Symmetry, Integrability and Geometry: Methods and Applications SIGMA 3 (2007), 009, 19 pages

Asymmetric Twin Representation: the Transfer Matrix Symmetry^⋆

Anastasia DOIKOU

INFN Section of Bologna, Physics Department, University of Bologna, Via Irnerio 46, 40126 Bologna, Italy E-mail: doikou@bo.infn.it Received August 02, 2006, in final form December 26, 2006; Published online January 09, 2007 Original article is available at http://www.emis.de/journals/SIGMA/2007/009/

Abstract. The symmetry of the Hamiltonian describing the asymmetric twin model was partially studied in earlier works, and our aim here is to generalize these results for the open transfer matrix. In this spirit we first prove, that the so called boundary quantum algebra provides a symmetry for any generic – independent of the choice of model – open transfer matrix with a trivial left boundary. In addition it is shown that the boundary quantum algebra is the centralizer of the B type Hecke algebra. We then focus on the asymmetric twin representation of the boundary Temperley–Lieb algebra. More precisely, by exploiting exchange relations dictated by the reflection equation we show that the transfer matrix with trivial boundary conditions enjoys the recognized U_q(sl_2) ⊗ U_i(sl_2) symmetry. When a nondiagonal boundary is implemented the symmetry as expected is reduced, however again certain familiar boundary non-local charges turn out to commute with the corresponding transfer matrix.

Key words: quantum integrability; boundary symmetries; quantum algebras; Hecke algebras

2000 Mathematics Subject Classification: 81R50; 17B37

1 Introduction

As is well known Yang–Baxter [1, 3] and reflection equations [5, 6] provide sets of algebraic constraints exactly defining integrable models with periodic and open boundary conditions respectively (see e.g. [6, 7]). On the other hand it was argued [8, 9] that the algebraic structures underlying Yang–Baxter equation may be seen as deformations of the usual Lie algebras, called quantum algebras. In a similar fashion the reflection algebras arise naturally in the frame of the reflection equation [6], and they have been the subject of ongoing interest (see e.g. [10, 11, 12, 13, 14]). The first step to comprehend such algebras is to systematically classify the solutions of the Yang–Baxter and reflection equations. This is a major problem, the study of which will significantly contribute into the deep understanding of the mathematical mechanisms that rule integrable models with boundaries. A consistent scheme to derive solutions of the reflection equation is to exploit the structural similarity between the Yang–Baxter and reflection equations with the cylinder braid group [15, 16, 17]. Then, using elements of representation theory one may construct physical systems based on the aforementioned solutions.

One of the main challenges within this context is to determine exact symmetries associated to the physical systems under consideration. In the present article we use already known representations of the boundary Temberley–Lieb (blob) algebra [15, 16, 17] as solutions of the reflection equation, and we derive explicitly conserved non-local charges belonging to the underlying reflection algebra, for various choices of boundary conditions. In particular, the symmetry

⋆This paper is a contribution to the Vadim Kuznetsov Memorial Issue “Integrable Systems and Related Topics”. The full collection is available at http://www.emis.de/journals/SIGMA/kuznetsov.html

of the transfer matrix of the so called asymmetric twin model is investigated. The main motivation for studying this model is the fact that it is a novel system altogether, and as such it offers a rather unconventional perspective on boundary effects. Historically the asymmetric twin representation was introduced in [18], whereas the corresponding physical model was constructed and studied in [17, 19]. It was shown in [19] that certain quantities were the centralizers of the asymmetric twin representation of the boundary Temperley–Lieb algebra. The corresponding Hamiltonian was then expressed in terms of the generators of the blob algebra, hence it turned out to commute with the aforementioned centralizers. In addition the form of the spectrum and the Bethe ansatz equations for the asymmetric twin transfer matrix were determined via the analytical Bethe ansatz formulation exploiting also the spectral equivalence between the open XXZ and asymmetric twin Hamiltonians. In the present work with the help of exchange relations satisfied by solutions of the reflection equation we are able to identify quantities commuting with the transfer matrix of the model. The transfer matrix as known gives rise to a whole hierarchy of charges in involution rendering the system integrable, with the Hamiltonian being the first one of the hierarchy.

The organization of this article is as follows: In the next section we introduce quotients of the cylinder braid group, i.e. the B type Hecke algebra and the boundary Temperley–Lieb algebra. We also review representations of the boundary Temperley–Lieb algebra, that is the XXZ and asymmetric twin representations. In Section 3 the transfer matrix of an open spin chain is reviewed. In Section 4 the underlying reflection algebra is introduced. It is also shown that the boundary quantum algebra – emerging from the reflection algebra with no spectral parameter – provides in fact a symmetry for any generic open transfer matrix with a trivial left boundary, and it is the centralizer of the B type Hecke algebra as well. The implementation of a non trivial left boundary breaks the symmetry down to a consistent subset. Note that these findings are generic that is they are independent of the choice of model. In the next section basic definitions regarding the quantum algebra U_q(^sl_2) are reviewed, and generalized intertwining relations are introduced. The symmetry for both the open XXZ and asymmetric twin models is also studied with the help of the aforementioned intertwining relations. The XXZ chain is considered mostly as a warm up exercise, however the main aim in this section is the derivation of familiar conserved quantities for the open asymmetric twin model for diagonal and non-diagonal right boundary. It will become clear later that the intricate asymptotic behavior of the asymmetric twin model [19] obliges us to invoke exchange relations involving solutions of the reflection equation in order to extract recognized conserved quantities. Finally in the last section we discuss the main results of the present work, and we also give some ideas for possible future directions.

2 The B type Hecke and blob algebras

It will be useful to first introduce a quotient of the cylinder braid group algebra called B type Hecke algebra B_N (q, δ_e, κ), defined by generators U_1, U_2, . . . , U_{N−1} and e, and relations:

U_iU_i = δU_i, U_iU_{i+1}U_i − U_i = U_{i+1}U_iU_{i+1} − U_{i+1}, � U_i, U_j � = 0, |i − j| ≠ 1 (2.1)

(so far we have the ordinary Hecke algebra H_N (q)) with −δ = q + q^{−1} , q = e^{iμ}

ee = δ_ee, U_1eU_1e − κU_1e = eU_1eU_1 − κeU_1, � U_i, e � = 0, i ≠ 1. (2.2)

We are free to renormalize e, changing only δ_e and κ (by the same factor). The quantities δ, δ_e, κ are expressed in terms of only two relevant parameters q and Q associated to the bulk and boundary parameters of the anticipated physical systems. It is convenient to parametrize δ_e and κ as:

δ_e = −Q − Q^{−1} , κ = qQ^{−1} + q^{−1} Q. (2.3) In fact such a parametrization is quite natural from the point of view of the cylinder braid group.

It is known [8] that any tensor space representation π : H_N (q) → End(V^{⊗N} ) gives a solution to the Yang–Baxter equation [1, 2, 3, 4]

R_{12}(λ_1 − λ_2)R_{13}(λ_1)R_{23}(λ_2) = R_{23}(λ_2)R_{13}(λ_1)R_{12}(λ_1 − λ_2), (2.4) written as

R_{12}(λ) = P_{12} � sinh μ(λ + i)I + sinh(μλ)π(U_1) � , (2.5) where P is the permutation operator on V ⊗ V. Suppose π extends to a representation of B_N . Then a solution of the reflection equation [5, 6]

R_{12}(λ_1 − λ_2) K_1(λ_1)R_{21}(λ_1 + λ_2) K_2(λ_2)

= K_2(λ_2)R_{12}(λ_1 + λ_2)K_1(λ_1)R_{21}(λ_1 − λ_2) (2.6) can be written with the help of (2.1), (2.2) (see also [14, 17]) as

K_1(λ) = x(λ)I + y(λ)π(e), (2.7) where

x(λ) = −δ_e cosh μ(2λ + i) − κ cosh(2μλ) − cosh(2iμζ), y(λ) = 2 sinh(2μλ) sinh(iμ), (2.8) here ζ is an arbitrary constant. By imposing further constraints on the B type Hecke algebra one obtains another quotient called boundary Temperley–Lieb (blob) algebra b_N (q, Q) – an extension of the Temperley–Lieb algebra T_N (q) – defined by (2.1), (2.2) and also U_iU_{i+1}U_i = U_i, U_1eU_1 = κU_1.

