Symmetry, Integrability and Geometry: Methods and Applications SIGMA 4 (2008), 040, 10 pages

Quantum Dynamics on the Worldvolume from Classical su(n) Cohomology^⋆

José M. ISIDRO and Pedro FERNÁNDEZ DE CÓRDOBA

Grupo de Modelización Interdisciplinar Intertech, Instituto Universitario de Matemática Pura y Aplicada, Universidad Politécnica de Valencia, Valencia 46022, Spain E-mail: joissan@mat.upv.es, pfernandez@mat.upv.es Received February 05, 2008, in final form March 28, 2008; Published online April 15, 2008 Original article is available at http://www.emis.de/journals/SIGMA/2008/040/

Abstract. A key symmetry of classical p-branes is invariance under worldvolume diffeomorphisms. Under the assumption that the worldvolume, at fixed values of the time, is a compact, quantisable Kähler manifold, we prove that the Lie algebra of volume-preserving diffeomorphisms of the worldvolume can be approximated by su(n), for n → ∞. We also prove, under the same assumptions regarding the worldvolume at fixed time, that classical Nambu brackets on the worldvolume are quantised by the multibrackets corresponding to cocycles in the cohomology of the Lie algebra su(n).

Key words: branes; Nambu brackets; Lie-algebra cohomology

2000 Mathematics Subject Classification: 81T30; 17B56

1 Introduction

1.1 Some history

Ever since its inception by Wigner in 1932 [1], quantum mechanics on phase space has remained a source of inspiration for mathematical physicists trying to clarify the deep relation between the classical world and the quantum world. Some milestones along this route were the pioneering articles [2] and [3], which culminated in the formal development of deformation quantisation [4]. A central role in this programme is played by the ⋆-product operation on Poisson manifolds [5]. Good references on the subject are [6, 7].

1.2 Some mechanics

Classical mechanics can be formulated on a Poisson manifold M. The algebra C^∞(M) of smooth functions on M supports classical Poisson brackets (CPB), i.e., an antisymmetric, bilinear map

{· , ·}_{CPB} : C^∞(M) × C^∞(M) −→ C^∞(M)

satisfying the Jacobi identity and the Leibniz derivation rule. Given a classical mechanics governed by a Hamiltonian function H, the time evolution of a time-independent function f on phase space is determined by its CPB with H, df dt = {f, H}_{CPB} . (1)

One can replace CPB with classical Nambu brackets (CNB) [8], in the following way. Assume that the system has N degrees of freedom. The CNB of 2N functions f_1, . . . , f_{2N} is given

⋆This paper is a contribution to the Special Issue on Deformation Quantization. The full collection is available at http://www.emis.de/journals/SIGMA/Deformation Quantization.html

by their Jacobian determinant with respect to the canonical coordinates x^i and the conjugate momenta p^i:

{f_1, . . . , f_{2N} }_{CNB} = alt(∂f_1, . . . , ∂f_{2N} ) =

∂(f_1, . . . , f_{2N} ) ∂(x^1, p^1, . . . , x^N , p^N ) . Then the CPB of any two phase-space functions f, g can be expressed in terms of their CNB, with N − 1 insertions of conjugate pairs (x^i, p^i) and summing over the latter [9]:

{f, g}_{CPB} = 1 (N − 1)! { f, g, x^{i1} , p^{i1} , . . . x^{iN−1} , p^{iN−1} } CNB . (2)

A summation over all pairs of repeated indices is understood on the right-hand side of (2). This insertion of, plus summation over, conjugate pairs, is called symplectic tracing of the CNB. In this way, the equation of motion (1) becomes df dt = 1 (N − 1)! { f, H, x^{i1} , p^{i1} , . . . , x^{iN−1} , p^{iN−1} } CNB . (3)

Through the use of such symplectic traces, the equations of motion for an arbitrary classical system can be reexpressed in terms of CNB. The possibility of so doing hinges on equation (2). In turn, the latter rests on the CPB resolution of the CNB [9]:

{f_1, f_2, . . . , f_{2N−1}, f_{2N} }_{CNB} = ∑ π∈P_{2N}

(−1)^π 2^N N! { f_{π(1)}, f_{π(2)} } CPB { f_{π(3)}, f_{π(4)} } CPB · · · { f_{π(2N−1)}, f_{π(2N)} } CPB , (4)

where (−1)^π is the signature of the permutation π within the symmetric group on 2N indices, P_{2N} .

