prove (see [94]).

Proposition 1.17. Let F be either a prolongation functor or a natural bundle. For two mappings (embeddings if F is a natural bundle) φ, ψ : M → N (dim M = dim N = n if F is a natural bundle) and for a point x ∈ M we have the following implication j^∞_x φ = j^∞_x ψ =⇒ F(φ)_{|Fx(M)} = F(ψ)_{|Fx(M)} . Now we can propose a following definition. F is called of finite order if there is a number k such that the following implication j^k_x φ = j^k_x ψ =⇒ F(φ)_{|Fx(M)} = F(ψ)_{|Fx(M)} holds for every mappings (embeddings if F is a natural bundle) φ, ψ : M → N and every point x ∈ M. The smallest number k for which this implication holds, is called order of F.

All bundles constructed in Examples 1.6 — 1.13 have finite orders. Namely, the tangent and cotangent bundle are of order 1 , the bundle of frames of order r is of order r, the bundle associated with L^rM is at most of order r, the r-th order (extended) tangent and cotangent bundles are of order r, the bundle of linear connections is of order 2 and if G is of finite order r then its jet-prolongation J^k G is of order r + k .

We have the following important theorem (see [94]):

Theorem 1.18 (Palais, Terng). Every natural bundle F has a finite order. The order of F is less than or equal 2^f + 1 , where f = dim F_0(R^n) .

In the particular case when for every manifold M F(M) is a principal fibre bundle the above theorem was proved earlier by D. Krupka [58].

Palais and Terng have been proved this theorem using the regularity condition. Epstein and Thurston [11] proved this theorem in the following version:

Natural bundles and natural liftings 289

Theorem 1.19 (Epstein, Thurston). If F is a covariant functor from Definition 1.1 satisfying conditions (1) and (2), then F satisfies also (3) (i.e. it is a natural bundle) and F has a finite order k ≤ 2f + 1 , where f = dim F_0(R^n) .

The sharp estimation of order of natural bundles was obtained by Zajtz [131].

Theorem 1.20 (Zajtz). Let F be a natural bundle over n-dimensional manifolds, n ≥ 2, with a standard fibre of dimension k. Then the order r of F satisfies the inequality r ≤ max(^k_{n−1} ,^k_n + 1).

Let us observe that similar theorem about finite order for prolongation functors is false. We give an example (Mikulski [74]).

Example 1.21. There exist a prolongation functor of infinite order. We recall that T^r(M) denotes the r-th order vector tangent bundle (see Example 1.11). Let d_r = dim T^r_0 (R^r). We set F(M) = +∞⨁ k=1 ⋀_{dk} T^kM For every manifold M , F(M) is a finite dimensional manifolds because for k > dim M the bundle ⋀_{dk} T^k M is zero-bundle. Hence the direct sum in the definition of F(M) is in reality a finite sum. For a mapping φ : M → N the induced mapping F(φ) : F(M) → F(N) is defined in the natural way from ⋀_{dk} T^k(φ).

The prolongation functor F is of infite order because its restriction to the category of k-dimensional manifolds is at least of order k (see [74]).

A prolongation functor has locally a finite order in the sense of the following theorem (see Mikulski [77]).

Theorem 1.22. Every prolongation functor F has locally a finite order. More precisely, for any manifolds M, N, any point x ∈ M and any mappings f, g : M → N the condition j^{r(dim M+1)} x f = j^{r(dim M+1)} x g implies F_x(f) = F_x(g), where r(m) denotes the order of the natural bundle obtained by the restrictions of F to the category of m-dimensional manifolds and their embeddings.

Theorem 1.18 (or 1.19) gives a characterization of natural bundles. Before presenting this characterization we introduce the following notations.

Let F be a natural bundle over n-dimensional manifolds. According to Theorem 1.18, F has a finite order r. Let F = F_0(R^n). F is called standard fibre of F. We can define an action on the left of L^r_n on F by the formula

(1.1) j^r_0 (ξ) · y = F(ξ)(y) ,

where y ∈ F and j^r_0ξ ∈ L^r_n .

Now we can consider the associated bundle E^F (M) (see Example 1.10). This new natural bundle is equivalent to the given bundle F. A diffeomorphism Ω_M : E^F (M) −→ F(M) is given by Ω_M (< j^r_0γ, y >) = F(γ)(y) .

290 J. Gancarzewicz, W. Mikulski

For every embedding φ : M → N the following diagram

E^F (M)^E F (φ) −−−−→ E^F (N) Ω_M ΩN F(M)^{F(φ)}−−−−→ F(N) commutes.

Thus, we have the following theorem (Palais, Terng [94], see also [21]):

Theorem 1.23 (Palais, Terng). Every natural bundle F is equivalent with the associated bundle E^F , where F = F_0(R^n) is the standard fibre of F with the action of L^r_n given by (1.1) and r is order of F.

For an arbitrary prolongation functor there is no complete characterization analogical to the characterization given in Theorem 1.23. We know the following result (see [55] and [76]).

Proposition 1.24. If F is a prolongation functor such that for every natural number n F_0(R^n) is compact, then for every manifold M F(M) is isomorphic with the trivial bundle M × F , where F = F({0}). The natural isomorphism i_M : F(M) → M × F is given by i_M (y) = (π_M (y), F(0_M)(y)), where 0_M : M → {0} is the constant mapping. For every smooth mapping φ : M → N we have i_N ∘ F(φ) ∘ i^{−1}_M = φ × id_F .

§ 2. Product preserving functors.

The concept of product preserving functor is very important in differential geometry and in theory of natural bundles especially. Many functors fulfils the property of product preserving.

First we recall the definition of product preserving functor.

Definition 2.1. Let F be a prolongation functor. For two manifolds M_1, M_2 we denote by π_i : M_1 × M_2 → M_i the standard projection onto the i-th factor, where i = 1, 2. F is called product preserving functor if the mapping ( F(π_1), F(π_2) ) : F(M_1 × M_2) −→ F(M_1) × F(M_2)

is a diffeomorphism for all manifolds M_1, M_2 .

For a product preserving functor F we will always identify F(M_1×M_2) with F(M_1)× F(M_2) by the natural diffeomorphism from the definition. After this identification we have F(f_1 × f_2) = Ff_1 × Ff_2 F(f, g) = (Ff, Fg) for smooth mappings f, f_1, f_2, g. We have also that F(point) = point .

Next we present some important examples of product preserving functors.

Example 2.2. The tangent bundle. It is a product preserving functor.

Natural bundles and natural liftings 291

Example 2.3. The tangent bundle of p^r-velocities. For a manifold M we define the set T^r_p M = J^r_0 (R^p, M) of r-jets at 0 of mappings R^p → M. T^r_p M is a fibre bundle with projection π : T^r_p M → M given by π(j^r_0γ) = γ(0). It is called the tangent bundle of p^r-velocities. If φ : M → N is a smooth mapping then the induced mapping T^r_p φ : T^r_p M → T^r_p N is defined by T^r_p (φ)(j^r_0γ) = j^r_0 (φ ∘ γ). It is a product preserving functor.

The most important and general example of product preserving functor is the functor called Weil functor.

To construct the Weil functor first we present the definition of local algebra or Weil algebra.

Let A be an associative algebra with unit over R. We call A a local algebra or a Weil algebra if A is commutative and of finite dimension over R admitting a unique maximal ideal m such that A/m is of dimension 1 over R and that m^{h+1} = 0 for a non-negative integer h. The smallest h such that m^{h+1} = 0 will be called the height of A. In other words the Weil algebra is a real commutative and associative algebra with unit which is of the form A = R· 1 ⊕ N, where N is a finite dimensional ideal of nilpotent elements.

Let R[p] = R[[X1, ..., Xp]] be the algebra of all formal power series of p indetermi-

nantes X_1, ..., X_p and let m_p be the maximal ideal of R[p] consisting of all formal power series without constant terms. Let a be an ideal of R[p] such that dim R[p]/a < ∞. The algebra A = R[p]/a is a local algebra with the maximal ideal m = m_p/a. A. Weil has proved in [121] that every Weil algebra is isomorphic to some algebra of this type.

It is possible to formulate some other equivalent definitions of Weil algebra (see [54]).

Theorem 2.4. The following assertions are equivalent:

(1) A is a Weil algebra;

(2) A is a finite dimensional quotient of the algebra R[p] of formal power series; (3) A is a finite dimensional quotient of the algebra R[X_1, ...X_p] of polynomials; (4) A is a finite dimensional quotient of the algebra J^k_0 (R^p, R) of jets at 0 of mappings from R^p into R;

(5) A is a finite dimensional quotient of the algebra E_p = C^∞_0 (R^p, R) of germs at zero of mappings from R^p into R.

Proposition 2.5. If M is a smooth manifold and I is an ideal of finite codimension in the algebra C^∞(M, R) then C^∞(M, R)/I is a direct sum of finitely many Weil algebras.

Now we construct the Weil functor. Let A = R[p]/a be a Weil algebra with the maximal ideal m = m_p/a and let ξ_A : R[p] → A be the natural projection.

We denote by τ = τ_p : C^∞(R^p, R) → R the formal Taylor expansion at the origin t = 0, i.e. τ(f) = ∑ ν 1 ν! [( ∂ ∂t )^ν f]_{t=0}X^ν

for f ∈ C^∞(R^p, R), where ν = (ν_1, ..., ν_p) is a p-tuple of non-negative integers.

Now we define a relation in C^∞(R^p, M) similar to the relation of jets. Let φ and ψ be smooth mappings of R^p into M. We shall call φ is A-equivalent to ψ if ξ_A(τ(f ∘ φ)) = ξ_A(τ(f ∘ ψ)) for every f ∈ C^∞(M) and we denote this by φ ∼_A ψ. The relation ∼_A is clearly an equivalence relation in the set C^∞(R^p, M). We denote by j^Aφ or [φ]_A the equivalence

292 J. Gancarzewicz, W. Mikulski

class containing φ and call it ”A-point”. By T^AM we denote the set of all equivalence classes in C^∞(R^p, M) and by π_A : T^AM → M , π_A(j^Aφ) = φ(0) the natural projection. For x ∈ M we write π^{−1}_A (x) = T^A_x M.

The space T^AM admits a structure of differentiable manifold:

Take a coordinate system (U, x^1, . . ., x^n) in M and a basis B_1, . . ., B_K of A over R. We shall define a coordinate system (π^{−1}_A (U), x^{i,ν} : i = 1, . . ., n; ν = 1, . . ., K) by

ξ_A(τ(x^i ∘ φ)) = K∑ ν=1 a^{i,ν} B_ν , x^{i,ν} (j^Aφ) = a^{i,ν} for j^Aφ ∈ π^{−1}_A (U). Hence the set T^AM becomes a structure of differentiable manifold of dimension n dim A. This structure does not depend on the chosen basis {B_ν } of A.

The differentiable manifold T^AM with the projection π_A : T^AM → M will be called the Weil bundle of M or the bundle of A-points of M (see Morimoto [90]).

Let f : M → M^′ be a mapping of a manifold M into a manifold M^′. Then we have induced mapping T^Af : T^AM → T^AM^′ defined by T^Af(j^Aφ) = j^A(f ∘ φ) . Clearly, T^Af is differentiable.

The correspondence M → T^AM, f → T^Af is a product preserving functor called Weil functor.

The concept of Weil functor generalizes the concept of tangent bundle functor and, more generally the concept of functor of p^r-velocities.

Remark 2.6. Let we take a = (m_p)^{r−1}, where m_p is the maximal ideal in R[p], and

A = R[p]/a. Then we see that the notion of A-points is nothing but the notion of

p^r-velocities. In particular, if a = (m_1)^2, D = R[1]/a, then the notion of D-points is nothing but the notion of tangent vectors on M. The algebra D is called the algebra of dual numbers.

There are other descriptions of the space T^AM presented for example in papers of Morimoto (see [84]) and the book of Kolář, Michor, and Slovák [54].

Take an element j^Aφ ∈ T^A_x M and consider the map φ^′ : C^∞(M) → A defined by

φ^′(f) = ξ_A(τ(f ∘ φ)), for f ∈ C^∞(M) .

The mapping φ^′ is an homomorphism from the algebra C^∞(M) into A, i.e. φ^′ is an element of Hom(C^∞(M), A). The correspondence j^Aφ → φ^′ is a bijective mapping of T^AM to Hom(C^∞(M), A). Let κ_{A,M} be the inverse mapping. We have the following proposition [54].

Proposition 2.7. There are bijective mappings κ_{A,M} : Hom(C^∞(M), A) → T^AM for all smooth manifolds and Weil algebras A, which are natural in M and A.

Now we present the main properties of Weil functors. First we note some simple propositions.

Proposition 2.8. 1. For a manifold M the triple (T^AM, π_A, M) is a smooth fibre bundle with standard fibre N^{dim M} , where N is the maximal ideal of nilpotents in A. T^A is a product preserving functor.

2. The functor T^A maps the following classes of mappings into itself: immersions, embeddings, submersions, surjective submersions, constant mappings and fibre bundle projections.

Let us remark that an arbitrary prolongation functor preserve immersions and submersions (see [55]).

Natural bundles and natural liftings 293

For vector spaces, vector bundles, Lie groups and its actions, and principal fibre bundles we have

Proposition 2.9. 1. Let V be a finite dimensional real vector space. Then the space T^AV becomes canonically a real vector space of dimension dim V · dim A. The sum +_T A_V and the scalar multiplication (m_a)_T A_V in T^AV are T^A(+_V ) and T^A((m_a)_V ) respectively, where +_V : V × V ∋ (v, w) → v + w ∈ V and (m_a)_V : V ∋ v → av ∈ V are the corresponding mappings in V . T^A(0) is the zero of T^AV , where we identify the constant mappings with their images.