The expressions (2.5), (2.7) are apparently valid for any representation of the blob algebra as well. In what follows we shall briefly review two basic representations of the blob algebra, i.e. the XXZ and the asymmetric twin.

(I) The XXZ representation For any given N let the map R_q on the generators of T_N (q) into End(V^{⊗N} ) be given by R_q(U_l) = I ⊗ I ⊗ · · · ⊗ U(q) ⊗ · · · ⊗ I ⊗ I, (2.9) where

U(q) = � � � 0 0 0 0 0 −q 1 0 0 1 −q^{−1} 0 0 0 0 0

� � �

(acting non-trivially on V_l ⊗ V_{l+1}). This is the usual XXZ representation of the Temperley– Lieb algebra. This may be extended to a representation of b_N (q, Q) by also introducing the matrix [20]

M = − δ_e Q + Q^{−1} � −Q^{−1} 1 1 −Q � ⊗ · · · ⊗ I ⊗ I

acting non trivially on V_1. There exists a representation R_q : b_N (q, Q) → End(V^{⊗N} ) provided by (2.9) and R_q(e) = M [20]. For this we have:

δ_e = −

Q + Q^{−1} 2i sinh(iμ)

, κ = qQ^{−1} + q^{−1} Q 2i sinh(iμ) . (II) The asymmetric twin representation

By combining two XXZ representations with different quantum parameters one may construct a novel representation known as asymmetric twin representation [18, 17, 19]. Indeed set

r = i � iq, r̂ = � iq, so that rr̂ = −q (i = √ −1). The representation Θ : T_N (q) → End(V^{⊗2N} ) (introduced in [18]) is constructed by combining parts of the representations R_r of T_{2N} (r) and R_{r̂} of T_{2N} (r̂) as follows:

Θ(U_l) = R_r(U_{N−l} )R_{r̂}(U_{N+l}).

A striking feature of this is that extends to a representation of b_N in a variety of ways [17, 19]:

Fixing q, define matrices in End(V^{⊗2N} ) as follows:

M^i(Q) = − δ_e Q + Q^{−1}

I ⊗ I ⊗ · · · ⊗ � � � � 0 0 0 0 0 −Q 1 0 0 1 −Q^{−1} 0 0 0 0 0

� � � � ⊗ · · · ⊗ I ⊗ I, (2.10)

where the 4 × 4 matrix acts on V_N ⊗ V_{N+1} and Q is some scalar;

M^{ii}(Q) = − δ_e Q + Q^{−1}

I ⊗ I ⊗ · · · ⊗ � � � −Q 0 0 1 0 0 0 0 0 0 0 0 1 0 0 −Q^{−1}

� � � ⊗ · · · ⊗ I ⊗ I, (2.11)

M^+(Q) = M^i(Q) + M^{ii}(Q), (2.12)

M^{iii}(Q_1, Q_2) = δ_e (Q_1 + Q^{−1}_1 )(Q_2 + Q^{−1}_2 )

I ⊗ · · · ⊗ � −Q_1 1 1 −Q^{−1}_1 �

⊗ � −Q^{−1}_2 1 1 −Q_2 � ⊗ · · · ⊗ I, (2.13)

where the 2 × 2 matrices act separately on V_N , V_{N+1} respectively; and

M^{iii}(Q) = M^{iii}(i � iQ, � iQ).

For each I ∈ {i, ii, +, iii} there is a representation Θ^I : b_N → End(V^{⊗2N} ) given by Θ^I (U_i) = Θ(U_i), Θ^I (e) = M^I (Q), provided

δ_e = −

Q + Q^{−1} 2i sinh(iμ)

, κ^i = q^{−1} Q + qQ^{−1} 2i sinh(iμ)

, κ^{ii} = iQ − iQ^{−1} 2i sinh(iμ) , κ^+ = κ^i + κ^{ii} κ^{iii} = q^{−1} Q + qQ^{−1} + 2 2i sinh(iμ)

. (2.14)

Notice that the algebraic parameter Q and the parameter Q of the representation do not necessarily coincide. For the XXZ case and the representation (ii) they do, up to appropriate normalization, but in general the one parameter may be expressed in terms of the other by simply comparing (2.3), (2.14).

Let us finally note that in [19] a novel class of representations of the (boundary) Temperley– Lieb algebra, called crossing representation, was introduced. In fact it was shown that both the XXZ and the asymmetric twin representation belong to this class. For a more detailed analysis of this type of representations we refer the reader to [19].

3 The open spin chain

Our objective is to examine the symmetry of the transfer matrix of the asymmetric twin model. To achieve that we need to introduce the R and K matrices associated to the asymmetric twin representation of T_N (q), and then build the corresponding open transfer matrix [6]. We shall also examine the open XXZ chain, mainly to familiarize ourselves with the approach, therefore we shall also recall the XXZ R and K matrices.

(I) The XXZ representation

Let us first briefly recall the form of the R and K matrices for the XXZ representation. The XXZ R matrix, acting on C^2 ⊗ C^2 is given by

R_{l l+1}(λ) = sinh μ(λ + i)P_{l l+1} + sinh(μλ)P_{l l+1}R_q(U_l),

where P is the permutation operator acting on (C^2)^{⊗2} , and R_q is the XXZ representation of the Temperley–Lieb algebra given by (2.9). The XXZ K matrix is given in a 2 × 2 form as

K_1(λ) = x(λ)I + y(λ)M. (3.1)

The latter matrix coincides with the solution found in [21, 22] subject to certain identifications among the various boundary parameters (for more details see [13]).

(II) The asymmetric twin representation

To derive the R and K matrices of the twin representation it is convenient to introduce the following relabelling (see also [19]),

N − l + 1 → l^− , N + l → l^+, (3.2)

then we can write

Θ(U_l) = U_l−_{(l+1)}− (r^{−1} )U_l+_{(l+1)}+ (r̂),

acting on V_{l̃} ⊗ V_{~l+1}, where the index l̃ = (l^− , l^+) in the space/mirror space notation [19]. The 16 × 16 explicit expression of Θ(U_l) is given in the Appendix A. The asymmetric twin R matrix is given by the following expression [17, 19] (the tilted indices are suppressed from R, K from now on for the sake of simplicity)

R_{l l+1}(λ) = sinh μ(λ + i)P_{l l+1} + sinh(μλ)P_{l l+1}Θ(U_l), where now the permutation operator P acts on (C^4)^{⊗2} . The asymmetric twin K matrix can be written in 4 × 4 form with the help of the representations (i), (ii), (iii) as

K^I_1 (λ) = x(λ)I + y(λ)M^I (Q), (3.3)

x(λ), y(λ) are given by (2.8), and M^I given by (2.10)–(2.13) (for explicit 4 × 4 expressions see [19]).

The transfer matrix

Given any R(λ) ∈ End(V ⊗ V) one may define the more general object L(λ) ∈ End(V) ⊗ A where A is the algebra associated to the R matrix and defined by the following fundamental relation

R_{12}(λ_1 − λ_2)L_1(λ_1)L_2(λ_2) = L_2(λ_2)L_1(λ_1)R_{12}(λ_1 − λ_2). (3.4)

It is clear that when the second space, which is a copy of A, is mapped to V then L(λ) → R(λ). Note that for the XXZ case the L matrix is known and A = U_q(^sl_2) , whereas for the asymmetric twin model a generic L matrix is not available for the moment. Hence whenever we discuss about the asymmetric twin case we restrict ourselves to the R matrix only.