Upon quantisation, the algebra of functions C^∞(M) on classical phase space gets replaced by the algebra of operators O(H) on Hilbert space H. The quantum Nambu bracket (QNB) of the operators F_1, . . . , F_m ∈ O(H) is defined as the fully antisymmetrised product [8]

[F_1, . . . , F_m]_{QNB} := alt (F_1 · · · F_m) = ∑ π∈P_m

(−1)^π F_{π(1)} · · · F_{π(m)}, (5)

the usual quantum commutator being the particular case m = 2. To avoid confusion with other brackets to be introduced later, we will use the notation

[F_1, F_2]_{QPB} := F_1F_2 − F_2F_1, F_1, F_2 ∈ O(H) for the QNB of m = 2 operators, the subindex QPB standing for quantum Poisson brackets. When m = 2k, the following resolution of the QNB into a sum of products of QPB holds [9]:

[F_1, F_2, . . . , F_{2k−1}, F_{2k}]_{QNB} = ∑ π∈P_{2k}

(−1)^π 2^kk!

[F_{π(1)}, F_{π(2)}]_{QPB} · · · [F_{π(2k−1)}, F_{π(2k)}]_{QPB}.

This is the quantum analogue of the resolution (4), although it is valid for any k, not just k = N. The quantum analogue of equation (1) is iℏ dF dt = [F, H]_{QPB},

while that of equation (3), obtained also by symplectic tracing, reads

(iℏ)^N dF dt = 1 (N − 1)! [ F, H, X^{i1} , P^{i1} , . . . , X^{iN−1} , P^{iN−1} ] QNB . (6)

Above, a factor of (iℏ)^{N−1} on the left-hand side accounts for N − 1 symplectic traces on the right-hand side, while the remaining factor iℏ is the one multiplying all time derivatives in the quantum theory.

1.3 Some Lie-algebra cohomology Along an apparently unrelated line, it turns out that multibracket operations on simple, compact Lie algebras share many properties in common with Nambu brackets. These multibrackets can be constructed from a knowledge of the de Rham cohomology ring of the corresponding simple, compact Lie group [10]. For definiteness we concentrate on the group SU(n), whose Lie algebra su(n) we denote, as usual, in lowercase. The Poincaré polynomial of SU(n) is [11] p_{SU(n)}(x) = (1 + x^3)(1 + x^5) · · · (1 + x^{2n−1}).

In plain words, SU(n) contains cohomology cocycles in dimensions 3, 5, . . . , 2n − 1, whose dimensions add up to n^2 − 1, the dimension of SU(n). At the Lie-algebra level this implies the existence of cohomology cocycles ω_3, ω_5, . . . , ω_{2n−1}. These cohomology cocycles of su(n) are represented by totally antisymmetric tensors with as many indices as dictated by the corresponding dimensions. In order to compute their components let us consider the basis of su(n) given by

[T_a, T_b] = ω^c_{ab} T_c, (7) where the Killing metric reads, possibly up to an overall numerical factor,

k_{ab} = tr(T_aT_b). (8) Then the components ω_{abc} of the cocycle ω_3 are given by

ω_{abc} = ω_3(T_a, T_b, T_c).

The ω_{abc} can also be regarded as the result of lowering the upper index on the structure constants ω^c_{ab} , i.e.,

ω_{abc} = ω^d_{ab} k_{dc}.

