Symmetry, Integrability and Geometry: Methods and Applications Vol. 2 (2006), Paper 090, 9 pages

Non-Commutative Mechanics in Mathematical & in Condensed Matter Physics^⋆

Peter A. HORVÁTHY

Laboratoire de Mathématiques et de Physique Théorique, Université de Tours, Parc de Grandmont, F-37200 Tours, France E-mail: horvathy@lmpt.univ-tours.fr

Received September 25, 2006, in final form November 27, 2006; Published online December 14, 2006 Original article is available at http://www.emis.de/journals/SIGMA/2006/Paper090/

Abstract. Non-commutative structures were introduced, independently and around the same time, in mathematical and in condensed matter physics (see Table 1). Souriau’s construction applied to the two-parameter central extension of the planar Galilei group leads to the “exotic” particle, which has non-commuting position coordinates. A Berryphase argument applied to the Bloch electron yields in turn a semiclassical model that has been used to explain the anomalous/spin/optical Hall effects. The non-commutative parameter is momentum-dependent in this case, and can take the form of a monopole in momentum space.

Key words: non-commutative mechanics; semiclassical models; Hall effect

2000 Mathematics Subject Classification: 81V70; 81T75

1 “Exotic” Galilean symmetry and mechanics in the plane

Central extensions first entered physics when Heisenberg realized that, in the quantum mechanics of a massive non-relativistic particle, the position and momentum operators did not commute. As a consequence, phase-space translations act only up-to-phase on the quantum Hilbert space. In more mathematical terms, it is not the [commutative] translation group itself, only its [non-commutative] 1-parameter central extension, the Heisenberg group, which is represented unitarily. Similarly, Galilean boosts act, for a massive non-relativistic system, only up-to phase. In other words, it is the 1-parameter central extension of the Galilei group, called the Bargmann group, that acts unitarily. True representations only arise for massless particles.

Are there further extension parameters? In d ≥ 3 space dimensions, the Galilei group admits a 1-parameter central extension only [1]. The extension parameter, m, is identified with the physical mass. However, Lévy-Leblond [2] recognized that, in the plane, the Galilei group admits a second extension, highlighted by the non-commutativity of the Galilean boost generators,

[K_1, K_2] = iκ,

where κ is the new extension parameter. This has long been considered, however, a mere mathematical curiosity, as planar physics has itself been viewed a toy. The situation started to change around 1995, though, with the construction of physical models which realize this “exotic” symmetry [3, 4, 5, 6, 7, 8]. These models have the strange feature that the Poisson bracket of

⋆This paper is a contribution to the Proceedings of the O’Raifeartaigh Symposium on Non-Perturbative and Symmetry Methods in Field Theory (June 22–24, 2006, Budapest, Hungary). The full collection is available at http://www.emis.de/journals/SIGMA/LOR2006.html

the planar coordinates does not vanish,

{x_1, x_2} = κ m^2

≡ θ.

Table 1. Exotic Galilean symmetry vs. semiclassical models with Berry term. HIGH-ENERGY/MATH. PHYS. CONDENSED MATTER PHYS. 1970 Lévy-Leblond: 1983 Laughlin: theory of FQHE “exotic” planar Galilei group 1995–97 Duval, Grigore, Brihaye, Lukierski 1995–2000 Niu et al.: Berry term mechanical models with exotic symmetry for semiclassical Bloch electron 2000–2001 Duval et al.: 2002–2003 Jungwirth–Niu–MacDonald: exotic particle in e.m. field & Hall effect; Anomalous Hall effect non-commutative mechanics 2004 Bérard, Mohrbach: 2003 Fang et al.: monopole in momentum dependent monopole-type momentum space in Anomalous Hall effect non-commutativity 2003 Murakami–Nagaosa–Zhang: spin-Hall effect 2000 Jackiw–Nair exotic structure from 2005 Sinova et al: relativistic spin observation of spin-Hall effect 2005 Duval et al: “SpinOptics” 2004 Onoda–Murakami–Nagaosa, Bliokh: Optical Magnus/Hall effect

2 The exotic model

In [3, 4, 5, 6, 9, 10, 11, 12] Souriau’s “orbit method” [13] was used to construct a classical planar system associated with Lévy-Leblond’s two-fold extended Galilean symmetry. It has an “exotic” symplectic form and a free Hamiltonian,

Ω_0 = dp_i ∧ dx_i + 1 2 θ ϵ_{ij} dp_i ∧ dp_j, H_0 =

⃗p^2 2m . The associated (free) motions follow the usual straight lines; the “exotic” structure behaves, roughly, as spin: it enters the (conserved) boost and the angular momentum,

j = ϵ_{ij}x_ip_j + θ 2 ⃗p^2, K_i = mx_i − p_it + mθ ϵ_{ij} p_j.