2. If f : V → W is a linear mapping of two finite dimensional vector spaces, then T^Af : T^AV → T^AW is also linear.

3. If π : E → M is a vector bundle, then T^Aπ : T^AE → T^AM is a vector bundle too. If Ψ : E → E^′ is a vector bundle homomorphism, then T^AΨ : T^AE → T^AE^′ is also a vector bundle homomorphism.

4. If E ⊕ E^′ is the direct sum of vector bundles E, E^′ with the same base M, then T^A(E^′ ⊕ E^′) = T^AE ⊕ T^AE^′ is the direct sum of vector bundles with the base T^AM.

Proposition 2.10. 1. Let G be a Lie group with group multiplication μ : G × G → G. Then the manifold T^AG becomes a Lie group with group multiplication T^A(μ) and T^A(1_G) is the unity of T^AG.

2. If f : G → G^′ is a Lie group homomorphism, then T^Af : T^AG → T^AG^′ is also a Lie group homomorphism

3. If G is a Lie group and g is its Lie algebra with the bracket [ , ] then T^A(g) is Lie algebra of the Lie group T^AG with the bracket T^A([ , ]).

4. If α : G×M → M is an action of a Lie group G on M, then T^A(α) : T^AG×T^AM → T^AM defines an action of T^AG on T^AM. Particularly, if ρ : GL(n) × R^n → R^n is the usual action of GL(n) on R^n, then T^A(GL(n)) acts on the vector space T^AR^n by T^Aρ as a linear transformation group.

5. If a Lie group G operates on a manifold M transitively (respectively freely), then the group T^AG operates in T^AM also transitively (respectively freely).

Proposition 2.11. 1. If P (M, G, π) is a principal fibre bundle with base M, structure group G and projection π, then T^AP is a principal fibre bundle with base T^AM, structure group T^AG and projection T^Aπ.

2. If f : P (M, G) → P^′(M^′, G^′) is a principal fibre bundle homomorphism, then T^Af : T^AP (T^AM, T^AG) → T^AP^′(T^AM^′, T^AG^′) is a principal fibre bundle homomorphism.

3. If P_0(M, H) is a reduced fibre bundle in a principal fibre bundle P (M, G) with structure subgroup H ⊂ G, then T^AP_0(T^AM, T^AH) is a reduced fibre bundle in T^AP (T^AM, T^AG). 4. If P_1 ⊕ P_2 is the Whitney sum (fibre product) of two principal fibre bundles with the same base M, then T^A(P_1 ⊕ P_2) is the Whitney sum of fibre bundles T^AP_1 and T^AP_2 with the base T^AM.

5. If E = E(M, F, G, P, π) is the associated fibre bundle with a principal fibre bundle P (M, G), then T^AE is associated with T^AP (T^AM, T^AG).

For two Weil algebras we can write the following remarks

Proposition 2.12. Let A and B be Weil algebras. Then we have:

1. T^AR can be identified with A. T^AR is the algebra with addition T^A(+_R ), multiplication T^A(·_R ) and scalar multiplication T^A(m_t) : A → A. If A is a quotient of

294 J. Gancarzewicz, W. Mikulski

J^∞_0 (R^p, R) with the projection p : J^∞_0 (R^p, R) → A, then T^AR ∋ j^Aγ → p(j^∞_0 γ) ∈ A is the identification.

2. Any algebra homomorphism φ : A → B induces a natural transformation T_φ : T^A → T^B between Weil functors. For every manifold M the following diagram T^AM^{Tφ,M} −−−−−−→ T^B M κ_{A,M} κ^{B,M} Hom(C^∞(M), A)^{ξ→φ∘ξ} −−−−−−−−→ Hom(C^∞(M), B) commutes. If φ is injective then T_{φ,M} : T^AM → T^B M is an immersion for each manifold M. If φ is surjective, then T_{φ,M} is a fibre bundle epimorphism.

3. A natural transformation Ψ : T^A → T^B corresponds exactly to the algebra homomorphisms Ψ_R : T^AR = A → T^B R = B.

4. The algebra T^AB is identified with A ⊗ B.

5. There is a canonical natural equivalence η_{B,A} : T^A ∘ T^B → T^B ∘ T^A corresponding to the isomorphism A ⊗ B → B ⊗ A and the following diagram is commutative T^AT^B (M)^{ηB,A(M)} −−−−−−−−−→ T^B T^A(M) T^AT^B f T^B T^Af T^AT^B (M^′)^{ηB,A(M} ′) −−−−−−−−−→ T^B T^A(M^′) We will use the isomorphism η_{A,B} in the case when one of functors T^A, T^B is the tangent bundle. In this case we have a natural isomorphism η_M = η_{D,A} : T^A(T M) → T (T^AM) of vector bundles such that the diagram is commutative T^A(T M)^{ηM}−−→ T (T^AM) T^A(π_M ) ↘ ↙ π_T A_M T^AM , where π denotes the tangent bundle projection and D is the Weil algebra corresponding to the tangent bundle (see Remark 2.6).

In 1986 Eck [9], Kainz, Michor [41] and Luciano [68] have proved independently that any product preserving functor is in fact equivalent to some Weil functor.

Theorem 2.13. If F is a product preserving functor, then there exists a Weil algebra A such that F = T^A.

The main idea of the proof of this theorem is to extract a Weil algebra from a product preserving functor F. If we denote the addition and the multiplication on R by +, · : R^2 → R and for λ ∈ R denote m_λ : R → R the scalar multiplication by λ then we can formulate the key lemma.

Lemma 2.14. Let F be a product preserving functor. Then F(R) is a finite dimensional real commutative algebra with operations F(+), F(·), F(m_λ), zero F(0) and unit F(1). If φ : F_1 → F_2 is a natural transformation between two such functors, then φ_R : F_1(R) → F_2(R) is an algebra homomorphism.

Using Theorem 2.13 we can formulate Propositions 2.8 — 2.12 for any product preserving functor F instead of T^A. For example, from Proposition 2.12(5) and Theorem 2.13 we obtain

Natural bundles and natural liftings 295

Proposition 2.15. For two product preserving functors F_1 and F_2 there exists a natural isomorphism η : F_1 ∘ F_2 → F_2 ∘ F_1.

There is an interesting characterization of product preserving functors given by Kolář and Slovák [55].

Theorem 2.16. If F is a prolongation functor with the point property (i.e. F(point) = point), then there exists a sequence k_n, (n = 1, 2, ...) of natural numbers such that 1) F_0R^n is diffeomorphic to R^{kn}; 2) k_{n1+n2} ≥ k_{n1} + k_{n2} for all n_1, n_2 ∈ N 3) k_{n1+n2} = k_{n1} + k_{n2} for all n_1, n_2 ∈ N if and only if F is a product preserving functor.

In particular, F is a product preserving functor if and only if for all n we have dim(F_0R^n) = n dim(F_0R).

For product preserving functors there is possible to construct liftings of many geometric objects for example tensor fields, connections and others. These constructions are very natural and generalize special constructions of liftings for some functors. For more details see [84], [121], [54].

§3. Liftings of geometric objects. Formulation of problems.

Let F be a natural bundle over n-dimensional manifolds. Let r be the order of F, F = F_0(R^n) be the standard fibre of F and let k = dim F . (Now, dim F(M) = n + k.) We are interested in liftings (prolongations) of some type of geometric objects from M to geometric objects (of the same or other type) on F(M). We introduce the following definition of liftings.

Sections of a natural bundle G(M) are called fields of geometric G-objects, or shortly geometric objects, on a manifold M. We denote by G(M) the set of local fields of geometric G-objects on M, i.e. G(M) is the set of all smooth sections of G(M) with open domains in M.

Let φ : M → N be an embedding. The geometric objects σ_1 ∈ G(M) and σ_2 ∈ G(N) with domains U_1, U_2 of σ_1 and σ_2 respectively are called φ-related (or related with respect to φ) if we have φ(U_1) ⊂ U_2 and the following diagram G(U_1)^{G(φ)}−−−−→ G(U_2) σ1 σ_2 U_1^φ−−−−→ U_2 commutes.

Let us observe that if G is a prolongation functor, then we can define φ-related objects for an arbitrary mapping φ : M → N.

Definition 3.1. Let F be a natural bundle over n-dimensional manifolds and n + k = dim F(R^n). Let G, H be natural bundles respectively over n- and (n + k)-dimensional manifolds. A lifting to F of geometric G-objects from M to geometric H-objects on F(M) is a family Λ = {Λ_M } of mappings Λ_M : G(M) −→ H(F(M)) satisfying the following conditions:

(1) If σ ∈ G(M) is defined on an open subset U ⊂ M, then Λ_M (σ) ∈ H(F(M)) is defined on F(U) ⊂ F(M). Often we will write Λ(σ) instead of Λ_M (σ).

296 J. Gancarzewicz, W. Mikulski

(2) The naturality condition. For every embedding φ : M → N, if objects σ_1 ∈ G(M), σ_2 ∈ G(N) are φ-related, then Λ_M (σ_1) ∈ H(FM), Λ_M (σ_2) ∈ H(FN) are F(φ)-related.

We say that a lifting Λ = {Λ_M } to F satisfies the regularity condition if (3) The regularity condition. If σ_t ∈ G(M) is a smooth family of local fields of geometric objects on M, then Λ_M (σ_t) ∈ H(F(M)) is also a smooth family of local fields of geometric objects on F(M).

If F is the identity functor, i.e. F(M) = M and F(φ) = φ, then a lifting for this particular bundle F is called natural transformation of G-objects into H-objects.

Let us observe that the symbol H(F(M)) denotes the set of all local sections of H(F(M)) → F(M) but not sections of the composed bundle H(F(M)) → F(M) → M .

Our definition implies immediately the locality condition.

Proposition 3.2. If Λ is a lifting of geometric objects to a natural bundle F and σ_1, σ_2 ∈ G(M) are two local objects on M such that (σ_1)_{|U} = (σ_2)_{|U} for some open subset U ⊂ M, then Λ_M (σ_1)_{|F(U)} = Λ_M (σ_2)_{|F(U)}.

Proof. Let σ = (σ_1)_{|U} = (σ_2)_{|U} and let i : U → M be the inclusion. Now, for a = 1, 2, the objects σ and σ_a are i-related. By the naturality condition, Λ_M (σ) and Λ_M (σ_a) are F(i)-related. Because of F(i) is the inclusion, thus Λ_M (σ) = Λ_M (σ_a)_{|F(U)} . 2

Remark 3.3. There is some ”philosophical” problem of definition of liftings. We denote by G_{glob}(M) the set of all global sections of G(M) → M (global geometric G-objects) on M. We can define a lifting as a family of maps Λ_M : G_{glob}(M) −→ H_{glob}(F(M)) satisfying the conditions of Definition 3.1. It means that Λ_M (σ) is defined only for global geometric objects on M. We can prolong the given mapping Λ_M : G_{glob}(M) −→ H_{glob}(F(M)) to one and only one mapping Λ_M : G(M) −→ H(F(M)) satisfying the conditions (1), (2) and eventually (3) because any σ ∈ G(M) belongs to G_{glob}(dom σ).

We give now a few of standard examples.

Example 3.4. Complete lift of vector fields. Let F be a natural bundle and G, H be the tangent bundle. We denote by X (M) = T (M) the space of local vector fields on M.

We will define a lifting of vector fields from M to a vector fields on T M as follows. If X is a vector field on an open subset U ⊂ M and φ_t is its local 1-parameter group, then F(φ_t) is an 1-parameter group defined on F(U) = F(N)|_U which defines a vector field X^C on T M|_U . The family of mappings X (M) ∋ X −→ X^C ∈ X (F(M)) is a lifting because if X and Y are f-related, where f : M → N is an embedding, then for local 1-parameter groups φ_t, ψ_t of X and Y respectively we have f ∘ φ_t = ψ_t ∘ f, and in consequence F(f) ∘ F(φ_t) = F(ψ_t) ∘ F(f), i.e. the vector fields X^C and Y^C are F(f)-related. X^C is called complete lift of X from M to F(M).

The above lift is used in all papers concerning the geometry of bundles (see [84] — [88], [123] — [126], [14], [16] — [20], [26] — [33] and others).

The complete lift of vector fields have the following properties (see Salvioli [106] cf. [14], [21]):

Proposition 3.5. If F is an arbitrary natural bundle then for vector fields X, Y ∈ X (M) and reals a, b we have (a X + b Y )^C = a X^C + b Y^C , [X^C, Y^C ] = [X, Y ]^C .

Natural bundles and natural liftings 297

Example 3.6. Vertical lift of sections (see [20]). Let F be a natural vector bundle, G(M) = F(M) and H(F(M)) = T (FM) be the tangent bundle. We will define a lifting F(M) → X (F(M)) of section of F(M) into vector fields on F(M). At first we observe that the vertical space V_y(FM) is the tangent space at y ∈ F(M) to a vector space F_{π(y)}(M). Thus we have the isomorphism Ψ_y : F_{π(y)}(M) → V_y (FM). Now we define the isomorphism Ψ_M : F(M) ×_M F(M) ∋ (y, z) −→ Ψ_y (z) ∈ V (FM). Ψ_M is natural in the sense that for every embedding φ : M → N the following diagram F(M) ×_M F(M)^{ΨM}−−−−→ V (FM) F(φ)×F(φ) dF(φ) F(N) ×_N F(N)^{ΨN}−−−−→ V (FN) commutes.

Let σ ∈ F(M) be a local section. We define a vertical vector field

σ^V (y) = Ψ_M (y, σ(π(y))) = Ψ_y (σ(π(y))) ∈ V_y (FM)

on F(M)|_U . From the commutativity of the last diagram we obtain immediately that the family of mappings F(M) ∋ σ −→ σ^V ∈ X (FM) is a lifting. For a section σ ∈ F(M) the vector field σ^V is called vertical lift of σ to vertical vector fields on F(M).

