Symmetry, Integrability and Geometry: Methods and Applications Vol. 1 (2005), Paper 008, 17 pages

Spectra of Observables in the q-Oscillator and q-Analogue of the Fourier Transform

Anatoliy U. KLIMYK

Bogolyubov Institute for Theoretical Physics, 14-b Metrologichna Str., 03143 Kyiv, Ukraine E-mail: aklimyk@bitp.kiev.ua Received August 26, 2005, in final form October 19, 2005; Published online October 21, 2005 Original article is available at http://www.emis.de/journals/SIGMA/2005/Paper008/

Abstract. Spectra of the position and momentum operators of the Biedenharn–Macfarlane q-oscillator (with the main relation aa^+ − qa^+a = 1) are studied when q > 1. These operators are symmetric but not self-adjoint. They have a one-parameter family of selfadjoint extensions. These extensions are derived explicitly. Their spectra and eigenfunctions are given. Spectra of different extensions do not intersect. The results show that the creation and annihilation operators a^+ and a of the q-oscillator for q > 1 cannot determine a physical system without further more precise definition. In order to determine a physical system we have to choose appropriate self-adjoint extensions of the position and momentum operators.

Key words: Biedenharn–Macfarlane q-oscillator; position operator; momentum operator; spectra; continuous q^{−1}-Hermite polynomials; Fourier transform

2000 Mathematics Subject Classification: 47B15; 81Q10; 81S05

1 Introduction

Approximately 20 years ago the first papers on quantum groups and quantum algebras have appeared. Quantum groups and quantum algebras can be considered as q-deformations of semisimple Lie groups and Lie algebras. Soon after that an appropriate q-deformation of the quantum harmonic oscillator, related to the quantum group SU_q(2), was introduced (see [1] and [2]). There exist several variants of the q-oscillator. They are obtained from each other by some transformation (see [3] and [4, Chapter 5]). As their relation to the nilpotent part of the quantum algebra U_q(sl_3), see in [5].

One of the main problems for different forms of the q-oscillator is form of spectra of the main operators, such as the Hamiltonian, the position operator, the momentum operator, etc. There is no problem with a spectrum of the Hamiltonian H =^1_2 (aa^+ + a^+a): this spectrum is discrete and the corresponding eigenvectors are easily determined. But in some cases (similar to the case of representations of noncompact quantum algebras (see, for example, [6]) there are difficulties with spectra of the position and momentum operators (see [7, 8, 9]). It was shown that if the position operator Q = a^+ + a (or the momentum operator P = i(a^+ − a)) is not bounded, then this symmetric operator is not essentially self-adjoint. Moreover, in this case it has deficiency indices (1, 1), that is, it has a one-parameter family of self-adjoint extensions. Finding self-adjoint extensions of a closed symmetric (but not self-adjoint) operator is a complicated problem. We need to know self-adjoint extensions in order to be able to find their spectra. As we shall see, different self-adjoint extensions of Q and P have different spectra.

In this paper we study self-adjoint extensions of the position and momentum operators Q and P for the q-oscillator with the main relation

aa^+ − qa^+a = 1 when q > 1. For these values of q, the operators Q and P are unbounded and not essentially self-adjoint (for q < 1, these operators are bounded and, therefore, self-adjoint; they are studied in [8]). These operators can be represented in an appropriate basis by a Jacobi matrix. This means that they can be studied by means of properties of q-orthogonal polynomials associated with them (see Section 2 below). These q-orthogonal polynomials are expressed in terms of the q^{−1}-continuous Hermite polynomials h_n(x|q) introduced by R. Askey [10]. These polynomials correspond to an indeterminate moment problem and, therefore, are orthogonal with respect to infinitely many positive measures (see Section 2 below). Using orthogonality measures for these polynomials we shall find spectra of self-adjoint extensions of Q and P . This paper is an extended exposition of the results of the paper [11].

It follows from conclusions of this paper that the creation and annihilation operators a^+ and a of the q-oscillator for q > 1 do not determine uniquely a physical system. In order to fix a physical system we have to choose appropriate self-adjoint extensions of the position and momentum operators. This fact must be taken into account with respect to applications of q-oscillators with q > 1. Thus, we cannot operate with the creation and annihilation operators of the q-oscillator so freely as in the case of the usual quantum harmonic oscillator.

Below we use (without additional explanation) notations of the theory of q-special functions (see [12]). In order to study the position and momentum operators Q and P we shall need the results on Jacobi matrices, orthogonal polynomials and symmetric operators, representable by a Jacobi matrix. In the next section, we give a combined exposition of some results on this connection from books [13, Chapter VII], [14] and from paper [15] in the form, appropriate for a use below, and some consequences of them.

2 Operators representable by a Jacobi matrices, and orthogonal polynomials

2.1 Jacobi matrices and orthogonal polynomials

Many operators used in theoretical and mathematical physics are operators representable by a Jacobi matrix. There exists a well-developed mathematical method for studying such operators.

In what follows we shall use only symmetric Jacobi matrices and the word “symmetric” will be often omitted. By a symmetric Jacobi matrix we mean a (finite or infinite) symmetric matrix of the form

M = b_0 a_0 0 0 0 · · · a_0 b_1 a_1 0 0 · · · 0 a_1 b_2 a_2 0 · · · 0 0 a_2 b_3 a_3 · · · · · · · · · · · · · · · · · · · · ·

. (1)

We assume below that a_i ≠ 0, i = 0, 1, 2, . . .. All a_i are real. Let L be a closed symmetric operator on a Hilbert space H, representable by a Jacobi matrix M. Then there exists an orthonormal basis e_n, n = 0, 1, 2, . . ., in H such that

Le_n = a_ne_{n+1} + b_ne_n + a_{n−1}e_{n−1}, (2)

where e_{−1} ≡ 0. Let

|x⟩ = ∞∑ n=0 p_n(x)e_n be an eigenvector^1 of L with an eigenvalue x, that is, L|x⟩ = x|x⟩. Then

L|x⟩ = ∞∑ n=0 [p_n(x)a_ne_{n+1} + p_n(x)b_ne_n + p_n(x)a_{n−1}e_{n−1}]

= x ∞∑ n=0 p_n(x)e_n.