In general given any L and K matrices one can derive the algebraic open transfer matrix, which provides the conserved quantities of the model. Define first the monodromy matrix T (λ), (T̂ (λ) = T^{−1} (−λ)) [23]

T_0(λ) = L_{0N} (λ) · · · L_{02}(λ)L_{01}(λ), T̂_0(λ) = L̂_{01}(λ)L̂_{02}(λ) · · ·L̂_{0N} (λ),

where L̂(λ) = L^{−1} (−λ). The monodromy matrix satisfies fundamental algebraic relation (3.4) as well. The transfer matrix of the open chain [6] is defined as

t(λ) = tr_0 � M_0 K^{(L)}_0 (λ)T_0(λ) � , T_0(λ) = T_0(λ)K^{(R)}_0 (λ)T̂_0(λ). (3.5)

Note that as customary the ‘quantum’ indices 1, . . . , N are suppressed from T , T̂ and T . Recall that for the moment the quantum spaces are not represented, but they are simply copies of the algebra A, hence the transfer matrix at this stage is a purely algebraic object t(λ) ∈ A^{⊗N} . The operator T is also a solution of the reflection equation, K^{(L)} is associated to the left boundary of the spin chain, and in what follows it will be unit, and K^{(R)} denotes the right boundary of the chain. It will be either unit, or given by (3.1) for XXZ, and by (3.3) for the asymmetric twin model. The matrix M is given by

XXZ: M = diag (q, q^{−1} ), Twin: M = diag (i, q^{−1} , q, −i), (3.6)

where recall q = −rr̂.

As mentioned our main aim is to study the symmetry of the twin transfer matrix. Usually this is carried out by investigating the asymptotics of T as λ → ∞ (see e.g. [24, 25, 26]). However, as discussed in [19] the study of the asymptotics for the twin R matrix and consequently for T is a rather intricate task. Hence one can not easily obtain recognized conserved non-local charges with a simple coproduct structure, as is the case in e.g. the XXZ model. To circumvent this complication we adopt the approach developed in [13, 14], and will be reviewed in the Section 5. More precisely using the methodology of [13, 14] we shall be able to identify familiar non-local charges, which however do not provide the full symmetry of the asymmetric twin model, as already pointed out in [19]. Nevertheless in the subsequent section we shall give a generic description of the symmetry algebra emerging in any lattice model with particular integrable boundaries.

4 The underlying algebra and the symmetry

As argued in [6] given any L, K matrices, solutions of the fundamental relation (3.4) and reflection equation (2.6) respectively, one may build the more general solution of (2.6)

K(λ^′ ∓ λ) = L(λ^′ ∓ λ)(K(λ^′) ⊗ I) L̂(λ^′ ± λ), (4.1)

where K is a c-number solution of the reflection equation. The entries of the matrix K are elements of the so called reflection algebra R (2.6) (see also [6]).

One may easily show that all the elements of the reflection algebra ‘commute’ with the solutions of the reflection equation (see also [12]). Indeed recalling (2.6) and the above expressions (4.1) it is straightforward to show that

K_{ab}(λ^′ − λ) K(λ) = K(λ) K_{ab}(λ^′ + λ), (4.2)

which implies that any solution of the reflection equation commutes with the elements of the reflection algebra and the opposite.

The reflection algebra is also endowed with a coproduct. More precisely, the L matrix is equipped with a coproduct derived from the Yang–Baxter equation Δ : A → A ⊗ A, where recall A is the algebra defined by (3.4) (see also [8])

Δ(L_{ab}) = � c L_{cb} ⊗ L_{ac}, L̂_{ab} = � c L̂_{ac} ⊗ L̂_{cb}. (4.3)

L_{ab} are the entries of the L matrix. It is also convenient to introduce Δ^′ = σ ∘ Δ where σ : a ⊗ b → b ⊗ a. The n coproduct is obtained by iteration: Δ^{(n)} = (id ⊗ Δ^{(n−1)} )Δ, Δ^{′(n)} = (id ⊗ Δ^{(n−1)} )Δ^′.

Taking into account (4.3) we conclude that the reflection algebra is also endowed with a coproduct, Δ : R → R ⊗ A (see also [12])

Δ(K_{ab}(λ)) = n� k,l=1

K_{kl}(λ) ⊗ L_{ak}(λ)L̂_{lb}(λ).

In fact, the entries T_{ab} are simply N coproducts of the elements of the reflection algebra (2.6), i.e. T_{ab}(λ) = Δ^{(N)}(K_{ab}(λ)). It may be shown, bearing in mind the fact that T is also a solution of the (2.6), that (see also [13, 14])

Δ^{′(N+1)}(K_{ab}(λ^′ − λ)) T (λ) = T (λ)Δ^{′(N+1)}(K_{ab}(λ^′ + λ)). (4.4)

The generic solution (4.1) allows the asymptotic expansion as λ^′ → ±∞ providing the reflection algebra generators. The first order of such expansion yields the generators of the boundary quantum algebra B, which obey exchange relations dictated by the defining relations (2.6) as λ^′ → ∞. More precisely, as λ^′ → ±∞ R(λ^′) ∝ R^± , K(λ^′) → K^± and K → K^± , where R^± , K^± , K^± have no spectral dependance anymore,

R^{±(∓)}_{12} K^±_1 R̂^±_{12}K^±_2 = K^±_2 R^±_{12}K^±_1 R̂^{±(∓)}_{12} (4.5)

and the entries K^±_{ab} form the boundary quantum algebra B. The later formula (4.5) is in fact an immediate consequence of the quadratic relation of the B type Hecke algebraic (cylinder braid group) (2.2) (for further comments on this point see also [14]).

Let us stress once more that depending on the choice of the R matrix one obtains distinct (boundary) quantum algebras. Moreover, the explicit form of the boundary quantum algebra generators depends on the choice of R matrix as well as the choice of K matrix. For instance for the XXZ case with K = I the corresponding boundary quantum algebra coincides with U_q(sl_2) [28], whereas if K is given by (3.1) the boundary quantum algebra consists of only one element (abelian), which may be expressed in terms of the U_q(sl_2) generators (see later in the text in Section 5, and also in [13]). On the other hand, for models associated to higher rank algebras for trivial boundary conditions the symmetry of the transfer matrix coincides with U_q(gl_n) (K^{(L,R)} = I) or U_q(gl_l) ⊗ U_q(gl_{n−l} ) (K^{(L)} = I, K^{(R)} = diag) [26]. For a particular non diagonal right boundary on the other hand the boundary non-local charges form a non-Abelian boundary quantum algebra identified in [14]. Exploiting (4.4) for λ^′ → ±∞, i.e. � b,c R^±_{ab}R̂^±_{cd} ⊗ T^±_{bc} T (λ) = T (λ) � b,c R^±_{ab}R̂^±_{cd} ⊗ T^±_{bc} (4.6)

one could show that the ‘boundary non local charges’ T^±_{ab} = Δ^{(N)}(K^±_{ab}) commute with the asymmetric twin transfer matrix [13, 14]. We do not attempt this rather technical proof here, although it is a routine exercise based on (4.6) and the explicit expression of the R^± matrices (see e.g. [13, 14] for the XXZ and U_q(gl_n) cases).

• Symmetry: Instead we shall show that the boundary quantum algebra B is a symmetry for any open transfer matrix with trivial left boundary following a different approach (see also [26]). Consider any open transfer matrix (3.5) with trivial left boundary K^{(L)} = I, K^{(R)}(λ) ∈ End(C^n) is any solution of the reflection equation of the type (2.7), and R(λ) ∈ End(C^n ⊗C^n) is a solution of the Yang–Baxter equation (2.5). Assume also that the R matrix satisfies the following:

R_{12}(λ)R_{21}(−λ) ∝ I, M^{−1}_1 R^{t1}_{12}(λ)M_1R^{t1}_{21}(−λ − 2iρ) ∝ I, (4.7)

ρ is a constant and for both XXZ and the asymmetric twin representations is unit (for the U_q(gl_n) case ρ =^n_2 ). Suppose also that the matrix M satisfies:

M = M^t, � M_1M_2, R_{12}(λ) � = 0, (4.8)

and for the XXZ and asymmetric twin models is given by (3.6). We also introduce the following quantity, which structurally resembles the open transfer matrix [26], i.e.

τ^± = tr_0 � P_0T^±_0 � , T^± ∝ T (λ → ±∞),

with P being a priori an arbitrary n × n matrix. Using (4.7), (4.8) and the fact that T satisfies the reflection equation (2.6), in particular we employ (2.6) for λ_1 → ±∞, we may show following the steps of the proof of integrability in [6] (for more details see e.g. [26]) that � τ^± , t(λ) � = 0.

By choosing the matrix P appropriately, i.e. P = E_{ab} where we define (E_{ab})_{cd} = δ_{ac}δ_{bd}, it is clear that

τ^± = T^±_{ab} ⇒ � T^±_{ab} , t(λ) � = 0, (4.9)

and this concludes our proof.