Let us observe that the mapping σ → σ^V is linear (over R) and for two sections σ_1, σ_2 we have [σ^V_1 , σ^V_2 ] = 0 .

If F(M) = T M is the tangent bundle, then we obtain the vertical lift of vector fields from M to vector fields on T M (see Yano and Kobayashi [125], see also [123]). If F(M) = T^∗M is the cotangent bundle, then we obtain the vertical lift of 1-forms from M to vector fields on T^∗M (see Yano and Paterson [126]; cf. [123]).

Example 3.7. Vertical lift of functions. Let F be a natural bundle. For a function f on an open subset U ⊂ M we define the function f^V = f ∘ π on F(M)|_U called vertical lift of function f from M to a function on F(M). (Functions on M are considered as sections of the trivial bundle G(M) = M × R.) It is easy to verify that the family of mappings C^∞(M) ∋ f −→ f^V ∈ C^∞(FM) is a lifting.

Let us observe that vertical lift of functions have the following property. Let ~X be a vector field on F(M). ~X is projectable on M and X is its projection if and only if for each function f ∈ C^∞(M) we have ~X(f^V ) = (Xf)^V . Particularly, ~X is a vertical vector field on F(M) if and only if ~X(f^V ) = 0 for all functions f ∈ C^∞(M).

In the presented examples we considered liftings of very simple objects to an arbitrary natural bundle. Next we give a few examples of liftings to a natural bundle F of more complicated geometrical objects but F will be a more particular bundle.

Example 3.8. Lifts of tensor fields to the tangent bundle (see Yano and Kobayashi [125], see also [123]). Let F(M) = T M be the tangent bundle and let T^p_q M = ⨂_p T M ⊗ ⨂_q T^∗M be the bundle of tensors of type (p, q). We denote by X^p_q (M) = T^p_q (M) the space of local tensor fields of type (p, q) on M (local sections of T^p_q M ). We will define liftings X^p_q (M) −→ X^p_q (T M).

If p = 1 and q = 0, then X^1_0 (M) = X (M) is the space of vector fields on M. In this case we have two liftings of vector fields from M to vector fields on T M. Namely, the complete lift X → X^C (see Example 3.4) and vertical lift X → X^V (see Example 3.6).

298 J. Gancarzewicz, W. Mikulski

If p = q = 0, then X^0_0 (M) = C^∞(M) is the space of functions on M. In this case we can define two liftings of functions from M to functions on T M. Namely, the vertical lift f → f^V (see Example 3.7) and the complete lift f → f^C = df .

If p = 0 and q = 1, then X^0_1 (M) = X^∗(M) is the space of 1-forms on M. In this case we can define two liftings of 1-forms from M to 1-forms on T M. Namely, if ω is an 1-form on M, then we can prove (see [125]):

(1) there exists one and only one 1-form ω^C on T M such that for every vector field X on M we have ω^C (X^C) = (ω(X))^C. ω^C is called complete lift of ω from M to 1-forms on T M.

(2) there exists one and only one 1-form ω^V on T M such that for every vector field X on M we have ω^V (X^C) = (ω(X))^V . ω^V is called vertical lift of ω from M to 1-forms on T M. (Let us observe that ω^V denotes here 1-form on T M. On the other hand, applying to a section ω of T^∗M the construction given in Example 3.6 we obtain a vertical vector field on T^∗M denoted also by ω^V .)

It is easy to observe that the family of mappings X^∗(M) ∋ ω −→ ω^V ∈ X^∗(T M) , X^∗(M) ∋ ω −→ ω^C ∈ X^∗(T M) are liftings.

Next we can prove that for any manifold M and numbers p, q there are uniquely determined mappings X^p_q (M) ∋ t −→ t^V ∈ X^p_q (T M) , (3.1) X^p_q (M) ∋ t −→ t^C ∈ X^p_q (T M) (3.2)

such that the following conditions hold:

(1) if p + q ≤ 1, then this mappings coincide with the mappings defined sooner; (2) they are linear over R;

(3) for two tensor fields t ∈ X^p_q (M) and t^′ ∈ X^{p′}_q′ (M) we have

(t ⊗ t^′ )^C = t^V ⊗ t^{′C} + t^C ⊗ t^{′V} , (t ⊗ t^′ )^V = t^V ⊗ t^{′V} .

t^C is called complete lift of tensor field t from M to tensor fields on T M. t^V is called vertical lift of tensor field t from M to tensor fields on T M. The above constructions was due by Yano and Kobayashi [125], (see also [123]).

The constructed families of mappings (3.1) and (3.2) are liftings.

Example 3.9. Complete lift of linear connections to the tangent bundle. Let Q(M) be the bundle of linear connections on M (see Example 1.12). A linear connection on M is a section of Q(M) (an element of Q(M)). We will define a lifting of linear connections from M to linear connections on T M.

We can prove that for a linear connection ∇ ∈ Q(M) there is one and only one linear connection ∇^C ∈ Q(T M) such that

∇^C_XC Y^C = (∇_X Y )^C , ∇^C_XC Y^V = ∇^C_XV Y^C = (∇_X Y )^V , ∇^C_XV Y^V = 0 ,

for all vector fields X, Y on M, where X^C and X^V denote the complete and the vertical lift of X (see Yano and Paterson [126] cf. also [123]).

The connection ∇^C is called complete lift of ∇ from M to connections on T M. The family of mappings Q(M) ∋ ∇ −→ ∇^C ∈ Q(T M) is a lifting.

Natural bundles and natural liftings 299

In the differential geometry enormous numbers of natural liftings was used. In the examples given in our short list all liftings verify the regularity condition. According to Theorem 1.19, there is a natural question: Is the regularity condition (3) a consequence of conditions (1) and (2) in Definition 3.1?

In general, the answer for this question is ”No”. There exist liftings which do not verify the regularity condition. In some particular cases (for some particular functors F, G, H), it is possible to prove that conditions (1) and (2) imply (3).

Example 3.10. There exists a lifting Λ = {Λ_M }, Λ_M : G(M) −→ H(F(M)) , which does not satisfy the regularity condition (3) (see Mikulski [75]). Let F be the identity functor (F(M) = M, F(φ) = φ) and G(M) = T M × R, H(M) = M × R. Now G(M) = X (M) × C^∞(M) and H(M) = C^∞(M) . We will construct our example in the category of 1-dimensional manifolds.

We consider a function β : R^2 → R of class C^∞ such that β(x, y) = { 1, for x = 0, y ∈ R 0, for ‖x‖ ≥ 1, y ∈ R and let I be the inversion with respect to the circ of a center (0, 1) and radius 1. We define a function f : R^2 → R f(x, y) = { (β ∘ I)(x, y), for (x, y) ≠ (0, 1) 0, for (x, y) = (0, 1)

The function f is smooth on R^2 − {(0, 1)}. Let us observe that f(x, y) = 0 for any point (x, y) which belongs to the two closed disks of radius^1_2 and centers (±^1_2 , 1).

For an element (X, h) ∈ G(M) we define a function Λ_M (X, h) on M (a section of H(M)) by Λ_M (X, h) = f ∘ (h, X(h)) . We will show that the family Λ = {Λ_M } is a lifting (natural transformation) which does not satisfy the regularity condition.

It is easy to see that Λ satisfies (formally) the naturality condition. To show that the family Λ is a lifting we need to verify that for every element (X, h) ∈ G(M) and for every point x_0 ∈ M the function H = Λ_M (X, h) is of class C^∞ in some neighborhood of x_0.

It is clear that if x_0 is a point such that (h, X(h))(x_0) ≠ (0, 1) then H is of class C^∞ in a neighborhood of x_0. Let now x_0 ∈ M be a point such that (h, X(h))(x_0) = (0, 1). Since X_{x0} (h) = 1, there is an embedding φ : R → M such that φ(0) = x_0, and the vector fields^∂_{∂x} =^d_{dx} and X are φ-related. Let h̄ = h ∘ φ. Now from h̄(0) = 0 and dh̄ dx (0) = 1 we obtain h̄(x) = x + x^2g(x), where g is of class C^∞. (Now the assumption that dim M = 1 is important.) From the naturality condition we obtain ( Λ_M (X, h) ∘ φ ) (x) = ( Λ_R ( d dx , h̄) ) (x) = f(x + x^2g(x), 1 + 2xg(x) + x^2g^′(x))

Because of φ is an embedding and φ(0) = x_0, thus it is sufficient to show that the function f(x + x^2g(x), 1 + 2xg(x) + x^2g^′(x)) is of class C^∞ in a neighborhood of 0 ∈ R. Since (x + x^2g(x) −^1_2 )^2 + (2xg(x) + x^2g^′(x))^2 =^1_4 − x(1 + xη(x)) , where η is smooth, thus for sufficient small x > 0 we have

(x + x^2g(x) − 1 2 )^2 + (2xg(x) + x^2g^′(x))^2 ≤ 1 4 .

300 J. Gancarzewicz, W. Mikulski

Similarly, for sufficiently small x < 0 we have (x+x^2g(x)+^1_2 )^2+(2xg(x)+x^2g^′(x))^2 ≤^1_4 . It means that (x + x^2g(x), 1 + 2xg(x) + x^2g^′(x)) belongs to one of the closed disks of radius^1_2 and centers (±^1_2 , 1). Therefore f(x + x^2g(x), 1 + 2xg(x)+ x^2g^′(x)) = 0 on some neighborhood of 0 ∈ R. We have proved that Λ is a lifting.

Λ do not satisfy the regularity condition because the mapping

R× R ∋ (t, y) → φt(y) = ((1 + t)^d_{dx}(y), y) ∈ T R× R

is of class C^∞ and the induced mapping

Λ_R (φ_t)(0) = f(0, 1 + t) = { 1, for t ≠ 0 0, for t = 0

is not of class C^∞ .

A more complicated example of non-regular lifting is given by Epstein in [10].

In [72] it is proved the following theorem on regularity of liftings.

Theorem 3.11. Let {Λ_M : G(M) → H(FM)} be a lifting. Let σ_m, σ ∈ G(M) (m = 1, 2, ...), x ∈ M, v_m, v ∈ (π^F_M )^{−1}(x) be such that v_m → v and j^∞_x (σ_m) → j^∞_x (σ) as m → ∞. If there exists a vector field X on M such that X(x) ≠ 0 and j^∞_x (L_X σ) = j^∞_x (0), then Λ_M (σ_m)(v_m) → Λ_M (σ)(v) as m → ∞, where L_X σ denotes the Lie derivative of σ with respect to X.

Remark 3.12. If {Λ_M } satisfies the regularity condition, then Λ_M (σ_m)(v_m) → Λ_M (σ)(v) as m → ∞ for all sequences σ_m, σ ∈ G(M) and v_m, v over x with j^∞_x (σ_m) → j^∞_x (σ) and v_m → v. Example 3.10 shows that the assumption ” there exists a vector field X . . . ” in Theorem 3.11 is essential.

Using so-called Borel Lemma we obtain the following proposition:

Proposition 3.13. Let Λ = {Λ_M } be a lifting. For every point x ∈ M and every sections σ_1, σ_2 ∈ G(M) we have the following implication

j^∞_x σ_1 = j^∞_x σ_2 =⇒ Λ_M (σ_1)_{|Fx(M)} = Λ_M (σ_2)_{|Fx(M)} .

Proof. According to the naturality condition it is sufficient to show the implication for

M = R^n and x = 0 ∈ R^n. We denote by G = G0(R^n) the standard fibre.

Let σ_1, σ_2 be two section of G(R^n) = R^n × G such that j^∞_0 σ_1 = j^∞_0 σ_2. From Borel Lemma (see [94]) we find two open subsets U_1, U_2 ⊂ R^n such that U_1 ∩ U_2 = {0} and a section σ ∈ GR^n such that σ|_{Ua} = σ_a|_{Ua} for a = 1, 2. From Proposition 3.2 we obtain Λ_R n (σ)|_{F(Ua)} = Λ_R n (σ_a)|_{F(Ua)}. Since all sections are smooth and F_0(R^n) = FU_1 ∩FU_2, thus Λ_R n (σ)|_{F0(R} n_) = Λ_R n (σ_a)|_{F0(R} n_). Let us observe that we do not use the regularity condition in this proof. 2

This proposition means that for a point y ∈ F(M) a value Λ_M (σ)(y) depends only on the infinite jet of σ at the point x = π(y). We propose a definition.

A lifting Λ = {Λ_M } is called of finite order if there exists a number k such that for every point x ∈ M and every two sections σ_1, σ_2 ∈ G(M) defined on neighborhoods of x the following implication

j^k_x σ_1 = j^k_x σ_2 =⇒ Λ_M (σ_1)_{|Fx(M)} = Λ_M (σ_2)_{|Fx(M)}

Natural bundles and natural liftings 301

holds. The smallest number k for which this implication holds is called order of Λ. If there is no number k for which the implication holds, then Λ is of infinite order.

All examples of liftings given in this section are finite order. The complete lift of vector fields to a natural bundle F (see Example 3.4) is of order r, where r is the order of F. Vertical lifts of sections (Example 3.6) and functions (Example 3.7) are liftings of order 0. Complete lift of tensor fields to the tangent bundle (Example 3.8) is of order 1 and the vertical lift to T M is of order 0. The complete lift of connections to the tangent bundle T M (Example 3.9) is of order 1.

According to Theorems 1.18 and 1.19 we have a natural question: Does a lifting Λ have a finite order? In general, the answer is ”No”, but in some particular cases (for some particular natural bundles F, G, H) the answer could be ”Yes” (see Proposition 3.16). There are some general theorems which give statements under which all liftings have finite order (see [111]).