Equating coefficients at the vector e_n one comes to a recurrence relation for the coefficients p_n(x):

a_np_{n+1}(x) + b_np_n(x) + a_{n−1}p_{n−1}(x) = xp_n(x). (3)

Since p_{−1}(x) = 0, by setting p_0(x) ≡ 1 we see that p_1(x) = a_0x − b_0/a_0. Similarly we can find successively p_n(x), n = 2, 3, . . .. Thus, the relation (3) completely determines the coefficients p_n(x). Moreover, the recursive computation of p_n(x) shows that these coefficients p_n(x) are polynomials in x of degrees n, respectively. Since the coefficients a_n and b_n are real (as the matrix M is symmetric), all coefficients of the polynomials p_n(x) themselves are real.

Since a_n > 0 and b_n ∈ R in (3) then due to Favard’s characterization theorem the polynomials p_n(x) are orthogonal with respect to some positive measure μ(x). It is known that orthogonal polynomials admit orthogonality with respect to either unique positive measure or with respect to infinitely many positive measures.

The polynomials p_n(x) are very important for studying properties of the closed symmetric operator L. Namely, the following statements are true (see, for example, [13] and [15]):

I. Let the polynomials p_n(x) be orthogonal with respect to a unique orthogonality measure μ, ∫ R p_m(x)p_n(x)dμ(x) = δ_{mn}.

Then the corresponding closed operator L is self-adjoint. Moreover, the spectrum of the operator L is simple and coincides with the set, on which the polynomials p_n(x) are orthogonal (that is, with the support of the measure μ). The measure μ(x) determines also the spectral measure for the operator L (for details see [13, Chapter VII]).

II. Let the polynomials p_n(x) be orthogonal with respect to infinitely many different orthogonality measures μ. Then the closed symmetric operator L is not self-adjoint and has deficiency indices (1, 1), that is, it has infinitely many (in fact, one-parameter family of) self-adjoint extensions. It is known that among orthogonality measures, with respect to which the polynomials are orthogonal, there are so-called extremal measures (that is, such measures that a set of polynomials {p_n(x)} is complete in the Hilbert space L^2 with respect to the corresponding measure; see Subsection 2.3 below). These measures uniquely determine self-adjoint extensions of the symmetric operator L. There exists one-to-one correspondence between essentially distinct extremal orthogonality measures and self-adjoint extensions of the operator L. The extremal orthogonality measures determine spectra of the corresponding self-adjoint extensions.

The inverse statements are also true:

I^′. Let the operator L be self-adjoint. Then the corresponding polynomials p_n(x) are orthogonal with respect to a unique orthogonality measure μ, ∫ R p_m(x)p_n(x)dμ(x) = δ_{mn},

1See that eigenvectors of L may belong to either the Hilbert space H or to some extension of H. (For example, if H = L^2(−∞, ∞) and instead of L we have the operator d/dx, then the functions e^{ixp}, which do not belong to L^2(−∞, ∞), are eigenfunctions of d/dx.) Below we act freely with eigenvectors, which do not belong to H. The corresponding reasoning can be easily made mathematically strict.

where a support of μ coincides with the spectrum of L. Moreover, a measure μ is uniquely determined by a spectral measure for the operator L (for details see [13, Chapter VII]).

II^′. Let the closed symmetric operator L be not self-adjoint. Since it is representable by a Jacobi matrix (1) with a_n ≠ 0, n = 0, 1, 2, . . ., it admits a one-parameter family of self-adjoint extensions (see [13, Chapter VII]). Then the polynomials p_n(x) are orthogonal with respect to infinitely many orthogonality measures μ. Moreover, spectral measures of self-adjoint extensions of L determine extremal orthogonality measures for the polynomials {p_n(x)} (and a set of polynomials {p_n(x)} is complete in the Hilbert spaces L^2(μ) with respect to the corresponding extremal measures μ).

On the other hand, with the orthogonal polynomials p_n(x), n = 0, 1, 2, . . . the classical moment problem is associated (see [14] and [16]). Namely, with these polynomials (that is, with the coefficients a_n and b_n in the corresponding recurrence relation) real numbers c_n, n = 0, 1, 2, . . . are associated, which determine the corresponding classical moment problem. (The numbers c_n are uniquely determined by a_n and b_n, see [14].)

The definition of the classical moment problem consists in the following. Let a set of real numbers c_n, n = 0, 1, 2, . . . be given. We are looking for a positive measure μ(x), such that ∫ x^ndμ(x) = c_n, n = 0, 1, 2, . . . , (4)

where the integration is taken over R (in this case we deal with the Hamburger moment problem). There are two principal questions in the theory of moment problem:

(i) Does there exist a measure μ(x), such that relations (4) are satisfied? (ii) If such a measure exists, is it determined uniquely?

The answer to the first question is positive, if the numbers c_n, n = 0, 1, 2, . . . are those corresponding to a family of orthogonal polynomials. Moreover, then the measure μ(x) coincides with the measure with respect to which these polynomials are orthogonal.

If a measure μ in (4) is determined uniquely, we say that we deal with the determinate moment problem. (In particular, it is the case when the measure μ is supported on a bounded set.) Then the corresponding polynomials {p_n(x)} are orthogonal with respect to this measure and the corresponding symmetric operator L is self-adjoint.

If a measure with respect to which relations (4) hold is not unique, then we say that we deal with the indeterminate moment problem. In this case there exist infinitely many measures μ(x) for which (4) take place. Then the corresponding polynomials are orthogonal with respect to all these measures, and the corresponding symmetric operator L is not self-adjoint. In this case the set of solutions of the moment problem for the numbers {c_n} coincides with the set of orthogonality measures for the corresponding polynomials {p_n(x)}.

See that not every set of real numbers c_n, n = 0, 1, 2, . . . is associated with a set of orthogonal polynomials. In other words, there are sets of real numbers c_n, n = 0, 1, 2, . . . such that the corresponding moment problem does not have a solution, that is, there is no positive measure μ, for which the relations (4) are true. But if for some set of real numbers c_n, n = 0, 1, 2, . . . the moment problem (4) has a solution μ, then this set corresponds to some set of polynomials p_n(x), n = 0, 1, 2, . . ., which are orthogonal with respect to this measure μ. There exist criteria indicating when for a given set of real numbers c_n, n = 0, 1, 2, . . . the moment problem (4) has a solution (see, for example, [14]). Moreover, there exist procedures, that associate a collection of orthogonal polynomials to a set of real numbers c_n, n = 0, 1, 2, . . . for which the moment problem (4) has a solution (see, [14]).

Thus, we see that the following three theories are closely related:

(i) the theory of symmetric operators L, representable by a Jacobi matrix;

(ii) the theory of orthogonal polynomials in one variable; (iii) the theory of classical moment problem.