Consider now a non trivial left boundary K^{(L)} ≠ I. The proof of the corresponding symmetry goes along the lines described above although it is technically more involved and it will be reported elsewhere. The intricate point in this case is that one has to impose a series of requirements satisfied by R, K^{(L,R)} and P matrices. In any case the corresponding conserved quantities are linear combinations of T^±_{ab} , hence the remaining symmetry is a consistent subset of the boundary quantum algebra B.

• Centralizer: We shall now restrict our attention to the case where both quantum and auxiliary spaces correspond to V, thus L → R and the open transfer matrix is not an algebraic object any more as in (3.5), but is mapped to End(V^{⊗N} ),

t(λ) = tr_0 � M_0 K^{(L)}_0 (λ)T_0(λ) � , T_0(λ) = R_{0N} (λ) · · · R_{01}(λ)K^{(R)}_0 (λ)R̂_{01}(λ) · · ·R̂_{0N} (λ). (4.10)

Due to the fact that the R matrix reduces to the permutation operator P for λ = 0, a local Hamiltonian may be deduced from (4.10) (H ∝^{dt(λ)}_{dλ} |_{λ=0} ), which can be expressed in terms of representations of the B-type Hecke algebra (for more details see e.g. [14, 19]).

The boundary quantum algebra is also represented, and we shall show that apart from providing a symmetry of the open transfer matrix (4.10) with trivial left boundary, is also the centralizer of the B type Hecke algebra. Indeed consider solutions of the Yang–Baxter and reflection equations expressed as in (2.5), (2.7). Set Ř = PR, also consider the parametrization (2.3), also recall that π : B_N → End(V^{⊗N} ) then from (2.5), (2.7) as λ → ±∞ it follows that

Ř_{i i+1}(λ → ±∞) ∝ Ř^±_{i i+1} = π(U_i) + q^{±1} , K_1(λ → ±∞) ∝ K^±_1 = π(e) + Q^{±1} . (4.11)

From the Yang–Baxter equation (2.4) for λ_{1,2} → ±∞ one obtains

Ř^±_{i i+1}R^±_{0 i+1} R^±_{0i} = R^±_{0 i+1} R^±_{0i}Ř^±_{i i+1}, Ř^±_{i i+1}R̂^±_{0i}R̂^±_{0 i+1} = R̂^±_{0i}R̂^±_{0 i+1}Ř^±_{i i+1}. (4.12)

Finally recalling the structure of T (4.10), and using relations (4.11), (4.12) and the reflection equation we obtain � π(U_i), T^±_{ab} � = 0, � π(e), T^±_{ab} � = 0, i ∈ {1, . . . , N − 1}, (4.13)

where now apparently T^±_{ab} ∈ End(V^{⊗N} ). The latter commutation relations imply the duality between the boundary quantum algebra and the B type Hecke algebra (for a relevant discussion see also [27]). When dealing with representations of the blob algebra such as the XXZ and the asymmetric twin, the boundary quantum algebra becomes evidently the centralizer of the blob algebra [13].

5 Familiar conserved quantities

The presentation of the previous section relies primarily on abstract algebraic considerations, and as such it does not offer explicit expressions of the algebra generators, and consequently of conserved quantities that determine the symmetry of the open spin chain. Usually the study of the symmetry of an open transfer matrix (see e.g. [24, 25, 26, 28]) rests on the fact that the monodromy matrix T reduces to upper (lower) triangular matrix as λ → ±∞, which facilitates enormously the algebraic manipulations. There exist however cases such as the asymmetric twin model, where the monodromy matrix does not reduce to such a convenient form as λ → ±∞. In these cases the most effective way to investigate the corresponding symmetry is to derive in some way (e.g. by direct computation) linear intertwining relations of the type (4.2) and (4.4), by means of which exchange relations between the entries of T and the corresponding nonlocal charges can be deduced. This is carried out in what follows, where we provide explicit expressions of conserved quantities associated to familiar quantum algebras.

Before we proceed with the derivation of recognized conserved quantities for the asymmetric twin model it is useful to recall basic definitions regarding the quantum algebra U_q(sl_2). Let

E, F and H be the generators of the quantum algebra U_q(sl_2) [8, 9], satisfying the defining relations, � E, F � = H^2 − H^{−2} q − q^{−1}

, HE = q EH, H F = q^{−1} FH.

There is a coproduct Δ: U_q(sl_2) → U_q(sl_2) ⊗ U_q(sl_2) given by

Δ(χ) = H^{−1} ⊗ χ + χ ⊗ H, χ ∈ {E, F}, Δ(H^{±1} ) = H^{±1} ⊗ H^{±1} .

The n coproducts are obtained by iteration as defined in the previous section.

Henceforth we shall focus on the case where both spaces quantum and auxiliary are associated to V, we shall deal basically with the transfer matrix (4.10). Let us make a general statement, which shall be used for both the XXZ and the asymmetric twin models. Consider a generic R matrix, solution of the Yang–Baxter equation, satisfying the following intertwining relations with a representation h : U_q(sl_2) → End(V)

h^{⊗2} (Δ^′(x))R_{12}(λ) = R_{12}(λ)h^{⊗2} (Δ(x)), x ∈ {E, F, H}. (5.1)

Then one can show in a straightforward fashion that generalized intertwining relations hold also for the operator T (4.10) for K^{(L,R)} = I (see also [13, 14] for a detailed proof)

(h ⊗ h^{⊗N} )Δ^{′(N+1)}(x)T (λ) = T (λ)(h ⊗ h^{⊗N} )Δ^{′(N+1)}(x). (5.2)

The latter relations are exactly of the type (4.4) with no spectral parameter, i.e. for λ^′ → ±∞. Although similar relations hold for the generators of the affine U_q(^sl_2) algebra, here we restrict our attention to the non affine case U_q(sl_2). The reason for such a restriction is the fact that the asymmetric twin R matrix, which is our main concern, does not satisfy any obvious intertwining relations with the elements of U_q(^sl_2). As a consequence no generalized intertwining relations can be derived, and that is why we remain focused on the non-affine case.

It will be useful for the remaining part to present the operator T (4.10) in a matrix form for both the XXZ and the asymmetric twin representations respectively

T (λ) = � A B C D � and t(λ) = qA + q^{−1} D, (5.3)

T (λ) = � � � A B_1 B_2 B C_1 A_1 B_5 B_3 C_2 C_5 A_2 B_4 C C_3 C_4 D

� � � and t(λ) = iA + q^{−1} A^1 + qA^2 − iD. (5.4)

5.1 The XXZ open transfer matrix (K^{(L,R)} = I)

Let us first consider, mostly as a warm up exercise, the XXZ representation. The case with trivial boundaries (K^{(L,R)} = I) will be considered here. The symmetry of this model has been already studied in [28] extending the results of [29], however here we rederive the result using the method described in [13].

Consider the representation ρ : U_q(sl_2) → End(C^2) defined by

ρ(H) = q^{12 σ z} , ρ(E) = σ^+, ρ(F) = σ^− ,

where the parameter q = e^{iμ} coincides with the parameter of the Temperley–Lieb algebra. It is convenient to introduce some notations. Let

E^{(N)} = ρ^{⊗N} (Δ^{(N)}(E)), F^{(N)} = ρ^{⊗N} (Δ^{(N)}(F)), H^{(N)} = ρ^{⊗N} (Δ^{(N)}(H)). (5.5)

It is clear that E^{(N)}, F^{(N)}, H^{(N)} form a tensor representation of U_q(sl_2) acting on (C^2)^{⊗N} .

One can show that the T_N (q) generators in the XXZ representation (2.9) commute with the action of the quantum group (5.5) (see also [19, 29]) � E^{(N)}, R_q(U_l) � = � F^{(N)}, R_q(U_l) � = � H^{(N)}, R_q(U_l) � = 0, l ∈ {1, . . . , N − 1}. (5.6)

The commutation relations (5.6) were exploited in [29] for proving that the Hamiltonian of the open XXZ spin chain, with trivial boundaries K^{(L,R)} = I, is U_q(sl_2) invariant.

