Rend. Sem. Mat. Univ. Pol. Torino Vol. 60, 2 (2002)

D. Calvo

GENERALIZED GEVREY CLASSES AND MULTI-QUASI-HYPERBOLIC OPERATORS

Abstract. In this paper we consider generalized Gevrey classes defined in terms of Newton polyhedra. In such functional frame we prove a theorem of solvability of the Cauchy Problem for a class of partial differential operators, called multi-quasi-hyperbolic. We then give a result of regularity of the solution with respect to the space variables and finally analyze the regularity with respect to the time variable.

Introduction

It is well known from the Cauchy-Kovalevsky theorem that the Cauchy Problem for partial differential equations with constant coefficients or analytic coefficients, and analytic data admits a unique, analytic solution.

But there are problems that are not C^∞ well-posed, i.e. starting with C^∞ data, there is not a C^∞ solution. In these cases it is natural to consider the behaviour of the operator in the Gevrey classes G^s, 1 < s < ∞ (for definition and properties see for example Rodino [11]). Solvability of the Cauchy Problem in Gevrey spaces has been obtained for a class of partial differential operators with constant coefficients, the so called shyperbolic operators.

More precisely, we recall the following definition and the corresponding result, for the proof see Cattabriga [3], Hörmander [9], Rodino [11].

DEFINITION 1. Let’s consider partial differential operators in R^{n+1} = R_t × R^n_x , non-characteristic with respect of the t-hyperplanes, i.e. operators that can be written in the form:

(1) P(D_t , D_x ) = D^m_t + m−1� j=1 a_j (D_x )D^j_t

with order(a_j (D_x )) ≤ m − j.

We say that P(D) is s-hyperbolic (with respect to the t variable), 1 < s < ∞, if its symbol satisfies for a suitable C > 0 the condition: if λ^m +

�_{m−1} j=0 a_j (ξ)λ^j = 0 for (λ, ξ) ∈ C_t × R^n_x , then ℑλ ≥ −C(1 + |ξ|^{1s} ).

In the case ℑλ ≥ −C we say that P(D) is hyperbolic.

73

74 D. Calvo

THEOREM 1. Let P(D) be a differential operator in R_t × R^n_x of the form (1) and let P be s-hyperbolic with respect to t, with 1 < s < ∞. Let 1 < r < s and assume f_k (x) ∈ G^r_0(R^n_x ) for k = 0, 1, . . . , m − 1. Then there exists a Gevrey function u ∈ G^r (R^{n+1}) satisfying the Cauchy Problem: (2) � P(D)u = D^m_t u +

�_{m−1}

j=0 a_j (D_x )D^j_t u = 0 D^k_t u(0, x) = f_k (x) ∀x ∈ R^n, ∀k = 0, 1, . . . , m − 1.

In the case P(D) is hyperbolic , we have the corresponding result of existence in the C^∞ class.

The previous Theorem 1 can be extended to operators with variable coefficients, for example we refer to the important contribution of Bronstein [2]. Here, remaining in the frame of constant coefficients, we want to extend the previous theorem in order to assure the solvability of the Cauchy Problem for a larger class of data.

To this end, we define generalized Gevrey classes G^{sP} , 1 < s < ∞, based on a complete polyhedron P, following Zanghirati [13], Corli [6], and give equivalent definitions of these classes (for details see Section 1).

Let us observe that G^s ⊂ G^{sP} . The classes G^{sP} allow to express a precise result of regularity for the so called multi-quasi-elliptic equations, defined in terms of the norm |ξ|_P associated to P, see Cattabriga [4], Hakobyan-Margaryan [8], Boggiatto-Buzano- Rodino [1] and the subsequent Section 1.

We then introduce a class of differential operators with constant coefficients, modelled on a complete polyhedron P, that is natural to name as multi-quasi-hyperbolic operators.

DEFINITION 2. Let 1 < s < ∞ and let P be a complete polyhedron. We say that a differential operator with constant coefficients in R^n_x × R_t of the form (1) is multiquasi-hyperbolic of order s with respect to P if there exists a constant C > 0 such that for (λ, ξ) ∈ C × R^n the condition:

P(λ, ξ) = λ^m + m−1� j=0 a_j (ξ)λ^j = 0

implies:

ℑλ ≥ −C|ξ|^{1s}_P

where |ξ|_P is the weight associated to P as in Section 1.

The algebraic properties of the symbol of multi-quasi-hyperbolic operators will be studied in Section 2, where we shall also give some examples.

Since |ξ|_P ≤ const (1 + |ξ|), the previous definition implies s-hyperbolicity; therefore we may apply to P(D) the previous Theorem 1 and conclude the well-posedness of (2) in G^r with r < s. However, for multi-quasi-hyperbolic operators of order s we have

Multi-quasi-hyperbolic operators 75

the well-posedness of the Cauchy Problem in the larger classes G^{rP} , r < s. More precisely, in Section 3 we will prove the following theorem:

THEOREM 2. Let P(D) be a differential operator in R_t × R^n_x as in (1) and let P be multi-quasi-hyperbolic of order s with respect to a complete polyhedron P in R^n, with 1 < s < ∞. Let 1 < r < s and assume f_k ∈ G^{rP}_0 (R^n_x ) for k = 0, 1, . . . , m − 1. Then there exists u(t, ·) ∈ G^{rP} (R^n_x ) for t ∈ R satisfying the Cauchy Problem (2).