The new terms are separately conserved, though. The new structure does not seem, hence, to lead to any new physics.

The situation changes dramatically, though, if the particle is coupled to a gauge field. Souriau’s minimal coupling prescription [13] yields indeed

Ω = Ω_0 + eB dx_1 ∧ dx_2, H = H_0 + eV.

The associated Poisson bracket automatically satisfies the Jacobi identity; equations of motion read

m^∗ẋ_i = p_i − emθ ϵ_{ij}E_j, ṗ_i = eE_i + eB ϵ_{ij}ẋ_j,

where θ = k/m^2 is the non-commutative parameter and

m^∗ = m(1 − eθB). (1)

Figure 1. Due to the anomalous velocity term perpendicular to the electric field, the velocity and the momentum may be non-parallel.

The novel features, crucial for physical applications, are two-fold. They both concern the first equation in (2).

Firstly, the interplay between the exotic structure and the magnetic field yields the effective mass m^∗ in (1).

Secondly, the anomalous velocity term, perpendicular to the direction of the electric field, makes that velocity and momentum, ẋ_i and p_i, are not parallel in general, cf. Fig. 1.

Such a possibility has been discarded by some high-energy physicists. However, it has been argued a long time ago [14, 15, 16], that no first principle requires that velocity and momentum be proportional, and that relaxing this restriction allows for perfectly consistent theories. This has been well-known in condensed matter physics, where the velocity is ∂ϵ/∂p where the band energy, ϵ, may differ from the simple quadratic expression p^2/2m. The novelty is the additional “anomalous” velocity term, see Section 3 below.

Equations (2) derive from the first-order “phase-space” Lagrangian � (p − A ) · dx − p^2 2 dt + θ 2 p × dp. (2)

When m^∗ ≠ 0, (2) is also a Hamiltonian system, ξ̇ = {h, ξ_α }, with ξ = (p_i, x_j) and Poisson brackets

{x_1, x_2} = m m^∗ θ, {x_i, p_j} = m m^∗ δ_{ij}, {p_1, p_2} = m m^∗ eB. A remarkable property is that for vanishing effective mass m^∗ = 0, i.e., when the magnetic field takes the critical value B = 1/(eθ), the system becomes singular. Then “Faddeev–Jackiw” (alias symplectic) reduction yields an essentially two-dimensional, simple system, reminiscent of “Chern–Simons mechanics” [17, 18]^1. The symplectic plane plays, simultaneously, the role of both configuration and phase space.

The clue is to introduce the “twisted” coordinate

Q = r − q, r = (x_i), q_i = ϵ_{ij} p_j eB . In the critical case eBθ = 1 the momentum stops to be dynamical: it is determined by the position according to

p_i = mϵ_{ij}

E_j B . 1The model goes back to [19], see [20].

Figure 2. Composition of the uniform guiding center motion and of uniform rotation around it yields the usual cyclotronic motion.

Then Q becomes the guiding center, Q = r + mE/(eB^2). The reduced system has Poisson bracket & energy

{Q_1, Q_2}_{red} = 1 eB , H_{red} = eV (Q_1, Q_2) + θ^2e^2m 2 E^2.

Q follows therefore a generalized Hall law. The “rotating coordinate” q = r − Q becomes in turn “frozen” to the q = −mE/eB^2, determined (via the electric field) by the position alone. The evolution of r is hence rigidly determined by that of Q.

Quantization of the reduced system yields the wave functions Laughlin starts with [21]^2. Let us now illustrate our general theory on examples.