The XXZ R matrix [30] satisfies linear intertwining relations (5.1) with the representation ρ : U_q(sl_2) → End(C^2), and as a consequence the operator T for the XXZ model, with K^{(L,R)} = I, satisfies (5.2). From the generalized relations (5.2) and the form of the T matrix for the XXZ model (5.3) algebraic Bethe ansatz type relations are entailed [13] (see Appendix B for explicit expressions (B.1)–(B.3)). With the help of relations (B.1)–(B.3) it is possible to study the symmetry of the open transfer matrix. Indeed recall (5.3) then by virtue of the aforementioned relations it can be easily shown that � E^{(N)}, t(λ) � = � F^{(N)}, t(λ) � = � H^{(N)}, t(λ) � = 0. (5.7)

The commutation relations between the transfer matrix and the representations of the U_q(sl_2) generators (5.7) imply that the full transfer matrix enjoys U_q(sl_2) symmetry as already proved in [28]. Note that for the finite XXZ chain with periodic (or twisted) boundary condition no symmetry has been identified for generic values of q. However in the case where q is root of unity it was shown in [31] that the periodic XXZ chain enjoys the sl_2 loop symmetry. The symmetry of the transfer matrix for K^{(R)} non-diagonal given by (3.1) was studied in [13, 14], where it was shown that the transfer matrix of the XXZ chain with non-diagonal right boundary commutes with the generator of the boundary quantum algebra B(U_q(sl_2)) [10, 12, 13].

Let us mention that for the XXZ case the associated L matrix is known, and it satisfies intertwining relations of the type (5.1) (see e.g. [30])

(ρ ⊗ id)Δ^′(x)L_{12}(λ) = L_{12}(λ)(ρ ⊗ id)Δ(x) ⇒

(ρ ⊗ id^{⊗N} )Δ^{′(N+1)}(x)T (λ) = T (λ) (ρ ⊗ id^{⊗N} )Δ^{′(N+1)}(x), x ∈ {E, F, H}.

Hence one can show the symmetry of the algebraic transfer matrix (3.5). In fact commutation relations (5.7) hold for the algebraic transfer matrix (3.5), but now E^{(N)}, F^{(N)}, H^{(N)} are not represented, namely

E^{(N)} = Δ^{(N)}(E), F^{(N)} = Δ^{(N)}(F), H^{(N)} = Δ^{(N)}(H).

5.2 The asymmetric twin open transfer matrix, K^{(L,R)} = I

We come now to our main objective, which is the derivation of conserved quantities, associated to familiar quantum algebras, for the asymmetric twin transfer matrix. Unfortunately an L matrix associated to the asymmetric twin R matrix is not available at this stage, hence we are compelled to restrict ourselves to the symmetry of the represented transfer matrix (4.10). We shall first examine the case where both boundaries are trivial, i.e. K^{(L, R)} = I.

• The U_q(sl_2), U_i(sl_2) symmetries: We introduce representations of U_i(sl_2), U_q(sl_2) respectively (recall, q = e^{iμ} is a the parameter of the blob algebra and i = √ −1 fixed):

σ_1 : U_i(sl_2) → End(C^2 ⊗ C^2) and σ_2 : U_q(sl_2) → End(C^2 ⊗ C^2)

such that

σ_1(H) = i^{12 (e11−e 44)}, σ_1(E) = e_{14}, σ_1(F) = e_{41}, σ_2(H) = q^{− 12 (e22−e 33)}, σ_2(E) = e_{32}, σ_2(F) = e_{23}, (5.8)

where (e_{ij} )_{kl} = δ_{ik}δ_{jl}. Let also

E^{(N)}_j = σ^{⊗N}_j (Δ^{(N)}(E)), F^{(N)}_j = σ^{⊗N}_j (Δ^{(N)}(F)),

H^{(N)}_j = σ^{⊗n}_j (Δ^{(N)}(H)), j ∈ {1, 2}.

It was shown in [19] that � E^{(N)}_j , Θ(U_l) � = � F^{(N)}_j , Θ(U_l) � = � H^{(N)}_j , Θ(U_l) � = 0, l ∈ {1, . . . , N − 1}. (5.9)

E^{(N)}_1 , F^{(N)}_1 , H^{(N)}_1 provide a tensor representations of U_i(sl_2) acting on (C^4)^{⊗N} , while E^{(N)}_2 , F^{(N)}_2 , H^{(N)}_2 form a representation of U_q(sl_2) acting on (C^4)^{⊗N} . The commutation relations (5.9) were exploited in [19] to show that the Hamiltonian of the model with K^{(L,R)} = I is U_q(sl_2) ⊗ U_i(sl_2) symmetric.

We shall now show that the full transfer matrix (4.10) enjoys also the U_q(sl_2) ⊗ U_i(sl_2) symmetry for K^{(L,R)} = I. To achieve that we use the generalized intertwining relations between the operator T and the co-products of the quantum algebras U_q(sl_2), U_i(sl_2). As shown in [19] the asymmetric twin R matrix satisfies intertwining relations for both σ_1 and σ_2, and consequently generalized ‘commutation’ relations are valid for the operator T of the asymmetric twin model (4.10). By exploiting these relations (5.2) for σ_j, and recalling the form of T (5.4) for the asymmetric twin model exchange relations involving the entries of the T operator (5.4) are obtained. In Appendix B we report only the necessary ones for the study of the transfer matrix symmetry, although they are already quite involved. It is then easy to show using (B.4), (B.5) and (5.4) that � t(λ), E^{(N)}_j � = � t(λ), F^{(N)}_j � = � t(λ), H^{(N)}_j � = 0,

which proves that the transfer matrix for K^{(L,R)} = I is indeed U_q(sl_2) ⊗ U_i(sl_2) symmetric.

• The U_r(sl_2), U_{r̂}(sl_2) symmetries: As discussed in [19] in addition to the U_q(sl_2), U_i(sl_2) symmetry the open twin Hamiltonian also enjoys the U_r(sl_2)⊗U_{r̂}(sl_2) symmetry. We shall show that the full transfer matric enjoys these symmetries as well. In particular, the following actions of U_{r̂}(sl_2), U_r(sl_2) on C^4 were introduced, i.e.

ρ_1(H) = I ⊗ r̂^{12 σ z} , ρ_1(E) = I ⊗ σ^+, ρ_1(F) = I ⊗ σ^− ,

ρ_2(H) = r^{− 12 σ z} ⊗ I, ρ_2(F) = σ^+ ⊗ I, ρ_2(E) = σ^− ⊗ I.

Setting

Ẽ^{(N)}_j = ρ^{⊗N}_j (Δ^{(N)}(E)), F̃^{(N)}_j = ρ^{⊗N}_j (Δ^{(N)}(F)),

H̃^{(N)}_j = ρ^{⊗N}_j (Δ^{(N)}(H)), j ∈ {1, 2}

it was shown in [19] that �~ E^{(N)}_j , Θ(U_l) � = �~ F^{(N)}_j , Θ(U_l) � = �~ H^{(N)}_j , Θ(U_l) � = 0, l ∈ {1, . . . , N − 1}.

As in the U_q(sl_2), U_i(sl_2) cases generalized intertwining relations between T (4.10) and the representations ρ_j introduced above are valid. Exploiting such relations we may immediately obtain exchange relations given in Appendix B (B.6), (B.7). In a straightforward manner, with the use of (B.6), (B.7) and (5.4) it may be shown that � t(λ), Ẽ^{(N)}_j � = � t(λ), F̃^{(N)}_j � = � t(λ), H̃^{(N)}_j � = 0 which proves that the transfer matrix is also U_r(sl_2) ⊗ U_{r̂}(sl_2) symmetric.

It is finally worth noting that the maps σ_i can be in fact expressed in terms of the representations ρ_i in the following manner

σ_1(E) = ρ_1(E)ρ_2(F), σ_1(F) = ρ_1(F)ρ_2(E), σ_1(H)σ_2(H) = (−1)^{12} ρ_1(H)ρ_2(H), σ_2(E) = ρ_1(E)ρ_2(E), σ_2(F) = ρ_1(F)ρ_2(F).

We have been able to show, for the moment, that the asymmetric twin open transfer matrix (4.10) with trivial boundary conditions is U_q(sl_2) ⊗ U_i(sl_2) (U_r(sl_2) ⊗ U_{r̂}(sl_2)) symmetric. Whether there exist further recognized symmetries associated to the twin spin chain with trivial boundaries is still a question under investigation. It should be stressed however that up to date we have not been able to identify further charges, associated to some familiar quantum algebra, commuting with the open asymmetric twin transfer matrix (4.10).