Consider now a (2j +1)-dimensional cocycle ω_{2j+1}. In the basis (7), its components are given by ω_{a1a2...a2j+1} = ω_{2j+1}(T_{a1} , T_{a2} , . . . , T_{a2j+1} ). (9) Using (9) and the inverse Killing metric k^{ab} let us define

ω^b

a_1 a_2 ... a_{2j} := ωa1 a2 ... a2j ,c k cb On the su(n) generators T_a we define a 2j-fold bracket by

[T_{a1} , . . . , T_{a2j} ]_{ω2j+1} = ω^b_{a1...a2j} T_b, (10) and extend it to all of su(n) by multilinearity and complete antisymmetry. This ensures that the left-hand side of (10) is proportional to the determinant of the 2j × 2j matrix whose rows are the T_a,

[T_{a1} . . . , T_{a2j} ]_{ω2j+1} = λ alt ( T_{a1} · · · T_{a2j} ) = λ ϵ^{b1...b2j}

a_1 ...a_{2j} Tb_1 · · · Tb_{2j} . (11)

The proportionality factor λ can be chosen to be unity if the Killing metric (8) is normalised appropriately. When j = 1, (10) reduces to the Lie bracket (7). The operation (11) is identical to that of equation (5), with the important difference, however, that the latter is an operation on quantum operators, while (11) is defined on a classical Lie algebra. Moreover, (11) requires an even number of entries, while the QNB of equation (5) do not. One can express equation (11) as a sum of products of 2-fold Lie brackets (7),

[T_{a1} , T_{a2} . . . , T_{a2j−1} , T_{a2j} ]_{ω2j+1} = 1 2^j ϵ^{b1b2...b2j−1b2j}

a_1a_2...a_{2j−1} a_{2j} [Tb_1 , Tb_2 ] · · · [Tb_{2j−1} , Tb_{2j} ], (12)

where the subindex ω_3 is conventionally omitted from the binary brackets on the right-hand side. The above is analogous to the CPB resolution of the CNB of equation (4), with 2j-fold brackets replacing the CNB on the left-hand side, and 2-fold Lie brackets replacing the CPB on the right-hand side.

1.4 Summary

In this article we establish a relation between multibrackets on the Lie algebra of su(n) and the quantum dynamics of p-branes, where p = 2k > 2 . We begin in Section 2 by reviewing a similar link in the case of membranes. In Section 3 we move on to higher-dimensional, relativistic extended objects. We concentrate throughout on the bosonic sector of the corresponding pbranes. Our conclusions are presented in Section 4, where some examples are detailed and the relation with deformation quantisation is discussed.

2 Membranes and Poisson brackets

2.1 Classical membranes

The classical supermembrane in R^{11} is described by bosonic coordinates x^i(σ_1, σ_2, τ), i = 1, . . . , 11, and its superpartners. A key symmetry of the classical membrane is its invariance under area-preserving reparametrisations of the membrane worldvolume [12]. Infinitesimal, timeindependent, area-preserving reparametrisations are coordinate transformations of the membrane worldvolume at fixed time τ, denoted W_2,

σ^r −→ σ^r + ξ^r(σ), r = 1, 2,

such that

∂_r (w(σ)ξ^r(σ)) = 0.

Above, w(σ_1, σ_2) is a certain density on W_2 which we normalise to unity, ∫ W_2

d^2σ w(σ) = 1. (13)

Locally, all area-preserving reparametrisations can be expressed in terms of a single function ξ(σ), the dual on W_2 of the vector ξ^r(σ),

ξ^r(σ) = ϵ^{rs} w(σ)

∂_sξ(σ). (14)

However, on topologically nontrivial worldvolumes, equation (14) need not hold globally, so we will restrict to the subgroup generated by functions ξ(σ) that are globally defined on W_2. One can treat the Lie group G_{W2} of globally-defined, area-preserving diffeomorphisms (an infinitedimensional group) in a way that resembles gauge theory. For this purpose one introduces the Lie brackets for functions on W_2 { x^i, x^k } W_2 := w(σ1, σ2) −1( ∂_{σ1} x^i ∂_{σ2} x^k − ∂_{σ2} x^i ∂_{σ1} x^k ) . (15)

Then an infinitesimal area-preserving reparametrisation acts on the membrane’s bosonic coordinates x^i as

δx^i = { ξ, x^i } W_2 .