Constant fields: E = const, B = const. Generically, a particle follows the usual cyclotronic motion around the guiding center, as shown on Fig. 3. q is now a constant. The velocity, ṙ, is tangent to the trajectory. It is the sum of the velocity of the guiding center (perpendicular to the electric field), Q̇, and that, coming from the rotation of q Fig. 2.

In the critical case eθB = 1, however (see Fig. 3), the electric force is canceled by the Lorentz force:

eṙ × B = eE ⇒ ẋ_i = ϵ_{ij}

E_j B . Exotic oscillator: E = −ω^2r. The general motions follow elliptical orbits. In the critical case θB = 1, however (see Fig. 4), the guiding center and the real-space position become proportional, q = (1 + θ^2ω^2)r. The only consistent motions are circular, with “Hall” angular velocity Ω = ω^2B B^2 + ω^2 . The electric force is not compensated by Lorentz force in this case. The dynamics is in fact non-newtonian: mr̈ = (force) + (terms)!

The reduced energy is proportional to the reduced angular momentum,

H_{red} = ω^2 2 � 1 + ω^2θ^2 � Q^2 ∝ I_{red} = B 2 Q^2.

The spectrum is, therefore,

E_n = ω^2θ 1 + θ^2ω^2(1/2 + n)

, n = 0, 1, . . . .

2On the quantum Hall effect see, e.g., [22].

Figure 3. In a constant electromagnetic field, the electric and the Lorentz forces cancel in the critical case. The motion around the guiding center is “frozen” and the particle moves according to the Hall law.

Figure 4. If the electric force is harmonic, then, for critical the magnetic field, all trajectories are circular, and are determined by the motion of the guiding center.

3 The semiclassical Bloch electron

With no relation to the above developments, a similar theory has arisen, around the same time, in solid state physics [23, 24]. One starts with the Bloch wave functions

∂si_{n,p}(r) = e^{ip·r}u_{n,p}(r),

where u_{n,p}(r) is periodic. The vector p here is the crystal (quasi)momentum. The Berry connection is

A_j = i � u_{n,p} � � � ∂u_{n,p} ∂p_j � . Its curvature,

Θ(p) = ∇_p × A_l(p)

is hence purely momentum-dependent.

Then the authors of [23, 24] argue that the semiclassical equations of motion in n^{th} band should be modified by including the Berry term, according to

ṙ =

∂ϵ_n(p) ∂p − ṗ × Θ(p), (3)

ṗ = −eE − e ṙ × B(r), (4)

where r = (x_i) denotes the electron’s three-dimensional intracell position and ϵ_n(p) is the band energy. Equations (3)–(4) derive from the Lagrangian

L^{Bloch} = (p_i − eA_i(r, t))ẋ^i − (ϵ_n(p) + eV (r, t)) + a^i(p)ṗ_i, (5)

and are also consistent with the Hamiltonian structure

{x_i, x_j}^{Bloch} = ϵ^{ijk}Θ_k 1 + eB · Θ

, {x_i, p_j}^{Bloch} = δ^i_ȷ + eB_iΘ_j 1 + eB · Θ , {p_i, p_j}^{Bloch} = − ϵ_{ijk}eB^k 1 + eB · Θ and Hamiltonian h = ϵ_n + eV [25, 26]^3. Restricted to the plane, these equations reduce to the exotic equations, (2), when Θ_i = θδ_{i3}, ϵ_n(p) = p^2/2m, A_i = −(θ/2)ϵ_{ij} p_j. Then the semiclassical Bloch Lagrangian (5) becomes (2). The exotic Galilean symmetry is lost if θ is not constant, though.

Recent applications of the semiclassical model include the Anomalous [33, 34, 35] and the spin Hall effects [36, 37, 38]. All these developments are based on the anomalous velocity term in the equations of motion, ṗ × Θ(p).

4 The anomalous Hall effect

The anomalous Hall effect (AHE), observed in some ferromagnetic crystals, is characterized by the absence of a magnetic field. While it has been well established experimentally, its explanation is still controversial. One of them, put forward by Karplus and Luttinger [39] fifty years ago, suggests that the effect is due to an anomalous current. Here we propose to study the AHE in the semiclassical framework.