5.3 Non-trivial boundary conditions, K^{(R)} ≠ I It is also desirable to investigate the transfer matrix symmetry when a non-trivial right boundary (3.3), emerging from the representations Θ^I (2.10)–(2.13), is implemented. The left boundary is kept trivial i.e. K^{(L)} = I. Inspired basically by the symmetry of the open XXZ spin chain with non-diagonal right boundary [10, 12, 13] we consider the combination of generators of the quantum algebra U_q(sl_2), q ∈ {q, i, r, r̂}

Q_q = q^{− 12} H E + q^{12} H F + x_qH^2 − x_qI

the constants x_q will be identified later on in this section. The charge Q_q is equipped with a co-product structure, i.e.,

Δ(Q_q) = I ⊗ Q_q + Q_q ⊗ H^2.

As in the case of trivial boundary conditions we shall state the following general argument. Consider a solution of the Yang–Baxter equation satisfying (5.1), and a K^{(R)} matrix, solution of the reflection equation, satisfying

h(Q_q) K^{(R)}(λ) = K^{(R)}(λ) h(Q_q). (5.10)

Then using (5.1) and (5.10) one can show in a straightforward fashion that generalized intertwining relations hold also for the corresponding T (4.10) (see also [13, 14] for a detailed proof)

(h ⊗ h^{⊗N} )Δ^{′(N+1)}(Q_q) T (λ) = T (λ) (h ⊗ h^{⊗N} )Δ^{′(N+1)}(Q_q). (5.11)

Again the latter relations are of the type (4.4) for λ^′ → ±∞

We could have considered the combination of the quantum algebra U_q(^sl_2) generators [13, 19] and then exploit intertwining relations between the co-products of the U_q(^sl_2) generators and the operator T , but as already discussed the twin R matrix does not satisfy any obvious intertwining relations with the elements of U_q(^sl_2), therefore we focus on the non affine case. In what follows we shall treat separately each one of the boundaries associated to Θ^I .

Type (i) It was shown in [19] for the solution type (i) (3.3), that

σ_1(x)K^{(R)}(λ) = K^{(R)}(λ)σ_1(x), x ∈ U_i(sl_2), σ_2(Q_q) K^{(R)}(λ) = K^{(R)}(λ) σ_2(Q_q), (5.12)

provided that

x_q =

Q − Q^{−1} q − q^{−1}

, (5.13) σ_j are given by (5.8). The first of the equations (5.12) implies that the presence of the non-trivial

boundary (i) does not break the U_i(sl_2) symmetry, namely � t(λ), E^{(N)}_1 � = � t(λ), F^{(N)}_1 � = � t(λ), K^{(N)}_1 � = 0. (5.14)

Using the second equation in (5.12) it is clear that intertwining relations (5.11) hold for h → σ_2.

Setting also

Q^{(N)}_q = σ^{⊗N}_2 (Δ^{(N)}(Q_q)) (5.15)

we obtain via (5.11) for σ_2 and (5.4) the following exchange relations � Q^{(N)}_q , A � = � Q^{(N)}_q , D � = 0, � Q^{(N)}_q , A_1 � = q(B_5 − C_5), � Q^{(N)}_q , A_2 � = −q^{−1} (B_5 − C_5). (5.16)

Using the latter relations and the form of the transfer matrix (5.4) we can show that � t(λ), Q^{(N)}_q � = 0. (5.17)

The boundary associated to solution (i) preserves the U_i(sl_2) symmetry (5.14), and also preserves

part of U_q(sl_2), that is the charge Q^{(N)}_q (5.17).

Type (ii) For the solution type (ii) (3.3) one has that [19]

σ_2(x)K^{(R)}(λ) = K^{(R)}(λ)σ_2(x), x ∈ U_q(sl_2),

σ_1(Q_i)K^{(R)}(λ) = K^{(R)}(λ)σ_1(Q_i), (5.18)

provided that

x_i = −

Q − Q^{−1} 2i . (5.19)

The first of the equations (5.18) implies that the presence of the non-trivial boundary (ii) does

not break the U_q(sl_2) symmetry, i.e. � t(λ), E^{(N)}_2 � = � t(λ), F^{(N)}_2 � = � t(λ), H^{(N)}_2 � = 0. (5.20)

It can be shown using the second equation in (5.18) that generalized intertwining relations (5.11)

are valid for h → σ_1. Recalling (5.15) and setting

Q^{(N)}_i = σ^{⊗N}_1 (Δ^{(N)}(Q_i)) (5.21)

we obtain the following exchange relations � Q^{(N)}_i , A_1 � = � Q^{(N)}_i , A_2 � = 0, � Q^{(N)}_i , A � = i^{−1} (B − C), � Q^{(N)}_i , D � = −i(B − C). (5.22)

From the latter relations and the form of the transfer matrix (5.4) we conclude that � t(λ), Q^{(N)}_i � = 0. (5.23)

The presence of boundary of type (ii) preserves the U_q(sl_2) symmetry (5.20), and also the

boundary charge Q^{(N)}_i commutes with the transfer matrix.

Type (+) It is clear from the form of the solution (+) (3.3), (2.12) and taking into account relations (5.11) for h → σ_1, σ_2 (which apparently also hold for M^i (2.10) and M^{ii} (2.11)), provided that relations (5.13), (5.19) hold simultaneously. Both sets of commutation relations (5.16), (5.22) are valid and therefore � t(λ), Q^{(N)}_i � = � t(λ), Q^{(N)}_q � = 0. (5.24)

The presence of solution type (+) breaks both U_q(sl_2) and U_{q̃}(sl_2), and the remaining conserved quantities are the boundary non-local charges Q^{(N)}_q , Q^{(N)}_i .

Type (iii) Finally, for the solution type (iii) (3.3) the following commutation relations are valid [19]

ρ_1(Q_{r̂})K^{(R)}(λ) = K^{(R)}(λ)ρ_1(Q_{r̂}),

ρ_2(Q_r) K^{(R)}(λ) = K^{(R)}(λ)ρ_2(Q_r)

provided that the constants x_r, x_{r̂} are given by

x_r = i √ iQ + � −iQ^{−1} r − r^{−1}

, x_{r̂} = √ iQ − � −iQ^{−1} r̂ − r̂^{−1} . Again we can show that (5.11) are valid for both ρ_1, ρ_2. Setting

Q^{(N)}_{r̂} = ρ^{⊗N}_1 (Δ^N (Q_{r̂})), Q^{(N)}_r = ρ^{⊗N}_2 (Δ^N (Q_r)) (5.25)

and with the help of (5.11) for h → ρ_1, ρ_2 and (5.4) we obtain exchange relations of the type:

r^{−1} � Q^{(N)}_r , A � = −r � Q^{(N)}_r , A_2 � = (C_2 − B_2),

r^{−1} � Q^{(N)}_r , A_1 � = −r � Q^{(N)}_r , D � = (C_3 − B_3),

−r̂^{−1} � Q^{(N)}_{r̂} , A � = r̂ � Q^{(N)}_{r̂} , A_1 � = (C_1 − B_1), −r̂ � Q^{(N)}_{r̂} , A_2 � = r̂^{−1} � Q^{(N)}_{r̂} , D � = (C_4 − B_4).

The latter relations lead to the following, � t(λ), Q^{(N)}_{r̂} � = � t(λ), Q^{(N)}_r � = 0. (5.26)

In this case both U_q(sl_2), U_{q̃}(sl_2) (U_r(sl_2), U_{r̂}(sl_2)) are broken, and the remaining conserved quantities are the charges Q^{(N)}_{r̂} , Q^{(N)}_r .

As in the case with trivial boundary conditions, discussed in the previous section, the crucial point raised is whether there exist further well known symmetries associated to the model under consideration. Up to date we have not succeed to identify further commuting quantities, associated to some familiar quantum algebra. A pertinent question is whether the highly involved boundary non-local charges T^±_{ab} introduced in Section 4 may be written in terms of the more familiar charges (5.15), (5.21), (5.25). Presumably some of the non-local charges T^±_{ab} may be expressed in terms of those but not all of them. It is worth emphasizing that all the conserved quantities found for both trivial and non trivial right boundary satisfy algebraic relations of the type (4.4), with no spectral dependance. Finally in the case of a non trivial left boundary one has to exploit exchange relations involving all the entries of the T matrix and then extract the appropriate combination of non-local charges commuting with transfer matrix.