2.2 Self-adjointness

We have seen that orthogonal polynomials {p_n(x)} associated with the symmetric operator L determine whether it is self-adjoint or not. There exist other criteria of self-adjointness of a closed symmetric operator:

(a) If the coefficients a_n and b_n in (2) are bounded, the operator L is bounded and, therefore, self-adjoint.

(b) If in (2) b_n are arbitrary real numbers and a_n are such that ∞∑ n=0 a^{−1}_n = ∞,

then the operator L is self-adjoint.

(c) Let |b_n| ≤ C, n = 0, 1, 2, . . ., and let for some positive j we have a_{n−1}a_{n+1} ≤ a^2_n, n ≥ j. If ∞∑ n=0 a^{−1}_n < ∞,

then the operator L is not self-adjoint.

Each closed symmetric operator representable by a Jacobi matrix, which is not a self-adjoint operator, has deficiency indices (1, 1), that is, it has a one-parameter family of self-adjoint extensions. Let us explain this statement in more detail. Let A be a closed operator (not obligatorily symmetric) on a Hilbert space H. Suppose that a domain D(A) of A is an everywhere dense subspace of H. There are pairs v and v^′ of elements from H such that

⟨v|Au⟩ = ⟨v^′|u⟩ for all u ∈ D(A).

We set v^′ = A^∗v and call A^∗ the operator conjugate to A. It is proved that A^∗ is defined on an everywhere dense subspace D(A^∗) of H (since D(A) is everywhere dense in H). The operator A^∗ is linear and closed. Moreover, A^{∗∗} = A. It is called symmetric if A ⊆ A^∗, that is, D(A) ⊆ D(A^∗) and A coincides with A^∗ on D(A). If A = A^∗, that is, D(A) = D(A^∗), then A is called self-adjoint. If a closed symmetric operator A is not self-adjoint, that is, D(A) ⊂ D(A^∗) and D(A) ≠ D(A^∗), then it can have self-adjoint extensions. The fact that the operator A has a self-adjoint extension A^{ext} means that (A^{ext})^∗ = A^{ext} (that is, A^{ext} is a self-adjoint operator), D(A) ⊂ D(A^{ext}) and the operators A and A^{ext} coincide on D(A).

To know whether a symmetric operator A has self-adjoint extensions or not, there is the notion of deficiency indices (m, n) of A (m and n are nonnegative integers). If these indices are equal to each other, then A has self-adjoint extensions. Self-adjoint extensions are constructed with the help of two deficiency subspaces (they are of dimensions m and n, respectively). A detailed description of deficiency indices and deficiency subspaces can be found in [17].

The important fact is that different self-adjoint extensions of a symmetric operator can have different spectra (this can happen when their spectra have discrete parts). We shall meet this situation in the forthcoming sections.

2.3 Extremal orthogonality measures

As we have seen in Subsection 2.1, a closed symmetric operator L representable by a Jacobi matrix that is not self-adjoint can be studied by means of orthogonal polynomials, associated with L. Self-adjoint extensions of L are connected with extremal orthogonality measures for these polynomials. Let us consider such measures in more detail.

Let p_n(x), n = 0, 1, 2, . . . be a set of orthogonal polynomials associated with an indeterminate moment problem (4). Then for orthogonality measures μ(x) for these polynomials the following formula holds:

F (z) ≡

A(z) − σ(z)C(z) B(z) − σ(z)D(z) = ∫_∞ −∞ dμ(t) z − t (5) where A(z), B(z), C(z), D(z) are entire functions which are the same for all orthogonality measures μ. These functions are related to asymptotics of the polynomials p_n(x) and of an associated set of polynomials p^∗_n(x) (see [14] for details). Expressions for A(z), B(z), C(z), D(z) as infinite sums (in n) of the polynomials p_n(x) and p^∗_n(x) see [13, section VII.7]. In (5), σ(z) is a Nevanlinna function. Moreover, to each such function σ(z) (including cases of constant σ(z) and σ(z) = ±∞) there is a corresponding single orthogonality measure μ(t) ≡ μ_σ(t) and, conversely, to each orthogonality measure μ there is a corresponding function σ such that formula (5) holds. There exists the Stieltjes inversion formula that converts the formula (5). It has the form

[μ(t_1 + 0) + μ(t_1 − 0)] − [μ(t_0 + 0) + μ(t_0 − 0)]

= lim_{ε→+0} ( − 1 πi ∫_{t1}

t_0

[F (t + iε) − F (t − iε)]dt ) . Thus, orthogonality measures for a given set of polynomials p_n(x), n = 0, 1, 2, . . . in principle can be found. However, it is very difficult to evaluate the functions A(z), B(z), C(z), D(z). (In [19] they are evaluated for particular example of polynomials, namely, for the q^{−1}-continuous Hermite polynomials h_n(x|q).) So, as a rule, for the derivation of orthogonality measures other methods are used.

The measures μ_σ(t), corresponding to constants σ (including σ = ±∞), are called extremal measures (some authors, following the book [16], call these measures N-extremal). All other orthogonality measures are not extremal.

The importance of extremal measures is explained by Riesz’s theorem. Let us suppose that a set of polynomials p_n(x), n = 0, 1, 2, . . . associated with the indeterminate moment problem, is orthogonal with respect to a positive measure μ (that is, μ is a solution of the moment problem (4)). Let L^2(μ) be the Hilbert space of square integrable functions with respect to the measure μ. Evidently, the polynomials p_n(x) belong to the space L^2(μ). Riesz’s theorem states the following:

Riesz’s theorem. The set of polynomials p_n(x), n = 0, 1, 2, . . . is complete in the Hilbert space L^2(μ) (that is, they form a basis in this Hilbert space) if and only if the measure μ is extremal.

Note that if a set of polynomials p_n(x), n = 0, 1, 2, . . . corresponds to a determinate moment problem and μ is an orthogonality measure for them, then this set of polynomials is also complete in the Hilbert space L^2(μ).

Riesz’s theorem is often used in order to determine whether a certain orthogonality measure is extremal or not. Namely, if we know that a given set of orthogonal polynomials corresponding to an indeterminate moment problem is not complete in the Hilbert space L^2(μ), where μ is an orthogonality measure, then this measure is not extremal.

Note that for applications in physics and in functional analysis it is of interest to have extremal orthogonality measures. If an orthogonality measure μ is not extremal, then it is important to find a system of orthogonal functions {f_m(x)}, which together with a given set of polynomials constitute a complete set of orthogonal functions (that is, a basis in the Hilbert space L^2(μ)). Sometimes, it is possible to find such systems of functions (see, for example, [18]).