Example 3.14. There is a lifting of infinite order. Let F be the identity functor (F(M) = M, F(φ) = φ) and G(M) = T M × R, H(M) = M × R. Now G(M) = X (M) × C^∞(M) and H(M) = C^∞(M). We can construct a lifting (natural transformation) Λ = {Λ_M } , Λ_M : G(M) −→ H(M) , of infinite order.

Let f : R → R be a smooth function such that f(t) = 0 for t ≤ 0 and f(t) > 0 for t > 0. For a vector field X ∈ X (M) we note X^i = X ∘· · ·∘X (i-times). If (X, h) ∈ G(M) then we define ( Λ_M (X, h) ) (x) = +∞∑ k=1 f(h(x) − k∑ i=1 ([X^i(h)(x)]^2 + 1)) .

For every point of M there exist a neighborhood U and a number k_0 such that h(x) − ∑_k i=1([X^i(h)(x)]^2 + 1) < 0 for all x ∈ U and k ≥ k_0. Now we have ( Λ_M (X, h) ) (x) = k0∑ k=1 f(h(x) − k∑ i=1 ([X^i(h)(x)]^2 + 1)) for x ∈ U.

It means that Λ_M (X, h) is of class C^∞ on U. It is easy to observe that the family of mappings Λ_M : G(M) → H(M) satisfies the naturality and regularity conditions.

The natural transformation Λ = {Λ_M } is of infite order because for every point x ∈ M and k ∈ N there exist a vector field X ∈ X (M) and a function h on M such that h(x) − ∑_k i=1 ( [X^ih(x)]^2 + 1 ) > 0 and X^k(h)(x) ≠ 0. It means that Λ_M (X, h)(x) depends at least on j^k_x(X, h).

Another example of a lifting of infinite order is given by Slovák [111].

There are two interesting type of problems:

(1) For given natural bundles F, G, H, to give a complete characterizations of liftings Λ = {Λ_M }, where Λ_M : G(M) −→ H(F(M)).

(2) To consider a particular lifting Λ = {Λ_M }, where F, G, H are some special natural bundles, and to study properties of Λ from a point of view of a possibility of prolongations of geometric structures from a manifold M to F(M).

To solve these problems, particularly problem 1, we can use some general procedures. Let Λ = {Λ_M } be a lifting, where Λ_M : G(M) −→ H(F(M)). If Λ is of order k,

k ∈ N ∪ {+∞} , then we define a mapping λ : F0(R^n) × J^k_0 G(R^n) −→ (HF)0(R^n) by

(3.3) λ(y, j^k_0 σ) = Λ_R n (σ)(y) ,

302 J. Gancarzewicz, W. Mikulski

where J^k G denote the jet-prolongation of G (see Example 1.13). From the definition of order of lifting it follows that the mapping λ is well-defined. The mapping λ has the following properties:

The following diagram

(3.4)

F_0(R^n) × J^k_0 G(R^n)^λ−−−−→ (HF)_0(R^n) p_1 ↘ ↙ π_H F_0(R^n)

commutes, where p_1 is the standard projection onto the first factor and π_H is the projection for the natural bundle H. If Λ satisfies the regularity condition and k < ∞, then by the Boman Theorem (see [2]) λ is of class C^∞.

To formulate a second property we need to introduce some actions of Lie groups. Let r_F , r_G, r_H be the orders of F, G and H respectively.

Let r = max(k + r_G, r_H + r_F ). The group L^r_n acts on F_0(R^n) × J^k_0 G(R^n) by the formula

(3.5) j^r_0 ξ · (y, j^k_0 σ) = (F(ξ)(y), j^k_0(G(ξ) ∘ σ ∘ ξ^{−1})) ,

where ξ : R^n → R^n, ξ(0) = 0, and on (HF)_0(R^n) by

(3.6) j^r_0ξ · z = H(F(ξ))(z) ,

where z ∈ (HF)_0(R^n). The mapping λ is L^r_n-equivariant, i.e. for (y, j^k_0 σ) ∈ F_0(R^n) × J^k_0 G(R^n) and j^r_o ξ ∈ L^r_n we have

(3.7) λ(j^r_0ξ · (y, j^k_0 σ)) = j^r_0ξ · λ(y, j^k_0 σ).

Inversely, if k < ∞, then every smooth mapping λ satisfying conditions (3.4) and (3.7) defines a lifting Λ = {Λ_M } of order k satisfying the regularity condition. For n-dimensional manifold M the mapping Λ_M is defined by the formula

(3.8) Λ_M (σ)(y) = (H ∘ F)(φ^{−1}) ( λ(F(φ)(y), j^k_0(F(φ) ∘ σ ∘ φ^{−1})) ) , where σ ∈ G(M), y ∈ F(M) and φ is a chart on M defined on a neighborhood of x = π_F (y) such that φ(x) = 0.

The above remarks we can formulate in the form of the following proposition (the second part of the proposition is due by Krupka see [39]).

Proposition 3.15. Let F, G, H be natural bundles of orders r_F , r_G, r_H respectively.

For every lifting Λ = {Λ_M } of order k ∈ N ∪ {∞} , where Λ_M : G(M) −→ H(F(M)) , the mapping λ : F_0(R^n) × J^k_0 G(R^n) −→ (HF)_0(R^n)

given by (3.3) is L^r_n-equivariant with respect to the actions (3.5) and (3.6) (not necessarily continuous) and diagram (3.4) commutes, where r = max(k + r_G , r_F + r_H). The correspondence Λ → λ is injective.

Moreover, if k < ∞, then there exists one-to-one correspondence between liftings Λ = {Λ_M } of order k and satisfying the regularity condition, where Λ_M : G(M) −→ H(F(M)) , and smooth L^r_n-equivariant mappings

λ : F_0(R^n) × J^k_0 G(R^n) −→ (HF)_0(R^n) ,

Natural bundles and natural liftings 303

where r = max(k + r_G , r_F + r_H) , such that diagram (3.4) commutes.

The above proposition reduces the problem of classifications of liftings of order k to classifications of equivariant mappings. This is, in general, a first step to solve of a problem of type (1).

If we want to classify liftings Λ = {Λ_M }, Λ_M : G(M) −→ H(FM), then firstly, we try to show that in the considered cases of natural bundles F, G, H all liftings are of finite order. There are some general theorems about finite order of liftings. A theorem of Slovák is the more general (see [111]).

Let F be a natural bundle of order r. We say that F satisfies the condition (C) if the standard fibre F_0(R^n) together with the restriction of the corresponding L^r_n-action to the subgroup GL(n, R) = L^1_n ⊂ L^r_n can be identified with an invariant linear subspace in a finite direct sum of vector spaces V_j , where V_j is a space of tensors of type (p_j , q_j ) and p_j < q_j . Now we can formulate theorem of Slovák [111].

Theorem 3.16 (Slovák). Let F, G, H be three natural bundles. Assume that either F satisfies condition (C) or the standard fibre F_0(R^n) of F is compact. If G satisfies condition (C), then every lifting Λ_M : G(M) → H(FM) has finite order.

In the above theorem we do not suppose that a lifting Λ satisfies the regularity condition.

This theorem is very convenient if we study lifts of connections or Riemannian metrics but not applicable if we lift tensors of type (1, 1).

§ 4. Liftings of vector fields.

Let F be a natural bundle. We will study liftings of vector fields from a manifold M to F(M). We always suppose that all liftings verify the regularity condition.

In the investigations of natural bundles the possibility of liftings of vector fields from a base to vector fields on a total space of bundle play an important role. Different lifts of vector fields are used practically in all papers in which problems of prolongations of geometric structures were studied. Thus the problem of characterization of such liftings is very important. We give here a complete classification of liftings of vector fields to F in two cases: (1) if F is a product preserving functor (it is a very nice result of Kolář [49]), and (2) if F is the r-order vector tangent bundle (see Mikulski [80]). The second case is completely different from (1) and the proof due by Mikulski contains many important, interesting and universal properties usable in an investigations of natural vector bundles.

At first, we recall that we have one standard example of a lifting of vector fields to any natural bundle F called complete lift (see Example 3.4).

In the case of liftings of vector fields we have the following proposition about order (Lemma 1 in [49], cf. also [19]).

Proposition 4.1. Let F be a natural bundle of order r. Then every lifting Λ of vector fields to F satisfying the regularity condition is of order ≤ r .

Proof. It is sufficient to show that for a vector fields X, Y ∈ X (R^n) the implication

(4.1) j^r_0X = j^r_0Y =⇒ ∀ y ∈ F_0(R^n) : Λ(X)(y) = Λ(Y )(y)

holds, where Λ = Λ_R n .

304 J. Gancarzewicz, W. Mikulski

At first, we suppose that X(0) ≠ 0. There exists a chart on R^n such that X =^∂_{∂x1} . By the naturality condition the implication (4.1) is equivalent to

(4.2) j^r_0Y = j^r_0 ∂ ∂x^1 =⇒ ∀ y ∈ F_0(R^n) : Λ(Y )(y) = Λ( ∂ ∂x^1 )(y) . Let us observe that the function f(x^1, . . ., x^n) = (exp_x1 Y )(0, x^2, . . ., x^n) is a diffeomorphism on some neighborhood of 0 ∈ R^n such that f_∗^∂_{∂x1} = Y near of

0 ∈ R^n (see [35]). The diffeomorphism f satisfies the conditions ∂f ∂x^1 = Y ∘ f (4.3) f(0, x^2, . . ., x^n) = (0, x^2, . . ., x^n) . (4.4)

From (4.3), (4.4) and j^r_0 Y = j^r_0(1, 0, . . ., 0) we deduce that j^{r+1}_0 f = j^{r+1}_0 id. Because of F is of order r , thus F(f^{−1}) and dF(f) restricted to F_0(R^n) are identities. Now from the naturality condition we obtain (4.2). The general case is a consequence of the regularity condition. 2

Let F be a product preserving functor. We will discuss a classification of liftings of vector fields from M to F(M). According to Proposition 2.13 F is equivalent to a Weil functor T^A, where A = F(R^n) is a Weil algebra.

Firstly, we define some examples of such liftings of vector fields to a product preserving functor different from the complete lift.

We consider the mapping Ψ : R×T M → T M given by Ψ(t, v) = t v. Using the natural isomorphism η_M : F(T M) −→ T (FM), the induced mapping F(Ψ) : F(R)×F(T N) → F(T M) determines the mapping ~Ψ : A × T (FM) → T (FM). For an element a ∈ A and a vector ~v ∈ T (FM) we define (4.5) a · ~v = ~Ψ(a, ~v) . Now, it is easy to verify that for any element a ∈ A the mapping X (M) ∋ X −→ a · X^C ∈ X (FM) is a linear lifting of vector fields from M to vector fields on F(M). Moreover, for all vector fields X, Y on M and all a, b ∈ A we have (see [29])

(4.6) [a · X^C , b · Y^C ] = ab · [X, Y ]^C .

A family ~X = { ~X_M } of vector fields on F(M) (where M is an n-dimensional manifold) is called invariant vector fields if for any embedding φ : M → N the diagram T (FM)^{dF(φ)} −−−−→ T (FN) e_{XM} eXN FM^{F(φ)}−−−−→ FN

Natural bundles and natural liftings 305

commutes. If ~X = { ~X_M } is an invariant vector fields on F(M), then the family of constant mappings X (M) ∋ X −→ ~X_M ∈ X (FM) is a lifting.

Let G = Aut(A) be the group of all algebra homomorphism of A. It is a Lie group because G is a closed subgroup of GL(A). We denote by L(G) the Lie algebra of G.

Let D be an element of L(G) and let d_t be the 1-parameter subgroup of D. For every manifold M d_t defines a vertical vector field D_M on F(M) because {d_t} can be interpreted as a flow on F(M). D_M is an invariant vertical vector field on F(M) and the constant mapping (4.7) op(D) : X (M) ∋ X −→ D_M ∈ X (FM) is a lifting of vector fields to F.

Now we can formulate the following very nice theorem proved by Kolář (see [49]).

Theorem 4.2 (Kolář). Let F be a product preserving functor and let A = F(R) be its local algebra. Every lifting Λ = {Λ_M } satisfying the regularity condition of vector fields Λ_M : X (M) −→ X (F(M)) from a manifolds M to F(M) can be written in the form Λ_M (X) = a · X^C + op(D) , where a ∈ A and D ∈ L(Aut(A)) Schema of Proof. It is easy to see that Λ_M (0) is an invariant vector field on F(M). There are two difficulties: (1) to show that for an invariant vector field ~X on F(M) there is D ∈ L(Aut(A)) such that ~X = op(D), and (2) there is a ∈ A such that Λ_M (X) − Λ_M (0) = a · X^C for all vector fields X. For all details see [49]. 2

From Theorem 4.2 we obtain immediately the result of Sekizawa [110].

Proposition 4.3. If Λ = {Λ_M } is a lifting satisfying the regularity condition of vector fields from manifolds to vector fields on its tangent bundles, then there are reals a, b, c such that for every vector field X on M we have Λ_M (X) = a X^C + b X^V + c L_M , where X^C , X^V are respectively the complete and vertical lift of X to T M and L_M is the Liouville vector field on T M.

From Theorem 4.2 we can deduce an interesting characterization of the complete lift of vector fields.

Proposition 4.4. Let F be a product preserving functor. If a lifting Λ = {Λ_M } of vector fields Λ_M : X (M) −→ X (F(M)) from a manifolds M to vector fields on F(M) is a nonzero Lie algebra homomorphism, then Λ_M (X) = X^C is the complete lift.