A gauge field A taking values in the Lie algebra of G_{W2} can also be introduced, its transformation law being

δA = ∂_τ ξ + {ξ, A}_{W2} .

Correspondingly we have the gauge covariant derivatives

D_τ x^i = ∂_τ x^i + { x^i, A } W_2 .

In the light-cone gauge only the transverse components i = 1, . . . , 9 are dynamical, and the bosonic part of the membrane Lagrangian reads [12]

w^{−1}L = 1 2 D_τ x^i D_τ x_i − 1 4 ∑ i≠k ({ x^i, x^k } W_2

)_2 . The corresponding bosonic Hamiltonian is

H_2 = 1 2 ∫ W_2

d^2σ w(σ)^{−1} p^2_i (σ) + 1 4 ∑ i≠k ∫ W_2

d^2σ w(σ) ({ x^i(σ), x^k(σ) } W_2

)_2 . (16)

Furthermore there is a constraint whose bosonic part reads φ = { w^{−1}p^i, x_i } W_2 ≃ 0.

The above constraint generates the Lie algebra of globally-defined, area-preserving reparametrisations of W_2. This latter algebra can be expressed in terms of the Lie brackets (15). For this purpose it suffices to fix a complete orthonormal basis of functions b_A(σ_1, σ_2), A = 0, 1, . . ., on W_2. As such they satisfy ∫ W_2

d^2σ w(σ) b^A(σ)b_B (σ) = δ^A_B (17)

as well as ∑ A b^A(σ)b_A(σ^′) = w(σ)^{−1}δ^2(σ − σ^′). (18)

Indices are raised and lowered according to

b^A(σ) = (b_A(σ))^∗ = η^{AB} b_B (σ). (19)

Then any function f = f(σ) on W_2 can be expanded as

f(σ) = ∑ A f^Ab_A(σ), (20)

and one can write

{b_A(σ), b_B (σ)}_{W2} = g^C_{AB} b_C (σ) = g_{ABC} b^C (σ), (21)

where

g_{ABC} = ∫ W_2

d^2σ w(σ) b_A(σ) {b_B (σ), b_C (σ)}_{W2} . (22)

The g_{ABC} are the structure constants of the (infinite-dimensional) Lie algebra of area-preserving diffeomorphisms.

2.2 Quantum membranes

The quantum theory corresponding to the classical Hamiltonian function (16) requires regularisation [12, 13]. This is done by introducing a cutoff Λ on the infinite range covered by the indices A, B, C, . . . in equations (17)–(22). The infinite number of degrees of freedom present in the classical theory are recovered in the limit Λ → ∞. Any finite value of Λ corresponds to a truncation of the infinite-dimensional Lie group G_{W2} of area-preserving reparametrisations of W_2. Truncating means replacing G_{W2} with some finite-dimensional Lie group G_{W2} (Λ) in such a way that, if the latter has structure constants ω_{ABC} (Λ), then

lim_{Λ→∞} ω_{ABC} (Λ) = g_{ABC} , (23)

where the g_{ABC} are as in equation (22). This regularisation leads to a supersymmetric matrix model with a Hamiltonian whose bosonic piece is given by

H_2 = tr 1 2 P^iP_i + 1 4 ∑ i≠k

[X^i, X^k]^2

, (24)

the coordinates X_i and momenta P_i taking values in the Lie algebra of G_{W2} (Λ). In particular, the potential term ∑ i≠k

[X^i, X^k]^2 involves the Lie brackets on the Lie algebra of G_{W2} (Λ), which appear

as the quantum analogues of the Lie brackets (15) on W_2. Integration over the worldvolume is replaced by tracing over the Lie algebra of G_{W2} (Λ).