Extremal orthogonality measures have many interesting properties [14]:

(a) An extremal measure μ_σ(x) associated (according to formula (5)) with a number σ is discrete. Its spectrum (that is, the set on which the corresponding polynomials p_n(x), n = 0, 1, 2, . . . are orthogonal) coincides with the set of zeros of the denominator B(z) − σD(z) in (5). The mass concentrated at a spectral point x_j (that is, a jump of μ_σ(x) at the point x_j)

is equal to

(^∞∑ n=0 |p_n(x_j)|^2

)_{−1} . (b) Spectra of extremal measures are real and simple. This means that the corresponding self-adjoint operators, which are self-adjoint extensions of the operator L, have simple spectra, that is, all spectral points are of multiplicity 1.

(c) Spectral points of two different extremal measures μ_σ(x) and μ_σ′ (x) are mutually separated.

(d) For a given real number x_0, there always exists a (unique) real value σ_0, such that the measure μ_{σ0} (x) has x_0 as its spectral point. The points of the spectrum of μ_σ(x) are analytic monotone functions of σ.

It is difficult to find all extremal orthogonality measures for a given set of orthogonal polynomials (that is, self-adjoint extensions of a corresponding closed symmetric operator). As far as we know, at present they are known only for one family of polynomials, which correspond to indeterminate moment problem. They are the q^{−1}-continuous Hermite polynomials h_n(x|q) (see [19]).

As noted in [14], if extremal measures μ_σ are known then by multiplying μ_σ by a suitable factor (depending on σ) and integrating it with respect to σ, one can obtain infinitely many continuous orthogonality measures (which are not extremal).

Since spectra of self-adjoint extensions of the operator L coincide with the spectra of the corresponding extremal orthogonal measures for the polynomials p_n(x), then the properties (a)–(d) can be formulated for spectra of these self-adjoint extensions:

(a^′) Spectra of self-adjoint extensions of L are discrete.

(b^′) Self-adjoint extensions of L have simple spectra, that is, spectral points are not multiple. (c^′) Spectra of two different self-adjoint extensions of L are mutually separated. (d^′) For a given real number x_0, there exists a (unique) self-adjoint extension L^{ext} such that x_0 is a spectral point of L^{ext}.

3 The Biedenharn–Macfarlane q-oscillator

There are different forms of the q-oscillator algebra (see [3]; some forms of q-oscillators go back to the paper by R. Santilli [21]) which mathematically are not completely equivalent. For our definition of the q-oscillator we use the following relations

aa^+ − qa^+a = 1, [N, a^+] = a^+, [N, a] = −a

for the creation and annihilation operators a^+, a and for the number operator N.

The Fock representation of this q-oscillator acts on the Hilbert space H with the orthonormal basis |n⟩, n = 0, 1, 2, . . ., and is given by the formulas

a|n⟩ = {n}^{1/2}_q |n − 1⟩, a^+|n⟩ = {n + 1}^{1/2}_q |n + 1⟩, N|n⟩ = n|n⟩, (6) where the expression

{n}_q := q^n − 1 q − 1 (7) is called a q-number.

Note that the basis vectors |n⟩ are eigenvectors of the Hamiltonian H =^1_2 (aa^+ + a^+a). It follows from (6) that

H|n⟩ = 1 2 ({n + 1}_q + {n}_q)|n⟩ = 1 2 q^n(q + 1) − 2 q − 1

|n⟩.

Thus, the spectrum of H consists of the points^1_2 (q^n(q + 1) − 2)/(q − 1), n = 0, 1, 2, . . ..

4 Functional realization of the Fock representation

The Fock representation of the q-oscillator can be realized on many spaces of functions. We shall need the realization related to the space of polynomials in one variable.

Let P be the space of all polynomials in a variable y (this variable has no relation to the coordinates of the position operator Q considered below). We introduce in P a scalar product such that the monomials

e_n ≡ e_n(y) :=

(−1)^{n/2} (q; q)^{1/2}_n y^n, (8)

where

(b; q)_n := (1 − b)(1 − bq) · · · (1 − bq^{n−1}), constitute an orthonormal basis of P. The orthonormality of this basis gives a scalar product in P. We close the space P with respect to this scalar product and obtain a Hilbert space which can be considered as a realization of the Hilbert space H. The operators a^+ and a are realized on this space as

a^+ = (q − 1)^{−1/2}y, a = (q − 1)^{1/2}D_q, where D_q is the q-derivative determined by

D_qf(y) = f(qy) − f(y)

(q − 1)y . Then the operators a^+ and a act upon the basis elements (8) by formulas (6). Everywhere below we assume that H is the Hilbert space of functions in y, introduced above.

5 Position and momentum operators

We are interested in the position and momentum operators

Q = a^+ + a, P = i(a^+ − a) of the q-oscillator. It is clear from (7) that

Q = (q − 1)^{−1/2}y + (q − 1)^{1/2}D_q, (9) P = i(q − 1)^{−1/2}y − i(q − 1)^{1/2}D_q.

We have the formulas

Qe_n = {n}^{1/2}_q e_{n−1} + {n + 1}^{1/2}_q e_{n+1}, (10)

P e_n = i{n}^{1/2}_q e_{n−1} − i{n + 1}^{1/2}_q e_{n+1}, (11)

which follow from (6). When q < 1, it is clear from the definition (7) of {n}_q that Q and P are bounded and therefore self-adjoint, operators. When q > 1, then it follows from (10) and (11) that Q and P are unbounded symmetric operators. Since {n − 1}{n + 1} ≤ {n}^2, then it follows from criterion (c) of Subsection 2.2 that closures of these operators are not self-adjoint. Each of these operators has a one-parameter family of self-adjoint extensions. One of the aims of this paper is to give these self-adjoint extensions using reasoning of Section 2.

6 Eigenfunctions of the position operator

We assume below that q is a fixed real number such that q > 1. For convenience, we also introduce the notation q̆ = q^{−1}.

The aim of this section is to derive formulas for eigenfunctions φ_x(y) of the position operator Q:

Qφ_x(y) = xφ_x(y).

Let us show that

φ_x(y) = ∞∏ n=0 ( 1 + 2yx^′q̆^{n+1} − y^2q̆^{2n+2} ) , (12)

where x^′ :=^1_2 (q − 1)^{1/2}x. Using formula (9) and the definition of the q-derivative D_q we have

D_qφ_x(y) = φ_x(qy) − φ_x(y) y(q − 1) = 2x^′ − y q − 1 φ_x(y).