A remarkable discovery concerns the AHE in SrRuO_3. Fang et al. [35] have shown, by some first-principle calculation, that the experimental data are consistent with Θ which behaves near p ≈ 0 as monopole in momentum space^4. Let us consider instead the toy model given by

Θ = θ p p^3

, (6)

p ≠ 0. This is indeed the only possibility consistent with rotational symmetry [41, 42].

For B = 0 and a constant electric field, E = const and assuming a parabolic profile ϵ_n(p) = p^2/2, equation (4) with non-commutative parameter (6), ṗ = eE, is integrated as p(t) = eE t + p_0. The velocity relation (3) becomes in turn

ṙ = p_0 + eEt + eθEk_0 p^3

^n, (7)

where ^n = ^p_0 × ^E [“hats” denote vectors normalized to unit length]. The component of p_0 parallel to E has no interest; we can assume therefore that p_0 is perpendicular to the electric field. Writing r(t) = x(t)^p_0 + y(t) ^E + z(t)^n, equation (7) yields that the component parallel to p_0 moves uniformly, x(t) = p_0t, and its component parallel to the electric field is uniformly accelerating, y(t) =^1_2 eEt^2. (Our choices correspond to choosing time so that the turning point is at t = 0.) However, due to the anomalous term in (3), the particle is also deviated perpendicularly to p_0 and E, namely by

z(t) = θ p_0 eEt � p^2_0 + e^2E^2t^2 . It follows that the trajectory leaves its initial plane and suffers indeed, between t = −∞ to t = ∞, a finite transverse shift, namely

Δz = 2θ p_0

. (8)

Cf. Fig. 5, then continue with θ becomes a half-integer upon quantization, θ = N/2, and hence (8) is indeed N/k_0. The constant p_0 ≠ 0, the minimal possible value of momentum, plays the role of an impact parameter. Let us observe that while (8) does not depend on the field E or the electric charge e, the limit eE → 0 is singular. For eE = 0, the motion is uniform along a straight line.

3This clarifies the controversy raised by Xiao et al. [27], see also [28, 29, 30, 31, 32]. 4The relevance of the model to the AHE is still under discussion [40].

Figure 5. The anomalous velocity term deviates the trajectory from the plane. Most contribution to the shift comes when the momentum is small, i.e., when the particle passes close to the “p-monopole”.

The transverse shift, reminiscent of the recently discovered optical Hall effect [43], can also be derived using the conservation of angular momentum. The free expression^5 [41],

J = r × p − θ ^p, (9)

is plainly broken by the electric field to its component parallel to E,

J = J_y = z(t)p_0 − θ eEt � k^2_0 + e^2E^2t^2 , whose conservation yields once again the shift (8).

Our model is plainly not realistic: what we described is, rather, the deviation of a freely falling non-commutative particle from the classical parabola found by Galileo. Particles in a semiconductor are not free, though, and their uniform acceleration in the direction of E should be damped by some mechanism.

Interestingly, a similar calculation has been performed in the Spin-Hall context [36, 37, 38]. The similarity to optics [43, 44, 45, 46, 47, 48] is explained by that the three-dimensional system with Θ given in equation (6) studied here is indeed mathematically equivalent to “SpinOptics”, described in [47, 48]. It follows that the NC system carries therefore a massless Poincaré dynamical symmetry. I am indebted to C. Duval for calling my attention to this point.

[1] Bargmann V., On unitary ray representations of continuous groups, Ann. Math., 1954, V.59, 1–46. [2] Lévy-Leblond J.-M., Galilei group and Galilean invariance, in Group Theory and Its Applications, Vol. 2, Editor E.M. Loebl, New York, Academic Press, 1971, 221–299.

[3] Duval C., Exotic Galilei group, IQHE and Chern–Simons electrodynamics, 1995 (unpublished draft). [4] Brihaye Y., Gonera C., Giller S., Kosiński P., Galilean invariance in 2 + 1 dimensions, hep-th/9503046. [5] Grigore D.R., Transitive symplectic manifolds in 1 + 2 dimensions, J. Math. Phys., 1996, V.37, 240–253. [6] Grigore D.R., The projective unitary irreducible representations of the Galilei group in 1 + 2 dimensions, J. Math. Phys., 1996, V.37, 460–473, hep-th/9312048.