Proof. Let A = F(R). Since Λ is linear, then, by [70] Λ satisfies the regularity condition, and then, by Theorem 4.2, there is a ∈ A such that Λ_M (X) = a · X^C for all X ∈ X (M) . From (4.6) we have [Λ_M (X), Λ_M(Y )] = a^2 [X, Y ]^C . Therefore, the equality [Λ_M (X), Λ_M(Y )] = Λ_M ([X, Y ]) implies a^2 = a . The element a can be written in the form a = λ · 1 + η , where λ ∈ R and η is a nilpotent element. From the equality a^2 = a we deduce that λ is either 0 or 1, and η = 0 . It means that Λ is either identically zero or the complete lift. The proof is finished. 2

We have also very interesting characterizations of liftings of vector fields to the vector r-th order tangent bundle T^rM (for the definition of T^rM see Example 1.11). This

306 J. Gancarzewicz, W. Mikulski

characterization is due by Mikulski [80]. The vector r-th order tangent bundle is not product preserving functor.

At first, we define some liftings of vector fields from M to vector fields on T^rM. Let X be a vector field defined on an open subset U ⊂ M. For a number s, 1 ≤ s ≤ r, we define a section X̃^{(s)} : U −→ T^rM; if x is a point of U then the element X̃^{(s)}(x) = X̃^{(s)}_x : J r_x (M, R)_0 −→ R is a linear mapping given by X̃^{(s)}_x (jr_xf) = X s(f)(x) , where X^s = X ∘ · · · ∘ X (s times). Now, X^{(s)} = (X̃^{(s)})^V is a vertical vector field on T^rM (see Example 3.6) and it is easy to see that the mapping X −→ X^{(s)} is a lifting of vector fields from n-manifold M to vector fields on the r-th order vector tangent bundle T^rM. We have the following theorem (see Mikulski [80]):

Theorem 4.5. Let n ≥ 2. Every lifting Λ_M : X (M) −→ X (T^rM) satisfying the regularity condition of vector fields from a n-manifold M to its r-th order vector tangent bundle T^rM can be written in the form

Λ_M (X) = aX^C + r∑ s=1 a_s X^{(s)} + b L ,

where a, a_s, b are some reals and L is the Liouville vector field on T^rM.

Schema of proof. Let us observe that if Λ_1, Λ_2 are two liftings of vector fields from M to vector fields on a natural bundle F such that (Λ_1)_R n (^∂_{∂x1} ) = (Λ_2)_R n (^∂_{∂x1} ) on F_0(R^n), then Λ_1 = Λ_2 .

To prove the theorem we consider the mapping g : R× T^r_0 R^n → T_0R^n defined by g(t, w) = dp(Λ_R n (t ∂ ∂x^1 )(w)) ,

where p : T^rR^n → R^n is the bundle projection. Using the naturality condition for φ = t id_R n , where t ∈ R− {0}, we obtain that g is linear.

Let 0_M : M → T^r(M) be the zero section of T^r(M). It is clear that the family C_M : X (M) → X (M) given by C_M (X) = dp ∘ Λ_M (X) ∘ 0_M : M → T M , where X ∈ X (M), is a natural transformation of vector fields on M into itself. It implies (see [80]) that there exists a ∈ R such that C_M (X) = aX, for all X ∈ X (M) . In particular, we have g(1, 0) = a^∂_{∂x1} |_0 .

On the other hand the family A_M : T^r(M) → T M , A_M (w) = (dp ∘ Λ_M (0))(w) , is a natural transformation of the functor T^r into the tangent bundle functor T . For r ≥ 2, we have A_M = 0. It means that g(0, w) = 0 for all w ∈ T^r(R^n) .

We consider a new lifting Λ_M : X (M) → X (T^rM)

Λ_M (X) = Λ_M (X) − a X^C .

From precedent remarks we obtain that ( dp ∘ Λ_R n ( ∂ ∂x^1 ) ) (w) = g(1, w) − a ∂ ∂x^1 |_0 = 0 ,

and in consequence, Λ_M (X) is a vertical vector field on T^rM for all X ∈ X (M) .

We have a natural isomorphism Ψ_M : T^rM ×_M T^rM → V (T^rM) (see Example 3.6). Let q_M : V (T^M ) → T^rM be the composition of the inverse isomorphism with

Natural bundles and natural liftings 307

the projection T^rM ×_M T^r M → T^rM on the second factor. We consider the family B_M : T^rM → T^rM defined by B_M (w) = ( q_M ∘ Λ_M (0) ) (w) . It is possible to show that there is b ∈ R such that B_M (w) = b w (see [57]).

Because of Λ_M (X) is a vertical vector field on T^rM for all X ∈ X (M) , thus the family D_M : X (M) −→ T^r(M) , D_M (X) = q_M ∘ Λ_M (X) ∘ 0_M

is a natural transformation of vector fields on M into sections of T^rM . It is proved in [80] that any such transformation is a linear combination of X̃^{(s)}, s = 1, ..., r.

Finally we consider the lifting Λ_M : X (M) → X (T^rM) defined by

Λ_M (X) = Λ_M (X) − b L − (D_M (X))^V

= Λ_M (X) − a X^C − b L − (D_M (X))^V .

We can verify that the family { Λ_M } satisfies the following conditions:

(4.8) dp ∘ Λ_R n (^∂_{∂x1} )|T^r_0 R^n = 0 Λ_R n (^∂_{∂x1} )(0) = 0 for 0 ∈ T^r_0 R^n Λ_R n (0)|T^r_0 R^n = 0 .

To finish the proof we need to show that if a lifting Λ_M : X (M) → X (T^rM) satisfies (4.8), then Λ_M = 0 (see, [80]). It is a very important element of this proof. 2

Using similar arguments as in [80], one can prove

Theorem 4.6. Let n ≥ 2. Every lifting X (M) −→ X ( ~T^r(M)) = X (T^rM×R) satisfying the regularity condition of vector fields from a manifold M to vector fields on the extended r-th order vector tangent bundle ~T^r(M) can be written in the form

Λ_M (X) = aX^C + r∑ s=1 a_s X^{(s)} + b L + c d dt , where a, a_s, b : R → R are smooth functions, L is the Liouville vector field on T^rM and d dt is the canonical vector field.

A classification of liftings of vector fields from a manifold M to the bundle T (T^∗M) is given by Kobak [43]. A classification of liftings of vector fields to jet-bundles was also given by Kolář and Slovák [56] and to the r-th order cotangent bundle by Mikulski [83].

§ 5. Prolongation of foliations to some natural bundles.

Let F be a natural bundle. We will study possibilities to construct foliations on F(M) from given foliation on M . At first we introduce basic definitions and notations.

A foliation on a manifold M is an integrable distribution (of the same dimension at each point) on M . We denote by F ol_q(M) the set of all q-dimensional foliations on M. We denote by Distr(M) the set of distributions (of a constant dimension) on M .

Let D ⊂ T M be a foliation on M of dimension q . If x ∈ M then we denote by D_x the fibre of D over x. A vector fields X is called D-vector field on M if X(x) belongs to D_x for all x ∈ M.

308 J. Gancarzewicz, W. Mikulski

Definition 5.1. Let F be a natural bundle over n-dimensional manifolds. A family Λ = {Λ_M } of mappings Λ_M : F ol_q (M) −→ Distr(F(M)), dim(M) = n, is called a natural lifting (prolongation) of foliations on n-manifolds to distributions from F if the following naturality condition holds:

for every embedding φ : M → N of two n-dimensional manifolds M, N and every q-dimensional foliations D_1, D_2 on M and N respectively such that dφ((D_1)_x) = (D_2)_{φ(x)} for all x ∈ M we have dF(φ) ( Λ_M (D_1)_y ) = Λ_N (D_2)_{F(φ)(y)} for all y ∈ F(M) .

The above definition implies immediately the locality condition for natural prolongations of foliations.

Proposition 5.2. Let Λ = {Λ_M } be a natural prolongation of q-dimensional foliations from n-manifolds to distributions on F . If U ⊂ M is an open subset and D_1, D_2 ∈ F ol_q(M) are two foliations such that D_1|U = D_2|U , then Λ_M (D_1)|F(U) = Λ_M (D_2)|F(U) .

Proof. It follows from the naturality condition for the inclusion i : U → M. 2

Theorem 5.3. Let Λ_M : F ol_q(M) → Distr(T^AM), dim(M) = n, be a natural prolongation of foliations from n-manifolds to distributions on a Weil functor T^A. Then Λ_M (D) is a foliation on T^AM for every n-dimensional manifold M and every foliation D ∈ F ol_q (M). Proof. We fix a basis in the Weil algebra A. Let ∂_{i,ν} , i = 1, ..., n, ν = 1, ..., dim(A), be the canonical frame on T^AR^n with respect to the coordinates system x^{i,ν} induced by the canonical coordinates x^1, ..., x^n on R^n and the basis in A (see Section 2). Of course,

(5.1) dT^A(t id_R n ) ∘ ∂_{i,ν} = t ∂_{i,ν} ∘ T^A(t id_R n )

for every t ∈ R − {0} (because T^A(t id_R n )(x^{i,ν} ) = (tx^{i,ν} )). Let D^q be the standard q-dimensional foliation on R^n spanned by^∂_{∂x1} , ...,^∂_{∂xq} . Consider ζ ∈ T^AR^n. There exist linearly independent constant (with respect to the coordinate system x^{i,ν} ) vector fields ζ X_1, ...,^ζ X_s on T^AR^n such that Λ_R n (D^q)_ζ = span{^ζ X_1(ζ), ...,^ζ X_s(ζ)}. Using the naturality condition with respect to the homotheties t id_R n , t ≠ 0, (preserving D^q) and formula (5.1), we deduce that

Λ_R n (D^q)_T A_{(t id}R_{n)(ζ)} = span{^ζ X_1(T^A(t id_R n )(ζ)), . . .,^ζ X_s(T^A(t id_R n )(ζ))}

for any t ∈ R− {0}. Then putting t → 0 we get

Λ_R n (D^q)_jA_0 = span{^ζ X_1(j^A0), ...,^ζ X_s(j^A0)} . Hence Λ_R n (D^q)_η = span{^ζ X_1(η), ...,^ζ X_s(η)} for any η ∈ T^AR^n because

span{^ζ X_1(j^A0), ...,^ζ X_s(j^A0)} = Λ_R n (D^q)_jA_0 = span{^ηX_1(j^A0), ...,^η X_s(j^A0)}

and^ηX_i,^ζ X_j are constants. Thus Λ_R n (D^q) is a foliation on T^AR^n. By the naturality condition, Proposition 5.2 and the Frobenius theorem we complete the proof.2

We give a complete characterization of natural prolongations of foliations from nmanifolds to the tangent and cotangent bundles.

At first we consider the case of the tangent bundle. We construct some examples of natural prolongations of foliations to the tangent bundle.

Natural bundles and natural liftings 309

Example 5.4. Let D be a q-dimensional foliation on a n-manifold M. Using D we construct some distributions on T M .

For v ∈ T M we set

D^{(1)}_v = { X^V (v) | X is a D-vector field on M } D^{(2)}_v = { X^C (v) | X is a D-vector field on M } + D^{(1)}_v

D^{(3)}_v = D^{(1)}_v + V_v(T M)

D^{(a)} = ⋃ v∈T M D^{(a)}_v for a = 1, 2, 3.

D^{(1)} is a foliation on T M of dimension q. D^{(2)} is a foliation on T M of dimension 2q. D^{(3)} is a foliation on T M of dimension n + q. Of course, the correspondences D → D^{(a)} are natural prolongations of q-foliations from n-manifolds to the distributions on the tangent bundle.

Using similar arguments as in [78] or [79] we can prove the following theorem.

Theorem 5.5. If Λ = {Λ_M } is a natural prolongation of q-dimensional foliations from n-manifolds to distributions on tangent bundles, where 0 < q < n, then Λ_M is equal to one of the list:

(1) Λ_M (D) = {0} is the zero distribution, (2) Λ_M (D) = T (T M) is the full distribution, (3) Λ_M (D) = V (T M) is the vertical distribution, (4) Λ_M (D) = D^{(a)}, a = 1, 2, 3, are constructed in Example 5.4.

From the proof of Theorem 5.3 it follows easily the following lemma which we will use to prove Theorem 5.5.

Lemma 5.6. Let Λ and Λ^′ be two liftings of q-dimensional foliations from n-dimensio-nal manifolds to distributions on the tangent bundle and let v ∈ T_0R^n. Then Λ = Λ^′ if and only if Λ_R n (D^q)_v = Λ^′_R n (D^q)_v, where D^q is the standard q-dimensional foliation on

R^n._{Moreover, if X is a constant vector field on T} R^n (with respect to the standard

coordinates on T R^n), then X is a Λ_R n (D^q)-vector field if and only if X(v) ∈ Λ_R n (D^q)_v.

Schema of proof of Theorem 5.5. Let D = D^q be the standard q-dimensional foliation

on R^n. Let us observe that we have

D^{(1)} is spanned by ∂^V_1 , . . ., ∂^V_q ,

D^{(2)} is spanned by ∂^V_1 , . . ., ∂^V_q , ∂^C_1 , . . ., ∂^C_q ,

D^{(3)} is spanned by ∂^V_1 , . . ., ∂^V_n , ∂^C_1 , . . ., ∂^C_q ,

V T R^n is spanned by ∂^V_1 , . . ., ∂^V_n , T T R^n is spanned by ∂^V_1 , . . ., ∂^V_n , ∂^C_1 , . . ., ∂^C_n ,

We consider two cases:

(I) We assume that Λ_R n (D)_0 ⊂ V_0T R^n , where 0 ∈ T_0R^n. If there exists v ∈ Λ_R n (D)_0 ∩ D^{(1)}_0 (respectively v ∈ Λ_R n (D)_0 ∩ [ V_0T R^n\D^{(1)}_0 ] ) , then for every w ∈ D^{(1)}_0 (respectively w ∈ V_0T R^n\D^{(1)}_0 ) there is a linear isomorphism

310 J. Gancarzewicz, W. Mikulski

φ : R^n → R^n such that dφ(v) = w and dφ(D) = D. Now, from the naturality condition

we deduce that w ∈ Λ_R n (D)_0. Hence, D^{(1)}_0 ⊂ Λ_R n (D)_0 (respectively V_0T R^n\D^{(1)}_0 ⊂ Λ_R n (D)_0). Therefore Λ_R n (D)_0 is either {0} or D^{(1)}_0 or V_0T R^n. From Lemma 5.6 we deduce that Λ is from the list presented in Theorem 5.5.