It is not guaranteed that a regularised theory satisfying equation (23) will exist. The existence of a quantum theory satisfying equation (23) depends on the geometry of the membrane. When W_2 is a Riemann sphere it has been proved (see [13] and references therein) that one can take G_{W2} (Λ) equal to SU(n), with Λ = n^2 − 1, in order to obtain a good quantum truncation of the infinite-dimensional group of area-preserving diffeomorphisms. Then a convenient complete system of orthonormal functions b_A(σ) is given by the usual spherical harmonics, the density function in equation (13) being w(θ, φ) = sin θ/4π. Equation (23) was generalised from the sphere to the case when W_2 is a torus in [14]. Equation (23) also holds, in the sense of convergence of the structure constants, for an arbitrary compact, quantisable Kähler manifold M (see below) in any even real dimension 2k [15]. In this latter case the g_{ABC} are the structure constants of the Lie algebra of divergence-free diffeomorphisms; such reparametrisations preserve symplectic volume on M, even if the latter (for k > 1) lacks an interpretation as a membrane worldvolume. However, this property will turn out to be useful for p-branes when p > 1.

For the benefit of the reader let us recall the definition of a quantisable Kähler manifold M used above. Let M be a complex manifold and ω a Kähler 2-form on it. Assume that M possesses a triple (L, h, ∇), where L is a holomorphic line bundle on M, with h a Hermitian metric on this bundle and ∇ a connection on L. This connection will also be assumed compatible with the metric h and compatible with the complex structure. If the curvature 2-form F of the connection ∇ on L is such that F = ω/iℏ, then the manifold M is called quantisable.

3 p-branes and multibrackets

3.1 Classical p-branes

A relativistic p-brane embedded within R^d has a light-cone Hamiltonian whose bosonic piece reads [13]

H_p = 1 2 ∫ W_p

d^pσ w(σ)^{−1}p^2_i (σ) + 1 4 ∫ W_p

d^pσ w(σ) g(σ). (25)

Above, the embedding functions x^i = x^i(σ_1, . . . , σ_p, τ) have the p_i as their conjugate momenta. The σ_i, i = 1, . . . , p, are spacelike coordinates and τ is a timelike coordinate parametrising the p + 1 dimensions of the p-brane as the latter evolves in time. We denote by W_p the p-brane worldvolume at a fixed value of τ. The function w(σ) is a density on W_p, and g(σ) stands for the determinant of the induced metric

g_{rs} = ∂_rx^i∂_sx_i, r, s = 1, . . . , p.

Define, for p functions f_i = f_i(σ) on W_p, the brackets

{f_1, . . . , f_p}_{Wp} := w^{−1}alt (∂f_1 · · · ∂f_p) . (26)

Then one has [13] g = ∑ i_1<···<i_p

{x_{i1} , . . . , x_{ip} }_{Wp} {x^{i1} , . . . , x^{ip} }_{Wp} . (27)

Substituting (27) into (25) we obtain the p-brane analogue of the bosonic Hamiltonian for the membrane, equation (16). Picking a complete, orthonormal set of functions b_A(σ) on W_p, completeness ensures that their brackets can be expanded as { b_{A1} (σ), . . . , b_{Ap} (σ) } W_p = gA^1...A^pC b

C (σ),

where

g_{A1...ApC} = ∫ W_p

d^pσ w(σ) b_{A1} (σ) { b_{A2} (σ), . . . , b_{Ap} (σ), b_C (σ) } W_p . (28)

The above generalise equations (21), (22). As in the case of the membrane, the g_{A1...ApC} are completely antisymmetric and σ-independent.

3.2 Quantum p-branes

We claim that the classical system of Section 3.1 can be quantised as follows. Let W_p be compact, quantisable and Kähler. In particular this implies that p is even, p = 2k. We measure volumes using the k-th exterior power of the symplectic form. We normalise the volume of W_p to unity, as in (13). In this way we can have the cutoff Λ in equation (30) below dimensionless. Let G_{Wp} denote the infinite-dimensional Lie group of globally-defined, volume-preserving diffeomorphisms of W_p. Then SU(n), for n → ∞, is a quantisation of G_{Wp} . Moreover, upon quantisation we would like to replace the classical Nambu brackets (26) with some analogous expression containing the Lie-algebra multibrackets of Section 1. The Lie algebra su(n) contains the cohomology cocycle ω_{2j+1}, and then g = ∑ i_1<···<i_{2j}