6 Discussion

Let us now briefly review the main findings of the present article. The main objective of this work was the study of the symmetry of the open asymmetric twin chain. In this spirit we were able to show that the boundary quantum algebra provides a symmetry for any open transfer matrix with trivial boundary (4.9). It was also shown that the boundary quantum algebra is in addition the centralizer of the B type Hecke algebra (4.13). Furthermore we derived sets of convenient exchange relations for the asymmetric twin model with both trivial and non trivial boundaries emerging from the generalized intertwining relations (5.2), (5.11). By exploiting such relations we proved the commutation of the transfer matrix with certain non-local charges. More precisely, in the case of trivial boundaries the derived conserved charges consist tensor representations of U_q(sl_2) ⊗ U_i(sl_2) (U_r(sl_2) ⊗ U_{r̂}(sl_2)). When a non-trivial right boundary is implemented the symmetry of the transfer matrix as expected is reduced (5.14), (5.17), (5.20), (5.23), (5.24), (5.26). Depending on the choice of boundaries some of the symmetry is preserved, and the new conserved quantities are expressed as combinations of the generators of the aforementioned quantum algebras. Notice that we essentially extend the results of [19] in as much as the results of [29] are extended in [28]. As already pointed out the discovered ‘familiar’ symmetries do not seem to consist the full symmetry of the transfer matrix in [19]. The full symmetry (non- Abelian) of the model is presumably the boundary quantum algebra, but at this stage this is rather a conjecture, which needs to be further checked.

The relation between the boundary non-local charges and the spectrum and Bethe ansatz equations is also an intricate problem. Usually such relations emerge from the asymptotic behavior of the T matrix, which as already mentioned is not at all straightforward for the asymmetric twin model. More precisely, it is clear that the asymptotics of the transfer matrix may be expressed as (see also e.g. [26, 32])

t(λ → ±∞) ∝ 4� a=1 T^±_{aa},

hence the spectrum of T^±_{aa} will provide consequential information regarding the asymptotic behaviour of the spectrum of the asymmetric twin chain. The key point is to derive the explicit form of the objects T^±_{aa}, and express them, if possible, in terms of the familiar non-local charges of Sections 5.2, 5.3. For the moment there is no apparent link between the conserved quantities and the spectrum and this is the main obstacle in deriving the spectrum of the twin transfer matrix (see also [19]). However, in [19] the equivalence of the spectrum of the open twin and XXZ Hamiltonians was established, and consequently the form of the spectrum of the asymmetric twin chain was derived. It is worth pointing out that the diagonalization of the non-local charges is also a particularly challenging problem, and it has been already solved for the XXZ model for particular representations in [33, 34, 35, 36]. In fact the boundary non-local charges of Section 5.3 having exactly the same structure as the ones of the XXZ model may be diagonalized along the lines described in [33, 34, 35, 36]. Finally, an interesting point to pursue is the generalization of the asymmetric twin representation consisting of representations associated to higher rank algebras. We hope to report on these matters in a forthcoming work.

A Appendix

We present here Θ(U_1) as a 16 × 16 matrix acting not on V_2− ⊗ V_1− ⊗ V_1+ ⊗ V_2+ , but on (V_1− ⊗ V_1+ ) ⊗ (V_2− ⊗ V_2+ ) = V_{~1} ⊗ V_{~2}, according to the space/mirror space notation (see also (3.2))

Θ(U_1) =

� � � � � � � � � � � � � � � � � �

0 0 0 −i −r^{−1} −r̂ 1 0 0 −r^{−1} −q^{−1} 1 −r̂^{−1} 0 0 −r̂ 1 −q −r 0 0 1 −r̂^{−1} −r i 0 0 0

� � � � � � � � � � � � � � � � � �

⊗ · · · ⊗ I.

B Appendix

In this Appendix exchange relations arising from the generalized intertwining relations are re-

ported. First we present exchange relations involving the entries of T and representations of the

quantum algebra U_q(sl_2). Let [X, Y ]_q = XY − qY X, then � A, H^{(N)} � = 0, � D, H^{(N)} � = 0, � C, (H^{(N)})^{±1} � q^{∓1} = 0, � B, (H^{(N)})^{±1} � q^{±1} = 0, (B.1) � E^{(N)}, A � = −q^{− 12} (H^{(N)})^{−1} C, � E^{(N)}, D � = q^{12} C(H^{(N)})^{−1} , � E^{(N)}, C � q = 0, � E, B � q^{−1} = q

−^1_2 �A(H(N))−1 − (H (N))−1 D�, (B.2) � F^{(N)}, A � = q^{− 12} B(H^{(N)})^{−1} , � F^{(N)}, D � = −q^{12} (H^{(N)})^{−1} B, � F^{(N)}, B � q^{−1} = 0, � F^{(N)}, C � q = q^{12} � D(H^{(N)})^{−1} − (H^{(N)})^{−1} A � . (B.3)

Exchange relations between the entries of T and representations of the quantum algebras U_q(sl_2),

U_i(sl_2) are given below � H^{(N)}_j , A � = � H^{(N)}_j , D � = � H^{(N)}_j , A_i � = 0, i, j ∈ {1, 2}, � C, (H^{(N)}_1 )^{−1} � i = � B, (H^{(N)}_1 )^{−1} � i^{−1} = � C_5, (H^{(N)}_2 )^{−1} � q^{−1} = � B_5, (H^{(N)}_2 )^{−1} � q = 0, (B.4) � E^{(N)}_1 , A � = −i^{− 12} (H^{(N)}_1 )^{−1} C, � E^{(N)}_1 , D � = i^{12} C (H^{(N)}_1 )^{−1} , � E^{(N)}_1 , A_j � = 0, � F^{(N)}_1 , A � = i^{− 12} B(H^{(N)}_1 )^{−1} , � F^{(N)}_1 , D � = −i^{12} (H^{(N)}_1 )^{−1} B, � F^{(N)}_1 , A_j � = 0, � F^{(N)}_2 , A_1 � = −q^{12} (H^{(N)}_2 )^{−1} C_5, � F^{(N)}_2 , A_2 � = q^{− 12} C_5(H^{(N)}_1 )^{−1} , � F^{(N)}_2 , A � = 0, � F^{(N)}_2 , D � = 0, � E^{(N)}_2 , A_1 � = q^{12} B_5(H^{(N)}_2 )^{−1} , � E^{(N)}_2 , A_2 � = −q^{− 12} (H^{(N)}_2 )^{−1} B_5, � E^{(N)}_2 , A � = 0, � E^{(N)}_2 , D � = 0. (B.5)

Finally exchange relations involving the entries of T and representations of the quantum algebras