[7] Lukierski J., Stichel P.C., Zakrzewski W.J., Galilean-invariant (2 + 1)-dimensional models with a Chern– Simons-like term and d = 2 noncommutative geometry, Ann. Phys., 1997, V.260, 224–249, hep-th/9612017.

5The expression (9) of the total angular momentum is not mandatory, since, for a free particle, the two terms are separately conserved.

8 P.A. Horváthy

[8] Ballesteros A., Gadella M., del Olmo M., Moyal quantization of 2+1 dimensional Galilean systems, J. Math.

Phys., 1992, V.33, 3379–3386.

[9] Duval C., Horváthy P.A., The exotic Galilei group and the “Peierls substitution”, Phys. Lett. B, 2000, V.479, 284–290, hep-th/0002233.

[10] Duval C., Horváthy P.A., Exotic Galilean symmetry in the non-commutative plane, and the Hall effect, J. Phys. A: Math. Gen., 2001, V.34, 10097–10108, hep-th/0106089.

[11] Horváthy P.A., The non-commutative Landau problem, Ann. Phys., 2002, V.299, 128–140, hep-th/0201007. [12] Duval C., Horváthy P.A., Noncommuting coordinates, exotic particles, & anomalous anyons in the Hall effect, Theoret. and Math. Phys., 2005, V.144, 899–906, hep-th/0407010.

[13] Souriau J.-M., Structure des systèmes dynamiques, Paris, Dunod, 1970 (English transl.: Structure of dynamical systems: a symplectic view of physics, Dordrecht, Birkhäuser, 1997).

[14] Dixon W.G., On a classical theory of charged particles with spin and the classical limit of the Dirac equation, Il Nuovo Cimento, 1965, V.38, 1616–1643.

[15] Souriau J.-M., Modèle de particule à spin dans le champ électromagnétique et gravitationnel, Ann. Inst.

H. Poincaré A, 1974, V.20, 315–364.

[16] Duval Ch., The general relativistic Dirac–Pauli particle: an underlying classical model, Ann. Inst.

H. Poincaré A, 1976, V.25, 345–362.

[17] Dunne G., Jackiw R., Trugenberger C.A., “Topological” (Chern–Simons) quantum mechanics, Phys. Rev. D, 1990, V.41, 661–666.

[18] Dunne G., Jackiw R., “Peierls substitution” and Chern–Simons quantum mechanics. Nuclear Phys. B Proc.

Suppl., 1993, V.33, 114–118.

[19] Kirchhoff G., Vorlesungen über mathematischen Physik. Mechanik, 3rd ed., Leipzig, G.B. Teubner, 1883, 251–272.

[20] Horváthy P., Noncommuting coordinates in the Hall effect and in vortex dynamics, Talk given at the COSLAB-VORTEX-BEC 2000 and Workshop Bilbao’03, hep-th/0307175.

[21] Laughlin R.B., Anomalous quantum Hall effect: an Incompressible quantum fluid with fractionally charged excitations, Phys. Rev. Lett., 1983, V.50, 1395–1398.

[22] Stone M. (Editor), Quantum Hall effect, Singapore, World Scientific, 1992.

[23] Chang M.C., Niu Q., Berry phase, hyperorbits, and the hofstadter spectrum, Phys. Rev. Lett, 1995, V.75, 1348–1351.

[24] Bohm A., Mostafazadeh A., Koizumi H., Niu Q., Zwanziger J., The geometric phase in quantum systems, Chapter 12, Springer Verlag, 2003.

[25] Duval C., Horváth Z., Horváthy P.A., Martina L., Stichel P., Berry phase correction to electron density in solids and exotic dynamics Modern Phys. Lett. B, 2006, V.20, 373–378, cond-mat/0506051.

[26] Duval C., Horváth Z., Horváthy P.A., Martina L., Stichel P., Comment on “Berry phase correction to electron density in solids” by Xiao et al., Phys. Rev. Lett., 2006, V.96, 099701, 2 pages, cond-mat/0509806.

[27] Xiao D., Shi J., Niu Q., Berry phase correction to electron density of states in solids, Phys. Rev. Lett., 2005, V.95, 137204, 4 pages, cond-mat/0502340.