(II) It remains to assume that there are constant vector fields Y, Z on R^n such that Y ≠ 0 and Y^C (0) + Z^V (0) ∈ Λ_R n (D)_0. From Lemma 5.6 we obtain that for e_n = ∂_n(0) we have Y^C (e_n) + Z^V (e_n) ∈ Λ_R n (D)_{en} .

If Y is a D-vector field (respectively Y is not a D-vector field), then for every constant nonzero D-vector field U on R^n (respectively for every constant non D-vector field U on

R^n), there is a linear isomorphism ψ : R^n → R^n such that ψ∗Y = U and dψ(D) = D.

Now, by the naturality condition, we obtain U^C (0) + (ψ_∗Z)^V (0) ∈ Λ_R n (D)_0. Hence, it is sufficient to consider two possibilities:

Y = ∂_1 and Λ_R n (D)_{en} ⊂ D^{(3)}_{en} (a) Y = ∂_n (b) In (a) using the (local) diffeomorphism Φ(y^1, . . ., y^n) = (y^1 + y^1y^n, y^2, . . ., y^n) preserving D and e_n, by the naturality condition, we deduce that

∂^C_1 (e_n) + Z^V (e_n) + ∂^V_1 (e_n) = ddΦ(∂^C_1 (e_n) + Z^V (e_n)) ∈ Λ_R n (D)_{en}

It implies ∂^V_1 (e_n) ∈ Λ_R n (D)_{en} . By Lemma 5.6 we obtain ∂^V_1 (0) ∈ Λ_R n (D)_0. Using a similar arguments as in (I) we get D^{(1)}_0 ⊂ Λ_R n (D)_0. From the naturality condition for (x^1, . . ., x^n) → (x^1, . . ., x^q, t x^{q+1}, . . ., t x^n), t ≠ 0, and putting t → 0 we can assume that Z^V (0) ∈ D^{(1)}_0 . Thus ∂^C_1 (0) ∈ Λ_R n (D)_0. Now similar to (I) we have Λ_R n (D)_0 ⊃ D^{(2)}_0 . If Λ_R n (D)_0\D^{(2)}_0 is not empty, then we can assume that Z^V (0) ∈ V_0T R^n\D^{(1)}_0 and, in consequence, we have Λ_R n (D)_0 ⊃ D^{(3)}_0 . Therefore Λ_R n (D)_0 is either D^{(2)}_0 or D^{(3)}_0 .

In (b), using the (local) diffeomorphism Ψ(y^1, . . ., y^n) = (y^1, . . ., y^{n−1}, y^n +^1_2 (y^n)^2) we deduce that ∂^V_n (0) ∈ Λ_R n (D)_0. Then, similar as in (a), we obtain V_0T R^n ⊂ Λ_R n (D)_0. It implies that ∂^C_n (0) ∈ Λ_R n (D)_0, and in consequence, we have Λ_R n (D)_0 = T_0T R^n.

Now, Lemma 5.6 implies Theorem 5.5. The proof is finished. 2

In the case of the cotangent bundle we have the following examples of liftings of foliations [79]:

Example 5.7. Let D be a q-dimensional foliation on a n-manifold M . We construct the following distributions on T^∗M . For ω ∈ T^∗M we set

D^{(1)}_ω = { d dt (ω + tσ)_{t=0} ∈ T_ωT^∗M : σ ∈ Anih(D_{π(ω)})}, D^{(2)}_ω = {X^C (ω) : X is a D-vector field} + V_ω(T^∗M), D^{(a)} = ⋃ ω∈T^∗M D^{(a)}_ω , for a = 1, 2.

D^{(1)} is a foliation on T^∗M of dimension n − q. D^{(2)} is a foliation on T^∗M of dimension n + q. Of course, the correspondences D → D^{(a)} are natural prolongations from qfoliations on n-manifolds to cotangent bundles.

We have the following theorem (see [79])

Natural bundles and natural liftings 311

Theorem 5.8. Let q, n be such that 0 < q < n. If Λ = {Λ_M } is a natural prolongation of q-dimensional foliations from n-manifolds to distributions on cotangent bundles such that Λ_M (D) is a foliation for any n-manifold M and any D ∈ F ol_q(M) , then Λ_M is equal to one of the list:

(1) Λ_M (D) = {0} is the zero distribution, (2) Λ_M (D) = T (T^∗M) is the full distribution, (3) Λ_M (D) = V (T^∗M) is the vertical distribution, (4) Λ_M (D) = D^{(a)}, a = 1, 2, are constructed in Example 5.7

§ 6. Prolongation of geometric structures to product preserving functors.

Let F be a product preserving functor. In this section we will study problems of prolongations of geometric structures from a manifold M to F(M) .

At first we define a complete lift of tensor fields of type (1, k) from manifolds to F. Let S be a tensor field of type (1, k) on a manifold M, k ≥ 1. We interpret S as a mapping S : T M ×_M · · · ×_M T M −→ T M of the bundle product over M of k copies of the tangent bundle into T M covering the identity on M such that its restrictions to fibres (T M ×_M · · · ×_M T M)_x = T_xM × · · · × T_xM → T_xM are k-linear for all x ∈ M. We apply the product preserving functor F to S. If we compose the induced mapping F(T M) ×_{F(M)} · · · ×_{F(M)} F(T M) → F(T M) with the natural isomorphism η_M : F(T M) −→ T (FM) we obtain a mapping S^C : T (FM) ×_{F(M)} · · · ×_{F(M)} T (FM) −→ T (FM) called complete lift of S from M to F(M). S^C is a tensor field of type (1, k) on F(M) (see [29]).

Let T^1_k (M) be the space of all smooth tensor fields of type (1, k) on M. We have the following proposition:

Proposition 6.1. If F is a product preserving functor, then the family of mappings

T^1_k (M) ∋ S −→ S^C ∈ T^1_k (FM)

(where M is an n-dimensional manifold) is a lifting.

Proof. We need to show only the naturality condition. In order of this let S ∈ T^1_k (M) and S^′ ∈ T^1_k (N) be φ-related, where φ : M → N ia an embedding. It means that the following diagram T M ×_M · · · ×_M T M^S−−−−→ T M dφ×···×dφ dφ T N ×_N · · · ×_N T N^S ′ −−−−→ T N commutes. Applying F to this diagram and using the isomorphism η_M : F(T M) ↔ T (FM) we obtain the commutative diagram T (FM) ×_{F(M)} · · · ×_{F(M)} T (FM)^S C −−−−→ T (FM) dF(φ)×···×dF(φ) dF(φ) T (FN) ×_{F(N)} · · · ×_{F(N)} T FN)^S ′C −−−−→ T (FN)

312 J. Gancarzewicz, W. Mikulski

so S^C and S^{′C} are F(φ)-related. 2

For F(M) = T M the constructed lifting coincides with the complete lifting from Example 3.8.

For two tensor fields S, S^′ on M respectively of type (1, k) and (1, k^′) we define a tensor fields SS^′ of type (1, k + k^′ − 1) on M by (6.1) (SS^′)(v_1, . . ., v_{k+k}′_{−1}) = S(S^′(v_1, . . ., v_k′ ), v_k′_{+1}, . . ., v_{k+k}′_{−1}) for v_1, . . ., v_{k+k}′_{−1} ∈ T_xM , x ∈ M . If S, S^′ are tensor fields of type (1, 1), then SS^′ is

the composition SS^′ : T M^S ′ −→ T M^S−→ T M. We have the following properties of complete lift of tensor fields to a Weil functor F.

Proposition 6.2. Let F be a product preserving functor.

(a) The mapping T^1_k (M) ∋ S −→ S^C ∈ T^1_k (FM) is linear over R. (b) For tensor fields S, S” respectively of type (1, k) and (1, k^′) on M we have (SS^′)^C = S^C S^{′C} , where SS^′ is defined by (6.1).

(c) If W (t) is a polynomial with real coefficients and S is a tensor fields of type (1, 1) on M, then W (S^C ) = (W (S)^C.

Proof. (a) is evident. (b) is a consequence of the formula SS^′ = S ∘ (S^′ × id). From (b) we show by induction that (S^n)^C = (S^C )^n. According to (a) it implies immediately (c) (see [29]). 2

From the above proposition we obtain immediately

Corollary 6.3. Let F be a product preserving functor. If t is an almost complex structure (respectively an almost tangent structure, a f-structure) on M, then so is t^C .

The analogous properties was proved in the case of tangent bundle, r-order tangent bundle, p^r-velocities bundle in [123], [84], [87], [89].

We prove now

Proposition 6.4. Let F be a product preserving functor, A = F(R) be its local algebra and let S be a tensor field of type (1, k) on M.

If X_1, . . ., X_k ∈ X (M) are vector fields on M and a_1, . . ., a_k ∈ A , then

S^C (a_1 · X^C_1 , . . ., a_k · X^C_k ) = a_1 · · · a_k · (S(X_1, . . ., X_k))^C ,

where ”·” is defined by (4.5).

Proof. The equality (t_1X_1, . . ., t_kX_k) = t_1 . . . t_k S(X_1, . . ., x_k) and definitions of S^C , X^C_i and of the product ”·” imply immediately our proposition. 2

To prove the next proposition we will need the following lemma:

Lemma 6.5. Let F be a product preserving functor and A = F(R) . If ~S , ~S^′ are two fields of tensors of type (1, k) on F(M) such that for all vector fields X_1, . . ., X_k on M and all elements a_1 . . . , a_k of A the equality

~S(a_1 · X^C_1 , . . ., a_k · X^C_k ) = ~S′(a_1 · X^C_1 , . . ., a_k · X^C_k )

Natural bundles and natural liftings 313

holds, then ~S = ~S^′ .

Proof. Let (U, φ) be a chart on M , ∂_1, . . ., ∂_n be its adapted frame and let a_1, . . ., a_K be a basis of A . Analyzing the definition of the product ”·” we deduce that { a_ν · ∂^C_i | i = 1, . . ., n, ν = 1, . . ., K } is the adapted frame to the induced chart (F(U), F(φ)) on F(M) . It implies our lemma. 2

Remark 6.6. From the proof of Lemma 6.5 it follows that the analogous lemma is also true for fields of tensors of type (0, k) .

Proposition 6.7. Let F be a product preserving functor. If S is a field of tensors of type (1, 1) on M , then N_tC = (N_t)^C , where N denotes the Nijenhuis tensor.

Proof. Let X, Y be vector fields on M and a, b be elements of A = F(R) . From Proposition 6.4 and equality (4.6) we obtain

N_tC (a · X^C , b · Y^C ) = a · b · (N_t(X, Y ))^C = (N_t)^C (a · X^C, b · Y^C )

Now Lemma 6.5 implies our proposition. 2

Because of the integrability for considered structures is equivalent to vanishing of the Nijenhuis tensor, thus we obtain Theorem 6.8. Let F be a product preserving functor. Let t be an almost complex structure (respectively a almost tangent structure, a f-structure) on M. Then t^C is a complex structure (respectively a tangent structure, an integrable f-structure) on F(M) if and only if t is a complex structure (respectively a tangent structure, an integrable f-structure) on M.

We can also present two propositions on the integrability of structures deferent from Theorem 6.8. We recall that a tensor field S on M is integrable if in a neighborhood of any point of M there exists a chart (U, φ) in which coordinates of S are constant. Proposition 6.9. Let F be a product preserving functor. If S is an integrable tensor field of type (1, k) on M , then S^C is also integrable.

Proof. There is an atlas on M such that for every its chart (U, φ) the coordinates of S are constant. It means that there exists an k-linear mapping S_0 : R^n × · · · × R^n → R^n such that the following diagram T M ×_M · · · ×_M T M^S−→ T M dφ×···×dφ dφ R^n × · · · × R^n = T R^n ×R n · · · ×R n T R^{n eS}−→ T M = R^n × R^n

commutes, where ~S(x, v_1, . . ., v_k) = (x, S_0(v_1, . . ., v_k)) . Applying the functor F to this diagram and using the natural identifications η_M : F(T M) → T F(M), F(R^n) = A^n we obtain the commutative diagram T F(M) ×_{F(M)} · · · ×_{F(M)} T F(M)^S C −−−−→ T F(M) dF(φ)×···dF(φ) dF(φ) (A^n)^{k+1} e_S −−−−→ A^n × A^n ,

314 J. Gancarzewicz, W. Mikulski

where ~~S is defined by ~~S(a, a_1, . . ., a_k) = (a, F(S_0)(a_1, . . ., a_k)). Since F(S_0) : A^n × · · ·× A^n → A^n is k-linear, S^C has constant coordinates with respect to the induced chart (F(U), F(φ)) on F(M) . The proof is finished. 2

Proposition 6.10. Let F be a product preserving functor and let a family Λ = {Λ_M } of mappings Λ_M : T^1_1 (M) −→ T^1_1 (F(M)) be a lifting of tensor fields of type (1, 1) from M to F(M) . If t is an integrable tensor field on M, so is Λ_M (t).