Therefore,

Qφ_x(y) = { y (q − 1)^{1/2} + 2x^′ − y (q − 1)^{1/2} } φ_x(y) =

2x^′ (q − 1)^{1/2}

= xφ_x(y)

that is, the functions (12) are eigenfunctions of the operator Q.

Let us reduce the functions (12) to another form. To do this we note that

1 + 2yx^′q̆^{n+1} − y^2q̆^{2n+2} = ( 1 + q̆^nyq̆ (√ 1 + x^{′2} + x^′ )) ( 1 − q̆^nyq̆ (√ 1 + x^{′2} − x^′ )) . Thus,

φ_x(y) = ∞∏ n=0 ( 1 + q̆^nyq̆ (√ 1 + x^{′2} + x^′ )) ( 1 − q̆^nyq̆ (√ 1 + x^{′2} − x^′ ))

= ( −yq̆ (√ 1 + x^{′2} + x^′ ) ; q̆ ) ∞ ( yq̆ (√ 1 + x^{′2} − x^′ ) ; q̆ ) ∞ . Comparing the right hand side of the above formula with the right hand side in the formula ∞∑ n=0 t^nq̆^{n(n−1)/2} (q̆; q̆)_n h_n(y|q̆) = ( −t (√ y^2 + 1 + y ) ; q̆ ) ∞ ( t (√ y^2 + 1 − y ) ; q̆ ) ∞

(see formula (2.4) in [19]), giving a generating function for the q^{−1}-Hermite polynomials h_n(x|q̆) defined by

h_n(x|q̆) = n∑ k=0 (−1)^kq̆^{k(k−n)}(q̆; q̆)_n (q̆; q̆)_k(q̆; q̆)_{n−k} (√ x^2 + 1 + x

)_{n−2k} , we conclude that the functions φ_x(y) can be decomposed into the orthogonal polynomials h_n(x^′|q̆) (other expressions for h_n(x|q̆) can be obtained from expressions for the continuous q-Hermite polynomials H_n(x|q) in [20] since H_n(ix|q̆) = i^nh_n(x|q̆), see [10]). We have

φ_x(y) = ∞∑ n=0 y^nq̆^{n(n+1)/2}

(q̆; q̆)_n h_n(x^′|q̆). (13)

Taking into account the expression (8) for the basis elements e_n and the formula

(q̆; q̆)_n = (−1)^n(q; q)_nq^{−n(n+1)/2}, q̆ = q^{−1},

we derive that

φ_x(y) = ∞∑ n=0 (−1)^ny^n (q; q)_n h_n(x^′|q̆)

= ∞∑ n=0 (−1)^n(−1)^{−n/2}e_n(y)

(q; q)^{1/2}_n h_n(x^′|q̆)

= ∞∑ n=0 e_n(y)

(−1)^nq̆^{n(n+1)/4} (q̆; q̆)^{1/2}_n h_n(x^′|q̆).

Thus, we proved the following decomposition of the eigenfunctions φ_x(y) in the basis elements (8) of the Hilbert space H:

φ_x(y) = ∞∑ n=0 P_n(x)e_n(y), (14)

where the coefficients P_n(x) are given by the formula

P_n(x) = (−1)^nq̆^{n(n+1)/4}(q̆; q̆)^{−1/2}_n h_n(x^′|q̆), (15)

and, as before, x^′ =^1_2 (q − 1)^{1/2}x.

We have found that eigenfunctions of the position operator Q are given by formula (13). However, we do not know the spectra of self-adjoint extensions Q^{ext} of Q. In order to find these extensions and their spectra we use assertions of Section 2. Namely, since eigenfunctions of Q are expressed in terms of the basis elements e_n(y) by formula (14), then self-adjoint extensions Q^{ext} and their spectra are determined by orthogonality relations of the polynomials (15).

7 Spectra of self-adjoint extensions of Q

The polynomials h_n(z|q̆), n = 0, 1, 2, . . ., 0 < q̆ < 1, have infinitely many orthogonality relations. Extremal orthogonality measures are parametrized by a real number b, q̆ ≤ b < 1, which is related to the parameter σ of Section 2 (see [19]). It is shown in [19] that for a fixed b, the corresponding orthogonality measure is concentrated on the discrete set of points

z_b(r) = 1 2 (q̆^{−r}b^{−1} − bq̆^r), r = 0, ±1, ±2, . . . , and the orthogonality relation is given by ∞∑ r=−∞

m_rh_n(z_b(r)|q̆)h_n′ (z_b(r)|q̆) = q̆^{−n(n+1)/2}(q̆; q̆)_nδ_{nn}′ , (16)

where the weight function m_r coincides with

m_r = b^{4r}q̆^{r(2r−1)}(1 + b^2q̆^{2r}) (−b^2; q̆)_∞(−q̆/b^2; q̆)_∞(q̆; q̆)_∞

(17) and (a; q̆)_∞ := ∞∏ s=0 (1 − aq̆^s).

Therefore, the orthogonality relations for the polynomials (15) with extremal orthogonality measures are given by the same parameter b, q̆ ≤ b < 1, and for fixed b the measure is concentrated on the discrete set

x_b(r) = (q̆^{−r}b^{−1} − bq̆^r)/(q − 1)^{1/2}, r = 0, ±1, ±2, . . . . (18)

The corresponding orthogonality relation is ∞∑ r=−∞

m_rP_n(x_b(r))P_n′ (x_b(r)) = δ_{nn}′ , (19)

where m_r is given by (17).

These orthogonality relations and assertions of Section 2 allow us to make the following conclusions:

Theorem 1. Self-adjoint extensions Q^{ext}_b of the position operator Q are given by the parameter b, q̆ ≤ b < 1. Moreover, the spectrum of the extension Q^{ext}_b coincides with the set of points

x_b(r) = (q^rb^{−1} − bq^{−r})/(q − 1)^{1/2}, r = 0, ±1, ±2, . . . . (20)

These points coincide with values of the coordinate of our physical system fixed by the parameter b. It follows from (15) that to the eigenvalues (20) there correspond eigenfunctions

φ_{xb(r)}(y) = ∞∑ n=0 P_n(x_r(b))e_n(y), r = 0, ±1, ±2, . . . . (21)

From (20) and from assertions of Section 2 we derive the following corollary:

Corollary 1. (a) Spectra of the self-adjoint extensions Q^{ext}_b are discrete and simple.

(b) Spectra of two different self-adjoint extensions Q^{ext}_b and Q^{ext}_b′ , b ≠ b^′, are mutually separated.