U_r(sl_2), U_{r̂}(sl_2) are presented below � B_1, (H̃^{(N)}_1 )^{−1} � r̂^{−1} = � B_4, (H̃^{(N)}_1 )^{−1} � r̂^{−1} = � C_1, (H̃^{(N)}_1 )^{−1} � r̂ = � C_4,~(H^{(N)}_1 )^{−1} � r̂ = 0, � B_2, (H̃^{(N)}_2 )^{−1} � r = � B_3, (H̃^{(N)}_2 )^{−1} � r = � C_2, (H̃^{(N)}_2 )^{−1} � r^{−1} = � C_3, (H̃^{(N)}_2 )^{−1} � r^{−1} = 0, (B.6) �~ E^{(N)}_1 , A � = −r̂^{− 12} (H̃^{(N)}_1 )^{−1} C_1, �~ E^{(N)}_1 , A_1 � = r̂^{12} C_1(H̃^{(N)}_1 )^{−1} , �~ E^{(N)}_1 , A_2 � = −r̂^{− 12} (H̃^{(N)}_1 )^{−1} C_4, �~ E^{(N)}_1 , D � = r̂^{12} C_4(H̃^{(N)}_1 )^{−1} , �~ F^{(N)}_1 , A � = r̂^{− 12} B_1(H̃^{(N)}_1 )^{−1} , �~ F^{(N)}_1 , A_1 � = −r̂^{12} (H̃^{(N)}_1 )^{−1} B_1, �~ F^{(N)}_1 , A_2 � = r̂^{− 12} B_4(H̃^{(N)}_1 )^{−1} , �~ F^{(N)}_1 , D � = r^{12} B_2(H̃^{(N)}_2 )^{−1} , �~ E^{(N)}_2 , A � = r^{12} B_2(H̃^{(N)}_1 )^{−1} , �~ E^{(N)}_2 , A_1 � = r^{12} B_3(H̃^{(N)}_1 )^{−1} , �~ E^{(N)}_2 , A_2 � = −r^{− 12} (H̃^{(N)}_2 )^{−1} B_2, �~ E^{(N)}_2 , D � = −r^{− 12} (H̃^{(N)}_1 )^{−1} B_3 �~ F^{(N)}_2 , A � = −r^{12} (H̃^{(N)}_2 )C_2, �~ F^{(N)}_2 , A_1 � = −r^{12} (H̃^{(N)}_2 )^{−1} C_3, �~ F^{(N)}_2 , A_2 � = r^{− 12} C_2(H̃^{(N)}_2 )^{−1} , �~ E^{(N)}_2 , D � = r^{− 12} C_3(H̃^{(N)}_2 )^{−1} . (B.7)

Acknowledgments

I am thankful to P.P. Martin for useful discussions. This work is supported by INFN, and the

European Network ‘EUCLID’; ‘Integrable models and applications: from strings to condensed

matter’, contract number HPRN–CT–2002–00325.

References

[1] Baxter R.J., Partition function of the eight vertex lattice model, Ann. Phys. 70 (1972), 193–228.

[2] Baxter R.J., Exactly solved models in statistical mechanics, Academic Press, 1982.

[3] Korepin V.E., The mass spectrum and the S-matrix of the massive Thirring model in the repulsive case,

Comm. Math. Phys. 76 (1980), 165–176.

[4] Korepin V.E., Izergin G., Bogoliubov N.M., Quantum inverse scattering method, correlation functions and

algebraic Bethe ansatz, Cambridge University Press, 1993.

[5] Cherednik I.V., Factorizing particles on a half line and root systems, Theoret. and Math. Phys. 61 (1984),

977–983.

[6] Sklyanin E.K., Boundary conditions for integrable quantum systems, J. Phys. A: Math. Gen. 21 (1988),

2375–2389.

[7] Takhtajan L.A., Introduction to quantum groups and intergable massive models of quantum field theory,

Nankai Lectures on Mathematical Physics, Editors M.-L. Ge and B.-H. Zhao, World Scientific, 1990, 69–197.

[8] Jimbo M., A q analog of U(gl(N + 1)) Hecke algebra and the Yang–Baxter equation, Lett. Math. Phys. 11

(1986), 247–252.

[9] Drinfeld V.G., Hopf algebras and the quantum Yang–Baxter equation, Sov. Math. Dokl. 32 (1985), 254–258.

[10] Mezincescu L., Nepomechie R.I., Fractional-spin integrals of motion for the boundary sine-Gordon model at

the free fermion point, Internat. J. Modern Phys. A 13 (1998), 2747–2764, hep-th/9709078.

[11] Molev A.I., Ragoucy E., Representations of reflection algebras, Rev. Math. Phys. 14 (2002), 317–342,

math.QA/0107213.

[12] Delius G., Mackay N., Quantum group symmetry in sine-Gordon and affine Toda field theories on the

half-line, Comm. Math. Phys. 233 (2003), 173–190, hep-th/0112023.

[13] Doikou A., Boundary non-local charges from the open spin chain, J. Stat. Mech. Theory Exp. (2004), P12005,

14 pages, math-ph/0402067.

[14] Doikou A., From affine Hecke algebras to boundary symmetries, Nuclear Phys. B 725 (2005), 493–530,

math-ph/0409060.

Asymmetric Twin Representation: the Transfer Matrix Symmetry 19

[15] Levy D., Martin P.P., Hecke algebra solutions to the reflection equation, J. Phys. A: Math. Gen. 27 (1994), L521–L526.

[16] Martin P.P., Woodcock D., Levy D., A diagrammatic approach to Hecke algebras of the reflection equation, J. Phys. A: Math. Gen. 33 (2000), 1265–1296.

[17] Doikou A., Martin P.P., Hecke algebraic approach to the reflection equation for spin chains, J. Phys. A:

Math. Gen. 36 (2003), 2203–2226, hep-th/0206076.

[18] Martin P.P., Woodcock D., Generalized blob algebras and alcove geometry, J. Comput. Math. 6 (2003), 249–296, math.RT/0205263.

[19] Doikou A., Martin P.P., On quantum group symmetry and Bethe ansatz for the asymmetric twin spin chain with integrable boundary, J. Stat. Mech. Theory Exp. (2006), P06004, 43 pages, hep-th/0503019.

[20] Martin P.P., Saleur H., The blob algebra and the periodic Temperley–Lieb algebra, Lett. Math. Phys. 30 (1994), 189–206, hep-th/9302094.

[21] de Vega H.J., Gonzalez–Ruiz A., Boundary K-matrices for the XYZ, XXZ and XXX spin chains, J. Phys. A:

Math. Gen. 27 (1994), 6129–6137, hep-th/9306089.

[22] Ghoshal S., Zamolodchikov A.B., Boundary S-matrix and boundary state in two-dimensional integrable quantum field theory, Internat. J. Modern Phys. A 9 (1994), 3841–3886, hep-th/9306002.

[23] Faddeev L.D., Takhtajan L.A., What is the spin of a spin wave?, Phys. Lett. A 85 (1981), 375–377. [24] Mezincescu L., Nepomechie R.I., Quantum algebra structure of exactly soluble quantum spin chains, Modern Phys. Lett. A 6 (1991), 2497–2508.

[25] Mezincescu L., Nepomechie R.I., Addendum to “Integrability of open spin chains with quantum algebra symmetry”, Internat. J. Modern Phys. A 7 (1992), 5657–5660, hep-th/9206047.

[26] Doikou A., Nepomechie R.I., Duality and quantum-algebra symmetry of the A^{(1)}_{N−1} open spin chain with diagonal boundary fields, Nuclear Phys. B 530 (1998), 641–664, hep-th/9807065.

[27] Saponov P.A., The Weyl approach to the representation theory of reflection equation algebra, J. Phys. A:

Math. Gen. 37 (2004), 5021–5046, math.QA/0307024.

[28] Kulish P.P., Sklyanin E.K., The general U(q)(sl(2)) invariant XXZ integrable quantum spin chain, J. Phys. A: Math. Gen. 24 (1991), L435–L439.

[29] Pasquier V., Saleur H., Common structures between finite systems and conformal field theories through quantum groups, Nuclear Phys. B 330 (1990), 523–556.

[30] Jimbo M., Quantum R matrix for the generalized toda system, Comm. Math. Phys. 102 (1986), 537–547. [31] Deguchi T., Fabricius K., McCoy B., The sl2 loop algebra symmetry of the six-vertex model at roots of unity, J. Statist. Phys. 102 (2001), 701–736, cond-mat/9912141.

[32] Doikou A., The open XXZ and associated models at q root of unity, J. Stat. Mech. Theory Exp. (2006), P09010, 32 pages, hep-th/0603112.

[33] Baseilhac P., The q-deformed analogue of the Onsager algebra: beyond the Bethe ansatz approach, Nuclear Phys. B 754 (2006), 309–328, math-ph/0604036.

[34] Baseilhac P., A family of tridiagonal pairs and related symmetric functions, J. Phys. A: Math. Gen. 39 (2006), 11773–11791, math-ph/0604035.

[35] Nichols A., Rittenberg V., de Gier J., One-boundary Temperley–Lieb algebras in the XXZ and loop models, J. Stat. Mech. Theory Exp. (2005), P05003, 32 pages, cond-mat/0411512.

[36] de Gier J., Nichols A., Pyatov P., Rittenberg V., Magic in the spectra of the XXZ quantum chain with boundaries at Δ = 0 and Δ = −1/2, Nuclear Phys. B 729 (2005), 387–418, hep-th/0505062.