[X_{i1} , . . . , X_{i2j} ]_{ω2j+1} [X^{i1} , . . . , X^{i2j} ]_{ω2j+1}

is the quantisation of equation (27). Moreover, integrals over the worldvolume W_p are replaced by traces over a certain irreducible representation of su(n). The quantum Hamiltonian operator is

H_p = tr 1 2 P^iP_i + 1 4 ∑ i_1<···<i_{2j}

[X_{i1} , . . . , X_{i2j} ]_{ω2j+1} [X^{i1} , . . . , X^{i2j} ]_{ω2j+1} ,

the coordinates X_i and momenta P_i taking values in some irreducible representation of su(n).

To establish the claim made above it suffices to prove that the following analogue of equation (23) holds for the cocycles of order higher than 3:

lim_{Λ→∞} ω^C

A_1...A_{2j} (Λ) = g C A_1...A_{2j} . (29)

Above, the right-hand side is as in equation (28); the left-hand side contains the components of the su(n) cocycle ω_{2j+1}. The cutoff parameter Λ in (29) is the dimension of su(n):

Λ = n^2 − 1. (30)

In order to prove equation (29) we use the decompositions (12) and (4) as applied to the left and right-hand sides of (29), respectively. Assume that the worldvolume W_p satisfies the assumptions stated at the end of Section 2.2, namely: W_p is compact, quantisable and Kähler. The left-hand side of (29) decomposes into an antisymmetrised sum of products of twofold Lie brackets on su(n). The right-hand side of (29) also decomposes into an antisymmetrised sum of products of twofold Poisson brackets. Pick any triple of indices A, B, C within those two decompositions, and denote the corresponding structure constants by ω_{ABC} and g_{ABC} , respectively. By equation (23), the structure constants ω_{ABC} of this su(n) provide a quantisation of the corresponding twofold Poisson brackets with structure constants g_{ABC} . This allows one to apply (23) to each and every triple of indices arising within those decompositions. We conclude that, under the assumptions made regarding the worldvolume W_p, equation (29) holds true. For large enough n, the cohomology ring of su(n) always contains a cocycle ω_{2j+1} such that 2j = 2k = p, where p is the even dimension of W_p. Thus the cocycle required to quantise (26) is ω_{p+1}. The algebra su(n) with n ≥ 2 provides a quantisation of the membrane; for the 4-brane we need n ≥ 3, for the 6-brane we need n ≥ 4, and so on.

The careful reader will have noticed the following minor point. Indices on the right-hand side of (29) are uppercase, running over a complete set of functions on W_p. The left-hand side of (29) contains the components of the su(n) cocycle ω_{2j+1}. As such its indices should be lowercase, i.e., Lie-algebra valued. However the latter have also been written in uppercase. The reason for this is the same as in equation (23), whose left-hand side should, in principle, also be lowercase. A vielbein can be introduced on W_p in order to exchange uppercase indices with lowercase indices. Once a vielbein is introduced and applied to the lowest cocycle ω_3 so its indices will be uppercase, the same follows for all higher cocycles ω_{2j+1}.

4 Discussion

4.1 Examples

As a first example^1, let us compare our results with those of the first reference in [13], as applied to the case when the worldvolume W_p is a p-dimensional torus, with p > 2 and even (for example, the product of 4 circles, S^1 × S^1 × S^1 × S^1). This manifold qualifies as compact Kähler quantisable. As in [13], our approach does not quantise by deformation, but rather by compactification of the relevant infinite-dimensional Lie group of volume-preserving diffeomorphisms. Such a compactification requires truncating the infinite dimension of the Lie group to a finite value, since infinite-dimensional manifolds cannot be compact. Alternatively, one could term our approach as compactification by truncation of the infinite number of dimensions of the Lie group. However there is no deformation involved in this procedure. In this sense our approach, although perspectively different, completely agrees with that of [13], where a theorem proving the impossibility of deforming the Lie group when the torus has dimension greater than 2 is cleverly circumvented.

1We thank the referee for suggesting analysing these two examples.