(c) For a given real number x_0 there exists a (unique) self-adjoint extension Q^{ext}_b such that x_0 is a spectral point of Q^{ext}_b .

For a fixed b, the eigenfunctions (21) are linearly independent (and, therefore, orthogonal), since they correspond to different eigenvalues of Q^{ext}_b . Since the corresponding orthogonality measure in (19) is extremal, they constitute a basis of the Hilbert space H. Let us normalize these basis elements. To do this, we have to multiply each φ_{xr(b)}(y) by the corresponding normalization constant:

φ^{norm}_{xb(r)}(y) = c_b(r)φ_{xb(r)}(y), r = 0, ±1, ±2, . . . . These functions form an orthonormal basis of H. Since

φ^{norm}_{xb(r)}(y) = ∞∑ n=0 c_b(r)P_n(x_b(r))e_n(y) (22)

the matrix (a_{rn}), a_{rn} = c_b(r)P_n(x_b(r)), where r = 0, ±1, ±2, . . . and n = 0, 1, 2, . . . connects two orthonormal bases of the Hilbert space H. Therefore, this matrix is unitary, that is, ∞∑ r=−∞

|c_b(r)|^2P_n(x_b(r))P_n′ (x_b(r)) = δ_{nn}′ .

Comparing this formula with relation (19) we have c_b(r) = m^{1/2}_r and

φ^{norm}_{xb(r)}(y) = m^{1/2}_r φ_{xb(r)}(y), r = 0, ±1, ±2, . . . , where m_r ≡ m_r(b) is given by (17).

8 Coordinate realization of H

In order to realize Q^{ext}_b as a self-adjoint operator, we construct a one-to-one isometry Ω of the Hilbert space H onto the Hilbert space L^2_b (m_r) of functions F on the set of points (20) (coinciding with the set of values of the coordinate) with the scalar product

⟨F (x_b(r)), F^′(x_b(r))⟩ = ∞∑ r=−∞

m_rF (x_b(r))F^′(x_b(r)).

It follows from (19) that the polynomials P_n(x_b(r)) are orthogonal on the set (20) and constitute an orthonormal basis of L^2_b (m_r). For a fixed b, the isometry Ω is given by the formula Ω : H ∋ f → F (x_b(r)) := m^{−1/2}_r ⟨f, φ^{norm}_{xb(r)}(y)⟩_H ∈ L^2_b (m_r).

It follows from (22) that

H ∋ e_n(y) → m^{−1/2}_r ⟨e_n(y), φ^{norm}_{xb(r)}(y)⟩_H = P_n(x_b(r)). This formula shows that Ω is indeed a one-to-one isometry.

The operator Q^{ext}_b acts on L^2_b (m_r) as the multiplication operator:

Q^{ext}_b F (x(r)) = x(r)F (x(r)).

It is known (see [17]) that the multiplication operator is a self-adjoint operator.

The Hilbert space L^2_b (m_r) is the space of states of our physical system in the coordinate representation. Since the elements e_n(y) ∈ H are eigenfunctions of the Hamiltonian H = 1 2 (aa^+ + a^+a), then P_n(x(r)) ∈ L̂^2_b (m_r) are eigenfunctions of the same Hamiltonian if its action is considered on L^2_b (m_r).

Recall that for different values of b the sets (20) of values of the coordinate are different. Moreover, for different values of b these sets do not intersect. Therefore, the spaces L^2_b (m_r) for them are different, since they consist of functions defined on different sets.

9 Eigenfunctions and spectra of the momentum operator

By changing the basis {e_n(y)} by the basis {e^′_n(y)}, where e^′_n(y) = i^{−n}e_n(y), we see that the momentum operator P = i(a^+ −a) is given in the latter basis by the same formula as the position operator is given in the basis {e_n(y)}. This means that the operator P is symmetric, but is not self-adjoint. Moreover, it has infinitely many (in fact, one-parameter family of) self-adjoint extensions.

Eigenfunctions of the momentum operator can be found (by using the basis {e^′_n(y)}) in the same way as in the case of the position operator. For this reason, we adduce only the results.

Eigenfunctions ξ_p(y) of the momentum operator P ,

P ξ_p(y) = pξ_p(y),

are of the form

ξ_p(y) = ∞∏ n=0 ( 1 − 2iyp^′q̆^{n+1} + y^2q̆^{2n+2} )

= ( iyq̆ (√ 1 + p^{′2} + p^′ ) ; q̆ ) ∞ ( −iyq̆ (√ 1 + p^{′2} − p^′ ) ; q̆ ) ∞ , where p^′ :=^1_2 (q −1)^{1/2}p. The function ξ_p(y) can be decomposed in the q^{−1}-Hermite polynomials h_n(p|q̆):

ξ_p(y) = ∞∑ n=0 i^{−n}y^nq̆^{n(n+1)/2}

(q̆; q̆)_n h_n(p^′|q̆)

= ∞∑ n=0 e_n(y) i^nq̆^{n(n+1)/4} (q̆; q̆)^{1/2}_n h_n(x^′|q̆).

Thus, we have the following decomposition of the eigenfunctions ξ_p(y) in the basis elements (8) of the Hilbert space H:

ξ_p(y) = ∞∑ n=0 P̃_n(x)e_n(y), (23)

where the coefficients P̃_n(x) are given by the formula

P̃_n(x) = i^nq̆^{n(n+1)/4}

(q̆; q̆)^{1/2}_n h_n(x^′|q̆).

Using orthogonality relations for the polynomials h_n(x^′|q̆) described above, we can make the following conclusion:

Theorem 2. Self-adjoint extensions P^{ext}_b of the position operator P are given by the parameter b, q̆ ≤ b < 1. The spectrum of the extension P^{ext}_b coincides with the set of points

p_b(r) = (q^rb^{−1} − bq^{−r})/(q − 1)^{1/2}, r = 0, ±1, ±2, . . . . (24)

This set coincides with the set of values of the momentum of our physical system fixed by the parameter b. To the eigenvalues (24) there are corresponding eigenfunctions

ξ_{pb(r)}(y) = ∞∑ n=0 P̃_n(p_b(r))e_n(y), r = 0, ±1, ±2, . . . . (25)

It follows from (24) and from assertions of Section 2 that the spectra of extensions of the operator P have the same properties as the spectra of extensions of the position operator Q:

Corollary 2. (a) Spectra of the self-adjoint extensions P^{ext}_b are discrete and simple.

(b) Spectra of two different self-adjoint extensions P^{ext}_b and P^{ext}_b′ , b ≠ b^′, are mutually separated.