Proof. By the naturality condition we can assume that M = R^n and t = n∑ i,j=1 a^i_j dx^j ⊗ ∂ ∂x^i ,

where a^i_j are real constants and (x^1, . . ., x^n) are the canonical coordinates on R^n.

We fix a basis of A = F(R). Then we have the induced coordinates x^{i,ν} , in T^AR^n, where i = 1, . . ., n, ν = 1, . . ., K = dim A. Suppose that

Λ_R n (t) = n∑ i,j=1 K∑ ν,μ=1 a^{i,ν}_{j,μ}dx^{j,μ} ⊗ ∂ ∂x^{i,ν} ,

where a^{i,ν}_{j,μ} : T^AR^n → R are smooth functions. Since the homotheties τ id, where τ ≠ 0, preserve t, then by the naturality condition T^A(τ id) preserves Λ_R n (t). T^A(τ id) preserves dx^{j,μ} ⊗^∂_{∂xi,ν} because T^A(τid) is the homothety on T^AR^n. Thus, for τ ≠ 0 and all η ∈ T^AR^n we have a^{i,ν}_{j,μ}(τη) = a^{i,ν}_{j,μ}(η) . Putting τ → 0 we obtain that a^{i,ν}_{j,μ} are constants. Then Λ_R n (t) is integrable. 2

Let us observe that using the same arguments we can prove the similar proposition for: (1) tensor fields of type (p, p), and (2) tensor fields of an arbitrary type (p, q) if Λ is linear over R.

We can define also liftings of tensor fields of type (0, k) but there are no ”complete” lift (see [29]).

Now we present an other point of view for prolongations of structures. Let P (M, G, π) be a principal fibre bundle over M with the group structure G and the projection π and let H be a closed subgroup of G . We recall that a H-structure in P (M, G, π) is a reduced fibre bundle P_0(M, H) in P (M, G, π) with the structure group H. From Proposition 2.11(3) we obtain immediately that if P_0(M, H) is a H-structure in P (M, G, π) and F is a product preserving functor, then F(P_0)(F(M), F(H)) is a F(H)-structure in F(P )(F(M), F(G), F(π)). We will study the case when P (M, G, π) is the principal bundle of linear frames. We prove.

Proposition 6.11. Let F be a product preserving functor.

There exist a natural monomorphism I_M : F(LM) → L(F(M)) of principal fibre bundles such that for every embedding φ : M → N of two n-dimensional manifolds M, N the diagram F(LM)^{IM}−−−−→ L(F(M)) F(L(φ)) L(F(φ)) F(LN)^{IN}−−−−→ L(F(N))

Natural bundles and natural liftings 315

commutes.

If (U, φ) is a chart on M and σ : U → LM is the associated local section of LM, then I_M ∘ F(σ) : F(U) → LF(M) is a local section of LF(M) associated with the induced chart (F(U), F(φ)) on F(M) .

Proof. According to Proposition 2.11(1) F(LM) is a principal fibre bundle with base F(M) and the structure group F(GL(n, R)). By Proposition 2.10(4) we can consider F(GL(n, R)) as a subgroup of GL(F(R^n)).

We consider an atlas {(U_i, φ_i)} on M. Let σ_i : U_i → LM and ~σ_i : F(U_i) → LF(M) be the associated sections with (U_i, φ_i) and (F(U_i), F(φ_i)) respectively. There exists a principal fibre bundle homomorphism I_M : F(LM) → LF(M) covering the identity on M with the inclusion of structure groups such that I_M ∘ F(σ_i) = ~σ_i. It is clear that the diagram from the proposition is commutative. 2

Let H be a closed subgroup of GL(n, R). We recall that a H-structure on M (i.e. an H-structure P_0 in LM) is called integrable if there exists an atlas on M such that sections associated with all charts of the atlas have values in P_0. From Proposition 6.11 it follows immediately

Proposition 6.12. Let F be a product preserving functor and let H ⊂ GL(n, R). If P_0 is a H-structure on M, then I_M (F(P_0)) is a F(H)-structure on F(M). If P_0 is integrable, then so is I_M (F(P_0)).

To finish this paragraph we define a complete lift of connections. We start from a general situations of connections in principal fibre bundles (see Pogoda [99]).

Let F be a product preserving functor and P (M, G) be a principal fibre bundle with a connection ω : T P → T G on P . We define ω^C : T F(P ) → T F(G) as the composition of the induced mapping F(ω) : F(T P ) → F(T G) with the canonical isomorphisms η_P : F(T P ) → T F(P ) , η_G : F(T G) → T F(G) , i.e.

ω^C = η_G ∘ F(ω) ∘ η^{−1}_P .

ω^C is called complete lift of ω from P to F(P ) .

It is easy to prove (see [99]).

Proposition 6.13. Let F be a product preserving functor and P (M, G) be a principal fibre bundle. If ω : T P → T G is a connection in P (M, G) then the complete lift ω^C : T F(P ) → T F(G) is a connection in the principal fibre bundle F(P )(F(M), F(G)) .

Let f : P → P^′ be a homomorphism of principal fibres and let ρ_f : G → G^′ be the corresponding Lie group homomorphism. Connections ω : T P → T G and ω^′ : T P^′ → T G^′ are called f-related, where f : P → P^′ is a homomorphism of principal fibre bundle, if the following diagram T P^{df}−−−−→ T P^′ ω1 ω2 T G^{dρf}−−−−→ T G^′ commutes.

The complete lift of connections has the following property (see Pogoda [99]).

316 J. Gancarzewicz, W. Mikulski

Proposition 6.14. Let F be a product preserving functor, f : P (M, G) → P^′ (M^′, G^′) be a homomorphism of principal fibre bundles and let ω, ω^′ be connections in P (M, G) and P^′(M^′, G^′) respectively. If ω and ω^′ are f-related, then ω^C and ω^{′C} are F(f)-related.

The above proposition means that the correspondence ω → ω^C satisfy the naturality condition but only for mappings f : P → P^′ being homomorphisms of principal fibre bundles. The family of mappings ω −→ ω^C is a lifting in the sense of more general definition as Definition 3.1. It is called ”gauge-natural” transformation (see [8]).

We can prove many properties of the complete lift of connections. For instance we have the following results about the Whitney product (see [99], for the definition of Whitney product see [44]).

Proposition 6.15. Let F be a product preserving functor, P_1(M, G_1) and P_2(M, G_2) be two principal fibre bundles and let ω_1 and ω_2 be connections in P_1(M_1, G_1) and P_2(M_2, G_2) respectively. If ω is the Whitney product of these connections, then ω^C is the Whitney product of the connections ω^C_1 and ω^C_2 .

We can apply our construction to linear connections. If ω : LM → T G(n, R^n) is a linear connection on M then, according to our general definition, ω^C : F(LM) → T F(GL(n, R)) is a connection in F(LM). Using the inclusion I_M : F(LM) → L(F(M)) we can prolong ω^C to one and only one linear connection L(F(M)) → GL(F(R^n)). This prolongation we denote also by ω^C . In the case of the tangent bundle F(M) = T M the constructed connection coincides with the connection defined in Example 3.9. We can prove (see [29]).

Proposition 6.16. Let F be a product preserving functor.

(1) If ω is a linear connection on a manifold M then ω^C is a linear connection on F(M). (2) The family of mappings Q(M) ∋ ω −→ ω^C ∈ Q(F(M)) is a lifting. (3) If ∇ and ∇^C are the covariant derivation of ω and ω^C respectively, then for all vector fields X, Y on M and all a, b ∈ A = F(R) we have ∇^C_{a · X}C b · Y^C = a · b ( ∇_X Y )_C . Other properties of liftings of linear connections and geometric objects will be formulated in [29].

Natural prolongations of generalized connections were studied by Slovák [115].

References.

[1] J. Aczel, S. Goła̧b, Funktionalgleichungen der Theorie der geometrischen Objekte, Monografie Matematyczne, Warszawa 1960.

[2] J. Boman, Differentiability of a function and its composition with functions on one variable, Math. Scand. 20 (1967), 249 — 268.

[3] L. A. Cordero, M. de Leon, On the differential geometry of frame bundle, Santiago de Compostela, 1986.

[4] R. Crittenden, Covariant differentiation, Quart. J. Math. Oxford, 13 (1963), 285 — 297. [5] J. Dȩbecki, Natural transformations of affinors into functions and affinors, Suppl. ai Rendiconti del Cir. Mat. di Palermo 1992 (in press).

[6] J. Dȩbecki, Natural transformations of affinors into tensor fields of type (2,2), Suppl. ai Rendiconti del Cir. Mat. di Palermo 1993 (in press).

[7] J. Dȩbecki, J. Gancarzewicz, M. de Leon, W. Mikulski, Natural transformations of Lagrangians into energies, (in press).

Natural bundles and natural liftings 317

[8] D. J. Eck, Gauge-natural bundles and generalized gauge theories, Mem. Amer. Math. Soc., vol.

33, No. 247 (1981).

[9] D. J. Eck, Product-precerving functors on smooth manifolds, J. Pure Appl. Algebra 42 (1986), 133 — 140.

[10] D. B. A. Epstein, Natural tensors on Riemannian manifolds, J. Diff. Geom. 10 (1975), 631 — 645.

[11] D. B. A. Epstein, W. P. Thurston, Transformation groups and natural bundles, Proc. London Math. Soc. (3) 38 (1979), 219 — 236.

[12] C. Ehresmann, Espaces fibres associes, C.R.A.Sci. Paris, 213 (1941), 762 —764. [13] C. Ehresmann, Les prolongements d’un espace fibré differentiable, C. R. Acad. Sci. Paris 240 (1955), 1755 — 1757.

[14] J. Gancarzewicz, Liftings of functions and vector fields to natural bundles, Proc. of the Conference (CSSR-GDR-Poland) on Diff. Geometry and Its Appl., Nove Mesto na Morave, September 1980, Univ. Praha, 1981, 89 — 102.

[15] J. Gancarzewicz, Local triviality of bundles of geometric objects, Zeszyty Nauk. UJ, Kraków, 23 (1982), 39 — 42.

[16] J. Gancarzewicz, Complete lifts of tensor fields of type (1,k) to natural bundles, Zeszyty Nauk.

UJ, Kraków, 23 (1982), 43 — 49.

[17] J. Gancarzewicz, Relèvements des fonctions aux fibrés naturels, Comptes Rendus de l’Academie des Sciences, Paris, 295 (1982), 743 — 746.

[18] J. Gancarzewicz, Relèvements des champs de vecteurs aux fibrés naturels, Comptes Rendus de l’Academie des Sciences, Paris, 296 (1982), 59 — 61.

[19] J. Gancarzewicz, Liftings of functions and vector fields to natural bundles, Dissert. Math. CCXII, Warszawa, 1983.

[20] J. Gancarzewicz, Horizontal lift of connections to natural bundles, Proc. of International Coll on Diff. Geometry, Santiago de Compostela (Spain), September 1984, Research Notes in Math. 121, Pirman Advanced Publ. Program, 1985, 318 — 341.

[21] J. Gancarzewicz, Differential Geometry (Polish), Monografie PWN, Warszawa 1987. [22] J. Gancarzewicz, Prolongation of conjugate connections, Zeszyty Naukowe Politechniki Śla̧skiej, Gliwice, 64 (1990), 61 — 73.

[23] J. Gancarzewicz, M. Djaa, The geometry of the tangent bundle of order r, Boletin Acad. Galega de Ciencies. IV (1985), 147 — 165.

[24] J. Gancarzewicz, I. Kolář, Some gauge-natural operators on linear connections, Monatshefte für Mathematik (Vienna), 111 (1991), 23 — 33.

[25] J. Gancarzewicz, I. Kolář, Natural affinors on extended r-th tangent bundle, Suppl. ai Rendiconti del Circolo Matematico di Palermo, 1993 (in press).

[26] J. Gancarzewicz, S. Mahi, Géodesiques dans le fibré tangent d’odre supperieue, Acta Math.

Univer. Iagellonicae, Kraków, XXVIII (1991), 231 — 243.

[27] J. Gancarzewicz, S. Mahi, Liftings of 1-forms to the tangent bundle of higher order, Czech.

Math. J. 40 (115)1990, 397 — 407.

[28] J. Gancarzewicz, S. Mahi, N. Rahmani, Horizontal lift of tensor fields of type (1,1) from a manifold to its tangent bundle of higher order, Suppl. ai Rendiconti del Circolo Matematico di Palermo, Serie II, 14 (1987), 43 — 59.

[29] J. Gancarzewicz, W. Mikulski, Z. Pogoda, Lifts of some tensor fields and connections to a product preserving functor, (in press).

[30] J. Gancarzewicz, N, Rahmani, Relèvements horizontaux des champs de tenseurs de type (1,1) au fibré E = T �M ⊗ T M, Ann. Polon. Math. XL (1988), 65 — 73.

[31] J. Gancarzewicz, N, Rahmani, Relèvements horizontaux des connexions lineaires au fibré associé avec le fibré des repéres lineaires, Ann. Polon. Math. XL (1988). 75 — 79.

[32] J. Gancarzewicz, M. Salgado, Horizontal lifts of tensor fields to the tangent bundle of higher order, Suppl. ai Rendiconti del Circolo Matematico di Palermo, 21 (1989), 151 — 178.

[33] J. Gancarzewicz, M. Salgado, The tangent bundle of pr-velocities over a homogeneous spaces, Czech. Math. J. 41 (116), 1991, 570 — 591.

[34] J.Haantjes, G.Laman, On the definition of geometric objects, Indag. math. 15 (1953) 208 — 222.

[35] N. J. Hicks, Notes on differential geometry, D. van Nostrand Company, INC, Princeton, 1964. [36] J. Janyška, Geometrical properties of prolongation functors, Čas, Pěst. Mat. 110 (1985), 77 — 86.