Another archetypal example is the case of complex projective space CP^N , also compact Kähler quantisable. When N = 1 this reverts to the case of the Riemann sphere studied in [12]. Since this space is SU(N + 1)/SU(N) × U(1), the possibility of approximating its infinite-dimensional Lie group of volume-preserving diffeomorphisms by su(n) for n → ∞ transformations is intuitively evident. The manifold CP^N has a simple (co)homology ring, given by H_{2j} (CP^N ) = Z for 0 ≤ j ≤ N and zero otherwise. This means that, (co)homologically, complex projective space in N complex dimensions can be obtained inductively: starting from a point (N = 0), we attach a complex 1-dimensional cell at infinity to obtain CP^1; to the latter we attach a complex 2-dimensional cell at infinity to obtain CP^2, and so forth. This simple inductive structure is reflected in the way one quantises branes whose fixed-time worldvolume equals CP^N . Namely: when N = 1, the lowest Lie-algebra cocycle ω_3 (necessary to quantise CP^1) is present in su(n), for all n ≥ 2; when N = 2, the next lowest Lie-algebra cocycle ω_5 (necessary to quantise CP^2) is present in su(n) for all n ≥ 3; when N = 3, the next lowest Lie-algebra cocycle ω_7 (necessary to quantise CP^3) is present in su(n) for all n ≥ 4; and so forth.

4.2 Conclusions

Equation (29) proves that the Lie-algebra cocycles provide a quantisation of the classical Nambu brackets: the classical limit is recovered when Λ → ∞, while any finite value of Λ provides a discrete approximation to the classical, continuous case. As in equation (23), this is precisely what quantisation means: the replacement of a continuous bracket operation (on an infinite number of functions on the worldvolume) with a discrete bracket operation (on a finite number of generators of a certain Lie algebra).

There are some fundamental similarities between the corresponding quantisations (as summarised by equations (23) and (29), respectively). In either case the corresponding limit holds when a specific choice is made for the manifold representing the worldvolume at fixed time. As indicated above, this approach to quantisation might well be called quantisation by compactification: we replace the infinite-dimensional Lie group of volume-preserving diffeomorphisms with some compact approximation (or truncation) thereof. Let us explain this point in more detail. No infinite-dimensional manifold can be compact. On the other hand, the Peter–Weyl theorem [16] states that any compact Lie group must necessarily be isomorphic to some subgroup of the unitary group U(N), for some value of N – in particular, it must be a matrix group. Loosely speaking, quantisation is some kind of representation of physical quantities by means of matrices. Hence our previous statement concerning quantisation as a compactification (of the group of volume-preserving diffeomorphisms, in our case) makes perfectly good sense.

A power of iℏ must multiply all time derivatives in the quantum theory, as in equation (6). This power must appear on the left-hand side of expressions relating time evolution to multibrackets, so no such factor need appear in our quantisation prescription (29). For quantummechanical consistency, where the classical limit is defined as that in which ℏ → 0, Planck’s constant must be understood as being inversely proportional to the cutoff parameter Λ in equation (30).

Finally it should be mentioned that (supersymmetric) matrix models such as (24) arise in M-theory [17, 18], where the limit n → ∞ is also taken. Related topics have been analysed in [19] and [20], respectively.

Acknowledgements

It is a great pleasure for J.M.I. to thank Max-Planck-Institut für Gravitationsphysik, Albert- Einstein-Institut, Golm (Germany) for hospitality during the preparation of this work. The authors thank Generalitat Valenciana (Spain) for financial support.

10 J.M. Isidro and P. Fernández de Córdoba

References

[1] Wigner E., On the quantum correction for thermodynamic equilibrium, Phys. Rev. 40 (1932), 749–759.

[2] Groenewold H., On the principles of elementary quantum mechanics, Physica 12 (1946), 405–460.

[3] Moyal J., Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc. 45 (1949), 99–124.

[4] Bayen F., Flato M., Fronsdal C., Lichnerowicz A., Sternheimer D., Deformation theory and quantization.