(c) For a given real number p_0 there exists a (unique) self-adjoint extension P^{ext}_b such that p_0 is a spectral point of P^{ext}_b .

In the same way as in the case of the position operator we derive that the eigenfunctions (25) constitute a basis of the Hilbert space H. Let us normalize it. To do this, we make the same reasoning as in Section 7, and obtain that the functions

ξ^{norm}_{pb(r)} (y) = m^{1/2}_r ξ_{pb(r)}(y), r = 0, ±1, ±2, . . . ,

form a normalized basis of H, where m_r ≡ m_r(b) is given by (17).

10 Momentum realization of H

In order to realize P^{ext}_b as a self-adjoint operator we use the reasoning of Section 8, namely, we construct a one-to-one isometry Ω^′ of the Hilbert space H onto the Hilbert space L̂^2_b (m_r) of functions F on the set of points (24) (which coincides with the set of values of the momentum) with the scalar product

⟨F (p_b(r)), F^′(p_b(r))⟩ = ∞∑ r=−∞

m_rF (p_b(r))F^′(p_b(r)).

It follows from (19) that the polynomials P̃_n(p_b(r)) are orthogonal and constitute an orthonormal basis of L̂^2_b (m_r). For a fixed b, the isometry Ω^′ is given by the formula

Ω^′ : H ∋ f → F (p_b(r)) = m^{−1/2}_r ⟨f, ξ^{norm}_{pb(r)} (y)⟩_H ∈ L̂^2_b (m_r).

It follows from (23) that

H ∋ e_n(y) → m^{−1/2}_r ⟨e_n(y), ξ^{norm}_{pb(r)} (y)⟩_H = P̃_n(p_b(r)).

This formula shows that Ω^′ is indeed a one-to-one isometry.

The operator P^{ext}_b acts on L̂^2_b (m_r) as the multiplication operator:

P^{ext}_b F (p_b(r)) = p_b(r)F (p_b(r))

and this operator is self-adjoint.

The Hilbert space L̂^2_b (m_r) is the space of states of our physical system in the momentum representation. Since the elements e_n(y) ∈ H are eigenfunctions of the Hamiltonian H = 1 2 (aa^+ + a^+a), then P̃_n(p_b(r)) ∈ L̂^2_b (m_r) are eigenfunctions of the same Hamiltonian if its action is considered in L̂^2_b (m_r).

For different values of b the sets (24) of values of the momentum are different. Therefore, the spaces L̂^2_b (m_r) for them are different, since they consist of functions defined on different sets. Clearly, we may identify L^2_b (m_r) with L̂^2_b (m_r).

Physical conclusion. Our consideration shows that the creation and annihilation operators a^+ and a of Section 3 at q > 1 cannot determine a physical system without further indications. Namely, in order to determine a physical system we have to take appropriate selfadjoint extensions of the operators Q and P . Thus, the q-oscillator algebra of Section 3 in fact determine two-parameter family of q-oscillators. We denote them by O(b, b^′), q̆ ≤ b, b^′ < 1, where b and b^′ are determined by Q^{ext}_b and P^{ext}_b′ .

11 Fourier transforms related to the q-oscillator with q > 1

Let us first consider what we have in the case of the usual quantum harmonic oscillator. This oscillator is determined by the relation

AA^+ − A^+A = 1.

For position and momentum operators Q_A and P_A we have

Q_A = A^+ + A, P_A = i(A^+ − A).

The Hilbert space of states H_A is spanned by the orthonormal vectors

|n⟩, n = 0, 1, 2, . . . .

For eigenvectors of Q_A and P_A we have

Q_A|x⟩ = p|x⟩, P_A|p⟩ = p|p⟩ and Spec Q_A = R, Spec P_A = R.

For h ∈ H_A we have

⟨h, x⟩ = h(x), ⟨h, p⟩ = ĥ(p). (26) In this way we obtain a realization of H_A as a space of functions in the coordinate or as a space of functions in the momentum. Then the functions h(x) and ĥ(p) from (26) are related with each other by the usual Fourier transform:

h(x) = 1 √ 2π ∫_∞ −∞ ĥ(p)e^{ipx}dp.

An analog of this Fourier transform for the q-oscillator in the case when 0 < q < 1 is derived in [22]. The aim of this section is to give an analog of the Fourier transform for the q-oscillator O(b, b^′) for fixed b and b^′ (when q > 1). This analog is a transform on a discrete set since the coordinate and the momentum run over discrete sets.

We fix b and b^′ from the interval [q̆, 1). Let f ∈ H and

Ωf = F (x_b(r)) ∈ L^2_b (m_r), Ω^′f = F̂ (p_b′ (r^′)) ∈ L̂^2_b′ (m_r′ ).

We have to find a linear transform F : L̂^2_b′ (m_r′ ) → L^2_b (m_r) such that FF̂ = F . By the definition of Ω and Ω^′, one has

F (x_b(r)) = m^{−1/2}_r (b)⟨f, φ^{norm}_{xb(r)}⟩_H, F̂ (p_{b′} (r^′)) = m^{−1/2}_{r′} (b^′)⟨f, ξ^{norm}_{pb′ (r′)}⟩_H.

It is clear that

φ^{norm}_{xb(r)}(y) = ∞∑ r^′=−∞

⟨ξ^{norm}_{pb′ (r}′_), φ^{norm}_{xb(r)}⟩_Hξ^{norm}_{pb′ (r}′_)(y)

= ∞∑ r^′=−∞

T^{b′b}_r′_r ξ^{norm}_{pb′ (r}′_)(y), where T^{b′b}_r′_r = ⟨ξ^{norm}_{pb′ (r′)}, φ^{norm}_{xb(r)}⟩. Therefore,

F (x_b(r)) = m^{−1/2}_r (b) ∞∑ r^′=−∞

T^{b′b}_r′_r ⟨f, ξ^{norm}_{pb′ (r}′_)⟩

= ∞∑ r^′=−∞ ( m_r′ (b^′) m_r(b)

)_{1/2}

T^{b′b}_r′_r F̂ (p_b′ (r^′)). (27)

Thus, an analog of the Fourier transform for the q-oscillator O(b, b^′) is given by the matrix ( F^{b′b}_r′_r

)_∞

r^′,r=−∞

. For entries of this matrix we have

F^{b′b}_r′_r ≡ m_r′ (b^′)^{1/2} m_r(b)^{1/2}

T^{b′b}_r′_r = m_r′ (b^′)^{1/2} m_r(b)^{1/2}

⟨ξ^{norm}_{pb′ (r}′_), φ^{norm}_{xb(r)}⟩

= m_r′ (b^′)⟨ξ_{pb′ (r}′_), φ_{xb(r)}⟩

= m_r′ (b^′) ∞∑ n=0 P̃_n(p_{b′} (r^′))P_n(x_b(r))

= m_r′ (b^′) ∞∑ n=0 (−i)^nq̆^{n(n+1)/2}

(q̆; q̆)_n h_n( 1 2 (q^{r′} b^{′−1} − q^{−r′} b^′)|q̆)h_n( 1 2 (q^rb^{−1} − q^{−r}b)|q̆).