[28] Stone M., Urbana lectures, 2005, available from http://w3.physics.uiuc.edu/~m-stone5/mmb/mmb.html. [29] Bliokh K.Yu., On the Hamiltonian nature of semiclassical equations of motion in the presence of an electromagnetic field and Berry curvature, Phys. Lett. A, 2006, V.351, 123–124, cond-mat/0507499.

[30] Ghosh S. A novel “magnetic” field and its dual non-commutative phase space, hep-th/0511302. [31] Gosselin P., Menas F., Bérard A., Mohrbach H., Semiclassical dynamics of electrons in magnetic Bloch bands: a Hamiltonian approach, cond-mat/0601472.

[32] Olson J., Ao P., Nonequilibrium approach to Bloch–Peierls–Berry dynamics, physics/0605101. [33] Jungwirth T., Niu Q., MacDonald A.H., Anomalous Hall effect in ferromagnetic semiconductors, Phys. Rev.

Lett., 2002, V.90, 207208, 4 pages, cond-mat/0110484.

[34] Culcer D., MacDonald A.H., Niu Q., Anomalous Hall effect in paramagnetic two dimensional systems, Phys.

Rev. B, 2003, V.68, 045327, 9 pages, cond-mat/0311147.

[35] Fang Z., Nagaosa N., Takahashi K.S., Asamitsu A., Mathieu R., Ogasawara T., Yamada H., Kawasaki M., Tokura Y., Terakura K., Anomalous Hall effect and magnetic monopoles in momentum-space, Science, 2003, V.302, 92–95, cond-mat/0310232.

Non-Commutative Mechanics in Mathematical & in Condensed Matter Physics 9

[36] Murakami S., Nagaosa N., Zhang S.-C., Dissipationless quantum spin current at room temperature, Science, 2003, V.301, 1348–1351, cond-mat/0308167.

[37] Sinova J., Culcer D., Niu Q., Sinitsyn N.A., Jungwirth T., MacDonald A.H., Universal intrinsic spin-Hall effect, Phys. Rev. Lett., 2004, V.92, 126603, 4 pages.

[38] Murakami S., Intrinsic spin Hall effect, Adv. in Solid State Phys., 2005, V.45, 197–209, cond-mat/0504353. [39] Karplus R., Luttinger J.M., Hall effect in ferromagnetics, Phys. Rev., 1954, V.95, 1154–1160. [40] Kats Y., Genish I., Klein L., Reiner J.W., Beasley M.R., Testing the Berry phase model for extraordinary Hall effect in SrRuO3, Phys. Rev. B, 2004, V.70, 180407, 4 pages, cond-mat/0405645.

[41] Bérard A., Mohrbach H., Monopole and Berry phase in momentum space in noncommutative quantum mechanics, Phys. Rev. D, 2004, V.69, 127701, 4 pages, hep-th/0310167.

[42] Horváthy P.A., Anomalous Hall effect in non-commutative mechanics, Phys. Lett. A, 2006, V.359, 705–706, cond-mat/0606472.

[43] Onoda M., Murakami S., Nagaosa N., Hall effect of light, Phys. Rev. Lett., 2004, V.93, 083901, 4 pages, cond-mat/0405129.

[44] Liberman V.S., Zeldovich B.Ya., Spin-orbit interaction of a photon in an inhomogeneous medium, Phys.

Rev. A, 1992, V.46, 5199–5207.

[45] Bliokh K.Yu., Bliokh Yu.P., Topological spin transport of photons: the optical Magnus effect and Berry phase, Phys. Lett. A, 2004, V.333, 181–186, physics/0402110.

[46] Bérard A., Mohrbach H., Spin Hall effect and Berry phase of spinning particles, Phys. Lett. A, 2006, V.352, 190–195, hep-th/0404165.

[47] Duval C., Horváth Z., Horváthy P.A., Geometrical spinoptics and the optical Hall effect, J. Geom. Phys., 2007, V.57, 925–941, math-ph/0509031.

[48] Duval C., Horváth Z., Horváthy P.A., Fermat principle for polarized light and the optical Hall effect, Phys.

Rev. D, 2006, V.74, 021701, 5 pages, cond-mat/0509636.