I. Deformations of symplectic structures, Ann. Physics 111 (1978), 61–110.

Bayen F., Flato M., Fronsdal C., Lichnerowicz A., Sternheimer D., Deformations of symplectic structures. II. Physical applications, Ann. Physics 111 (1978), 111–151.

[5] Kontsevich M., Deformation quantization of Poisson manifolds, Lett. Math. Phys. 66 (2003), 157–216, q-alg/9709040.

[6] Cattaneo A., Keller B., Torossian C., Bruguières A., Déformation, quantification, théorie de Lie, Panoramas et Synthèses, Vol. 20, Société Mathématique de France, Paris, 2005.

[7] Dito G., Sternheimer D., Deformation quantization: genesis, developments and metamorphoses, math.QA/0201168.

[8] Nambu Y., Generalized Hamiltonian dynamics, Phys. Rev. D 7 (1973), 2405–2412.

[9] Curtright T., Zachos C., Classical and quantum Nambu mechanics, Phys. Rev. D 68 (2003), 085001, 29 pages, hep-th/0212267.

[10] Knapp A., Lie groups, Lie algebras and cohomology, Princeton University Press, Princeton, 1988.

[11] Goldberg S., Curvature and homology, Dover, New York, 1982.

[12] Hoppe J., Quantum theory of a massless relativistic surface and a two dimensional bound state problem, Ph.D. Thesis, MIT, 1982, http://www.aei.mpg.de/^∼hoppe.

de Wit B., Hoppe J., Nicolai H., On the quantum mechanics of supermembranes, Nuclear Phys. B 305 (1988), 545–581.

de Witt B., Supermembranes and supermatrix models, in Quantum Aspects of Gauge Theories, Supersymmetry and Unification, Editors A. Ceresole, C. Kounnas, D. Lüst and S. Theisen, Springer, Berlin, 1999, 45–69.

[13] Hoppe J., On M-algebras, the quantisation of Nambu mechanics, and volume preserving diffeomorphisms, Helv. Phys. Acta 70 (1997), 302–317, hep-th/9602020. Hoppe J., Membranes and matrix models, hep-th/0206192.

[14] Fairlie D., Fletcher P., Zachos C., Trigonometric structure constants for new infinite algebras, Phys. Lett. B 218 (1989), 203–206.

Hoppe J., Diff AT^2, and the curvature of some infinite dimensional manifolds, Phys. Lett. B 215 (1988), 706–710.

[15] Bordemann M., Hoppe J., Schaller P., Schlichenmaier M., gl(∞) and geometric quantization, Comm. Math.

Phys. 138 (1991), 209–244.

Bordemann M., Meinrenken E., Schlichenmaier M., Toeplitz quantization of Kähler manifolds and gl(N), N → ∞, limits, Comm. Math. Phys. 165 (1994), 281–296, hep-th/9309134.

Hoppe J., Olshanetsky M., Theisen S., Dynamical systems on quantum tori algebras, Comm. Math. Phys. 155 (1993), 429–448.

[16] Carter R., Segal G., Macdonald I., Lectures on Lie groups and Lie algebras, London Mathematical Society Student Texts, Vol. 32, Cambridge University Press, Cambridge, 1995.

[17] Witten E., Bound states of strings and p-branes, Nuclear Phys. B 460 (1996), 335–350, hep-th/9510135.

[18] Banks T., Fischler W., Shenker S., Susskind L., M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997), 5112–5128, hep-th/9610043.

[19] Galaviz I., García-Compeán H., Przanowski M., Turrubiates F., Weyl–Wigner–Moyal formalism for Fermi classical systems, Ann. Physics 323 (2008), 267–290, hep-th/0612245.

Galaviz I., García-Compeán H., Przanowski M., Turrubiates F., Deformation quantization of Fermi fields, hep-th/0703125.

Sánchez L., Galaviz I., García-Compeán H., Deformation quantization of relativistic particles in electromagnetic fields, arXiv:0705.2259.

[20] Isidro J.M., Fernández de Córdoba P., Dirichlet branes and a cohomological definition of time flow, arXiv:0712.1961.