In order to sum up the last sum we set

q = e^τ , b = e^σ, b^′ = e^{σ′} . Then 1 2 (q^{r′} b^{′−1} − q^{−r′} b^′) = sinh(τr^′ − σ^′), 1 2 (q^rb^{−1} − q^{−r}b) = sinh(τr − σ).

Taking into account the relation ∞∑ n=0 h_n(sinh ξ|q̆)h_n(sinh η|q̆) q̆^{n(n−1)/2} (q̆; q̆)_n

R^n =

(−Re^{ξ+η}, −Re^{−ξ−η}, Re^{ξ−η}, Re^{η−ξ}; q̆)_∞ (R^2/q̆; q̆)_∞

from [19], where (a, b, c, d; q̆)_∞ ≡ (a; q̆)_∞(b; q̆)_∞(c; q̆)_∞(d; q̆)_∞, we derive that

F^{b′b}_r′_r = m_r′ (b^′) (−q̆; q̆)_∞

(α^+; q̆)_∞(α^−; q̆)_∞(α^+_−; q̆)_∞(α^−_+; q̆)_∞, (28)

where

α^+ = iq̆^{r+r′+1}bb^′, α^− = iq̆^{−r−r′+1}b^{−1}b^{′−1}, α^+_− = −iq̆^{r−r′+1}bb^{′−1}, α^−_+ = −iq̆^{−r+r′+1}b^{−1}b^′.

Thus, the Fourier transform F ≡ F^{b′b}, corresponding to the q-oscillator O(b, b^′), is given by formula (27), where entries of the matrix ( F^{b′b}_r′_r

)_∞

r^′,r=−∞

are determined by (28). The inverse transform F^{−1}F = F̂ is given by the formula

F̂ (p_{b′} (r^′)) =^∞ ∑ r=−∞ ( m_r(b) m_r′ (b^′)

)_{1/2}

T^{b′b}_r′_r F (p_b(r)),

Spectra of Observables in the q-Oscillator and q-Analogue of the Fourier Transform 17

where T^{b′b}_r′_r are such as above. As in the case of the usual Fourier transform, the corresponding Plancherel formula holds.

Acknowledgements This research was partially supported by Grant 10.01/015 of the State Foundation of Fundamental Research of Ukraine. Discussions with N. Atakishiyev, I. Burban, and O. Gavrylyk are gratefully acknowledged.

[1] Biedenharn L.C., The quantum group SUq(2) and a q-analogue of the boson operators, J. Phys. A: Math.

Gen., 1989, V.22, L873–L879.

[2] Macfarlane A.J., On q-analogues of the quantum harmonic oscillator and the quantum group SUq(2), J. Phys. A: Math. Gen., 1989, V.22, 4581–4588.

[3] Damaskinsky E.V., Kulish P.P., Deformed oscillators and their applications, Zap. Nauch. Sem. LOMI, 1991, V.189, 37–74.

[4] Klimyk A., Schmüdgen K., Quantum groups and their representations, Berlin, Springer, 1997. [5] Klimyk A.U., Schempp W., Classical and quantum Heisenberg groups, their representations and applications, Acta Appl. Math., 1986, V.45, 143–194.

[6] Burban I.M., Klimyk A.U., Representations of the quantum algebra Uq(su1,1), J. Phys. A: Math. Gen., 1993, V.26, 2139–2151.

[7] Burban I.M., Klimyk A.U., On spectral properties of q-oscillator operators, Lett. Math. Phys., 1993, V.29, 13–18.

[8] Chung W.-S., Klimyk A.U., On position and momentum operators in the q-oscillator, J. Math. Phys., 1996, V.37, 917–932.

[9] Borzov V.V., Damaskinsky E.V., Kulish P.P., On position operator spectral measure for deformed oscillator in the case of indetermine Hamburger moment problem, Rev. Math. Phys., 2001, V.12, 691–710.

[10] Askey R., Continuous q-Hermite polynomials when q > 1, in q-Series and Partitions, Editor D. Stanton, Berlin, Springer, 1998, 151–158.

[11] Klimyk A.U., On position and momentum operators in the q-oscillator, J. Phys. A: Math. Gen., 2005, V.38, 4447–4458.

[12] Gasper G., Rahman M., Basic hypergeometric functions, Cambridge, Cambridge University Press, 1990. [13] Berezanskii Yu.M., Expansions in eigenfunctions of selfadjoint operators, Providence, R.I., American Mathematical Society, 1969.

[14] Shohat J., Tamarkin J.D., The problem of moments, Providence, R.I., American Mathematical Society, 1943.

[15] Simon B., The classical moment problem as a self-adjoint finite difference operator, Adv. Math., 1998, V.137, 82–203.

[16] Akhiezer N.I., The classical moment problem, New York, NY, Hafner, 1965.

[17] Akhiezer N.I., Glazman I.M., The theory of linear operators in Hilbert spaces, New York, NY, Ungar, 1961. [18] Ciccoli N., Koelink E., Koornwinder T.H., q-Laguerre polynomials and big q-Bessel functions and their orthogonality relations, Methods of Applied Analysis, 1999, V.6, 109–127.

[19] Ismail M.E.R., Masson D.R., q-Hermite polynomials, biorthogonal functions, and q-beta integrals, Trans.

Amer. Math. Soc., 1994, V.346, 63–116.

[20] Koekoek R., Swarttouw R.F., The Askey-scheme of hypergeometric orthogonal polynomials and its qanalogue, Delft University of Technology Report 98–17; available from ftp.tudelft.nl.

[21] Santilli R.M., Imbedding of Lie algebras in nonassociative structures, Nuovo Cim. A, 1967, V.51, 570–576. [22] Askey R., Atakishiyev N.M., Suslov S.K., An analog of the Fourier transformation for a q-harmonic oscillator, in Symmetries in Science VI, Editor B. Gruber, New York, Plenum Press, 1993, 57–64.