318 J. Gancarzewicz, W. Mikulski

[37] J. Janyška, Natural operations with linear connections, Czech. Math. J. 35 (110), 106 — 115. [38] J. Janyška, I. Kolář, On the connections naturally induced on the second order tangent bundle, Arch. Math. (Brno) 22 (1986), 21 — 28.

[39] J. Janyška, D. Krupka, Lectures on differential invariants, Lect. Notes Univ. Brno, 1990. [40] J. Janyška, M. Modugno, Infinitesimal natural and gauge-natural lifts, (in press). [41] G. Kainz, P. Michor, Natural transformations in differential geometry, Czech. Math. J. 37 (112), 1987, 584 — 607.

[42] T. Klein, Connections on higher order tangent bundles, Čas. pěst. mat. 106 (1981), 414 — 421. [43] P. Kobak, Natural liftings of vector fields to tangent bundles of bundles of 1-forms, Math. Boch.

116 (1991), 319 — 326.

[44] S. Kobayashi, K. Nomizu, Foundations of differential geometry, vol. 1, Interscience, New York 1963.

[45] I. Kolář, Structure morphisms of prolongation functors, Math. Slovaca 30 (1980), 83 — 93. [46] I. Kolář, Functorial prolongations of Lie Groups and their actions, Čas. pěst. mat. 108 (1983), 289 — 293.

[47] I. Kolář, Natural operations with connections with second order frame bundles, Coll. Math. Soc.

J. Bolyai Topics on Diff. Geom. Debrecen 46 (1984), 715 — 732.

[48] I. Kolář, Natural transformations on the second tangent functor into itself, Scripta Fac. Sci.

Nat. Univ. Brunnensis, Brno, XX (1984), 169 — 172.

[49] I. Kolář, On natural operators on vector fields, Ann. Global Analysis and Geometry, 6 (2) (1988), 109 — 117.

[50] I. Kolář, Covariant approach to natural transformations of Weil functors, Comm. Math. Univ.

Carolinae, Praha, 27 (1986), 723 — 729.

[51] I. Kolář, Some natural operators in differential geometry, Proc. Conf. on Diff. Geometry and Its Appl., August 24 - 30, 1986, Brno, 91 — 110.

[52] I. Kolář, Some gauge-natural operators on connections, Coll. Math. Soc. Jànos Bolyai 1989, 435 — 455.

[53] I. Kolář, P. Michor, All natural concomitants of vector valued differential forms, Suppl. ai Rendiconti Cir. Math. de Palermo, 16 (1987), 101 — 108.

[54] I. Kolář, P. W. Michor, J. Slovák, Natural operations in differential geometry, to appear. [55] I. Kolář, J. Slovák, On the geometric functors on manifolds , Suppl. ai Rendiconti del Cir. Math.

di Palermo, 21 (1989), 223 — 233.

[56] I. Kolář, J. Slovák, Prolongations of vector fields to jet bundles , Suppl. ai Rendiconti del Cir.

Math. di Palermo, 22 (1990), 103 — 111.

[57] I. Kolář, G. Vosmanská, Natural transformations of higher order tangent bundles and jet spaces,, Čas. pést. mat. 114 (1989), 181 — 186.

[58] D. Krupka, Reducibility theorems for differentiable liftings in fibre bundles, Arch. Math. Scripta Fac. Sci. Nat. Ujep Brunensis 17 (1979), 93 — 106.

[59] D. Krupka, Elementary theory of differential invariants, Arch. Math. (Brno) 4 (1978), 207 — 214.

[60] D. Krupka, A theory of generally invariant Lagrangians for metric fields I, J. Theor. Phus. 17 (1978), 149 — 175.

[61] D. Krupka, A theory of generally invariant Lagrangians for metric fields II, J. Theor. Phus. 15 (1976), 949 — 959.

[62] D. Krupka, Differential invariants, Lect. Notes Depart. Geom. and Algebra, Univ. Brno, 1979. [63] D. Krupka, Fundamental vector fields on type fibres of jet prolongations of tensor bundles, Math.

Slovaca 29 (1979), 159 — 167.

[64] D. Krupka, Natural lagrangian structures, Semestr on Diff. Geometry, Banach Center Publ. 12 (1984), 185 — 210.

[65] D. Krupka, A. Trautman, General invariants of lagrangian structures, Bull. Acad. Polon. Sci.

22 (1979), 207 — 211.

[66] M. Kucharzewski, M. Kuczma, Basic concept of the theory of geometric objects, Diss. Math. 43, Warszawa 1964.

[67] N.H.Kuiper, K.Yano, On geometric objects and Lie groups of transformations, Indag. Math.

17 (1955) 411 — 420.

[68] O. O. Luciano, Categories of multiplicative functors and Morimoto’s conjecture, Preprint 46, Inst. Fourier, Laboratoire des Mathématiques, Grenoble, 1986.

Natural bundles and natural liftings 319

[69] K. Masuda, Homomorphism of the Lie algebras of vector fields, J. Math. Soc. Japan, 28 (1976), 506 — 528.

[70] W. Mikulski, Regularity conditions for liftings of functions and vector fields to natural bundles, Čas. pest. mat. 109 (1984), 127 — 134.

[71] W. Mikulski, Locally determined associated spaces, J. London Math. Soc. (2), 32 (1985), 357 — 364.

[72] W. Mikulski, Continuity of liftings, Čas. pest. mat. 4 (1988), 359 — 362. [73] W. Mikulski, Locally determined associated spaces over principal fibre bundles, Acta Math. UJ 28 (1991), 251 — 265.

[74] W. Mikulski, There exists a prolongation functor of infinite order, Čas. pest. mat. 114 (1989), 57 — 59.

[75] W. Mikulski, An example of non-regular liftings of first order, Proc. of Coll. on Diff. Geometry (Szczecin) 1987, Zeszyty Nauk. Politech. w Szczecinie, 11 (1988), 203 — 208.

[76] W. Mikulski, Continuity of projections of natural bundles, Ann. Pol. Math. (to appear). [77] W. Mikulski, Natural transformations of Weil functors into bundle functors, Suppl. ai Rendiconti del Circolo Matematico di Palermo, Serie II, 1989, 177 — 191.

[78] W. Mikulski, Natural liftings of foliations to the tangent bundle, Mathematica Bohemica 117 (1992).

[79] W. Mikulski, Natural liftings of foliations to the cotangent bundle, Suppl. ai Rendiconti del Circolo Matematico di Palermo, Serie II, (1993), (in press).

[80] W. Mikulski, Some natural operations on vector fields, Rendiconti Math, Roma, (1992), (to appear).

[81] W. Mikulski, Natural transformations transforming vector fields into affinors on the extended r-th order tangent bundles, Arch. Math. Brno (to appear).

[82] W. Mikulski, Natural transformations transforming functions and vector fields to functions on some natural bundles, Math. Bohemica 117 (1992), 217 — 223.

[83] W. Mikulski, Natural constructions on vector fields and higher order cotangent bundles, (in press).

[84] A. Morimoto, Prolongations of geometric structures, Lect. Notes Math. Inst. Nagoya Univ. 1969. [85] A. Morimoto, Prolongations of G-structures to tangent bundles, Nagoya Math. J. 32 (1968), 67 — 108.

[86] A. Morimoto, Liftings of tensor fields and connections to tangent bundles of higher order, Nagoya Math. J. 40 (1970), 99 — 120.

[87] A. Morimoto, Liftings of some type of tensor fields and connections to tangent bundles of prvelocities, Nagoya Math. J. 40 (1970), 13 — 31.

[88] A. Morimoto, Prolongations of connections to tangential fibre bundles of higher order, Nagoya Math. J. 40 (1970), 85 — 97.

[89] A. Morimoto, Liftings of tensor fields and connections to tangent bundles of higher order, Nagoya Math. J. 40 (1970), 99 — 120.

[90] A. Morimoto, Prolongations of connections to bundles of infinitely near points, J. Diff. Geom.

11 (1976), 476 — 498.

[91] A.Nijenhuis, Theory of the geometric object, Amsterdam 1952.

[92] A. Nijenhuis, Geometric aspects of formal differential operations on tensor fields, Congr. Math.

Cambridge Univ. Press 1960, 14 — 21.

[93] A. Nijenhuis, Natural bundles and their general properties, Diff. Geom. in honor of K. Yano, Tokyo 1972, 317 — 334.

[94] R. S. Palais and C.-L. Terng, Natural bundles have finite order, Topology 16 (1977), 271 — 277. [95] M. Paluszny, A. Zajtz, Foundation of the geometry of natural bundles, Lect. Notes Univ. Caracas, 1984.

[96] Z. Pogoda, The regularity condition for some natural functors, Suppl. ai Rendiconti del Circolo Mat. di Palermo, 14 (1987), 105 — 115.

[97] Z. Pogoda, Horizontal lifts and foliations, Suppl. ai Rendiconti del Circolo Mat. di Palermo, 21 (1989), 279 — 283.

[98] Z. Pogoda, Liftings of connections with respect A-functor, Demonstr. Math. (in press). [99] Z. Pogoda, Properties of lifts of geometric objects with respect Weil functor, Demostr. Math. (in press).

[100] Z. Pogoda, Γ-foliations and Weil prolongations, Suppl. ai Rendiconti del Circolo Mat. di Palermo 1993 (to appear).

320 J. Gancarzewicz, W. Mikulski

[101] Z. Pogoda, Generalized liftings of geometric objects, Zeszyty Nauk. Politechniki Szczecińskiej 11 (1988), 209 — 219.

[102] Z. Pogoda, Finite order of natural functor from the category of vector bundles, preprint UJ. [103] Z. Pogoda, Isomorphisms of natural functors, (in press). [104] Z. Pogoda, Weil prolongations of groupoids, (to appear).

[105] W. F. Pohl, Differential geometry of higher order, Topology 1 (1962), 169 — 211. [106] S. E. Salvioli, Theory of geometric objects, J. Diff. Geom. 7 (1972), 257 — 278. [107] J. A. Schouten, Ricci calculus, Berlin-Heidelberg 1954.

[108] J.A.Schouten, J.Haantjes, On the theory of the geometric object, Proc. London Math. Soc. 42 (1937), 356 — 376.

[109] J.A.Schouten, E.R. van Kampen, Zur Einbettungs und Krummungstheorie nichtholonomer Gebilde, Math. Ann. 103 (1930), 752 — 783.

[110] M. Sekizawa, Natural transformations of vector fields on manifolds to vector fields on tangent bundles, Tsukuba J. Math. 12 (1988), 115 — 128.

[111] J. Slovák, On the finite order of some operators, Proc. Conf. on Diff. Geometry and Its Appl.

(Communications) August 24 - 30, 1986, Brno (Czechoslovakia), 283 — 294. [112] J. Slovák, Peetre theorem for nonlinear operators, Ann. Global Analysis and Geometry 6 (1988), 273 —283.

[113] J. Slovák, Action of jet groups on manifolds, Proc. Conf. on Diff. Geometry and Its Appl. Brno 1989, World Scientific, Singapure, 1990, 178 — 186.

[114] J. Slovák, Smooth structures on fibre jet spaces, Cech. Math. J., 36 (1986), 358 — 375. [115] J. Slovák, Prolongations of connections and sprays to Weil functors, Suppl. ai Reindicondi Circolo Math. Palermo 14 (1987).

[116] J. Slovák, Bundle functors on fibered manifolds, to appear in Annals of Global Annal. and Geom.

[117] J. Slovák, On invariant operations on a manifold with connection or metric, (in press). [118] N. Steenrod, The topology of fibre bundles, Princeton Univ. Press, 1951. [119] C.-L. Terng, Natural vector bundles and natural differential operators, Ann. Math. J. 100 (1978), 775 — 828.

[120] O. Veblen, Differential invariants and geometry, Proc. of ICM, Bolonia, 1928. [121] A. Weil, Thèorie des points proches sur les variétés differentiables, Coloque Geom. Diff. Strasbourg 1953, 111 — 117.

[122] H.Whitney, Sphere spaces, Proc. Nat. Acad. Sci. USA, 21 (1935), 464 — 468. [123] K. Yano and S. Ishihara, Tangent and cotangent bundles, Marcel Dekker, INC., New York, 1973. [124] K. Yano, S. Ishihara, Horizontal lifts of tensor fields and connections to tangent bundles, J.

Math. and Mech. 16 (1967), 1015 — 1030.

[125] K. Yano, S. Kobayashi, Prolongations of tensor fields and connections to tangent bundles I., J.

Math. Soc. Japan, 18 (1966), 194 — 210.

[126] K.Yano, E. M. Paterson, Horizontal lifts from manifolds to its cotangent bundle, J. Math. Soc Japan 19 (1967), 185 — 198.

[127] A. Zajtz, Geometric object with finitely determined germs, Ann. Pol. Math. XLIX (1988), 157 — 168.

[128] A. Zajtz, On the order of natural differential operators and liftings, Ann. Pol. Math. XLIX (1988), 169 — 178.

[129] A. Zajtz, Classification of natural bundles with homogeneous fibres whose dimension is not greater that of the basis, Coll. Bolyai 1994, 1333 — 1357.

[131] A. Zajtz, The sharp upper bound on the order of natural bundles of given dimension, Bull. Soc.

Math. Belgique, 3 (1087), 347 — 357.

The author address: Jacek Gancarzewicz, Włodzimierz Mikulski, Zdzisław Pogoda, Instytut Matematyki UJ, ul. Reymonta 4, 30-059 Kraków, POLAND. E.-mail: (JG): umgancar@plkrcy11.bitnet, (WM): ummikuls@plkrcy11.bitnet, (ZP): umpogoda@plkrcy11.bitnet.

Received 21 September 1992