This gives a regularity of the solution u with respect to the space variables. To test the regularity with respect to the time variable, we need to define a new polyhedron P^′ that extends the polyhedron P to R^{n+1}. We shall then be able to conclude u ∈ G^{rP ′} (R^{n+1}), see to Section 4 for details.

1. Complete polyhedra and generalized Gevrey classes

A convex polyhedron P in R^n is the convex hull of a finite set of points in R^n. There is univocally determined by P a finite set V(P) of linearly independent points, called the set of vertices of P, as the smallest set whose convex hull is P. Moreover, if P has non-empty interior, there exists a finite set:

N (P) = N_0(P) � N_1(P) such that :

|ν| = 1, ∀ν ∈ N_0(P) and P = {z ∈ R^n|ν · z ≥ 0, ∀ν ∈ N_0(P) ∧ ν · z ≤ 1, ∀ν ∈ N_1(P)}.

The boundary of P is made of faces F_ν of equation:

ν · z = 0 if ν ∈ N_0(P) ν · z = 1 if ν ∈ N_1(P).

We now introduce a class of polyhedra that will be very useful in the following.

DEFINITION 3. A complete polyhedron is a convex polyhedron P ⊂ R^n_+ such that:

1. V(P) ⊂ N^n (i.e. all vertices have integer coordinates);

2. the origin (0, 0, . . . , 0) belongs to P;

3. dim(P) = n;

4. N_0(P) = {e_1, e_2, . . . , e_n}, with e_j = (0, 0, . . . , 0, 1_{j−th}, 0, . . . , 0) ∈ R^n for j = 1, . . . , n;

5. N_1(P) ⊂ R^n_+.

We note that 5. means that the set: Q(x) = {y ∈ R^n|0 ≤ y ≤ x} ⊂ P if x ∈ P and if s belongs to a face of P and r > s then r ∉ P.

We can consider also polyhedra with rational vertices instead of integer vertices, as in Zanghirati (see [13]); the properties below remain valid.

76 D. Calvo

PROPOSITION 1. Let P be a complete polyhedron in R^n with natural (or rational) vertices s^l = (s^l_1, . . . , s^l_n), l = 1, . . . , n(P), where n(P) is the number of the vertices of P, then:

1. for every j = 1, 2, . . . , n, there is a vertex s^{l j} of P such that:

(0, . . . , 0, s^{l j}_j , 0, . . . , 0) = s^{l j}_j e_j , s^{l j}_j = max_{s∈P} s_j =: m_j (P).

2. there is a finite non-empty set N_1(P) ⊂ Q^n_+\{0} such that: P = � ν∈N_1(P)

{s ∈ R^n_+ : ν · s ≤ 1};

3. for every j = 1, . . . , n there is at least one ν ∈ N_1(P) such that:

m_j = m_j (P) = ν^{−1}_j ;

4. if s ∈ P, then:

|ξ^s| ≤

n(P)�

l=1 |ξ^{sl} | � �ξ^s = n� j=1 ξ^{s j}_j � � .

The proof is trivial and we need only to point out that 4. is a consequence of the following lemma, for whose proof we refer to Boggiatto-Buzano-Rodino [1], Lemma 1.1.

LEMMA 1. Given a subset A ⊂ (R^+_0 )^n and a linear convex combination β = � α∈A c_αα, then for any x ∈ (R^+_0 )^n the following inequality is satisfied:

(3) x^β ≤ � α∈A c_α x^α

We now give some notations related to a complete polyhedron P. Let’s denote by L(P) the cardinality of the smallest set N_1(P) that satisfies 2. of Proposition 1. We denote:

F_ν (P) = {s ∈ P : ν · s = 1}, ∀ν ∈ N_1(P) a face of P; F = � ν∈N_1(P) Fν (P) the boundary of P;

V(P) the set of vertices of P; δP = {s ∈ R^n_+ : δ^{−1}s ∈ P}, δ > 0;

k(s, P) = inf{t > 0 : t^{−1}s ∈ P} = max_{ν∈N1(P)} ν · s, s ∈ R^n_+. Now let P be a complete polyhedron, we say: μ_j (P) = max_{ν∈N1(P)} ν^{−1}_j ;

μ = μ(P) = max_{j=1,...,n} μ_j the formal order of P; μ^{(0)}(P) = min_{γ ∈V(P)\{0}} |γ | the minimum order of P;

Multi-quasi-hyperbolic operators 77

μ^{(1)}(P) = max_{γ ∈V(P)} |γ | the maximum order of P; q(P) =

�_{μ(P)}

μ_1(P) , . . . , μ(P) μ_n (P) � ; |ξ|_P = ( � s∈V(P) ξ

2s )^{12μ} , ∀ξ ∈ R^n the weight of ξ associated to the polyhedron P. Considering a polynomial with complex coefficients, we can regard it as the symbol of a differential operator, and associate a polyhedron to it, as in the following.

DEFINITION 4. Let P(D) = � |α|≤m cα D

α, c_α ∈ C be a differential operator with complex coefficients in R^n and P(ξ) = � |α|≤m cαξ

α, ξ ∈ R^n its characteristic polynomial. The Newton polyhedron or characteristic polyhedron associated to P(D) is the convex hull of the set: {0} � {α ∈ Z^n_+ : c_α ≠ 0}.

There follow some examples of Newton polyhedra related to differential operators:

1. If P(ξ) is an elliptic operator of order m, then its Newton polyhedron is complete and is the polyhedron of vertices {0, me_j , j = 1, . . . , n} and so: P = {ξ ∈ R^n : ξ ≥ 0,

�_n

i=1 ξ_i ≤ m}.

The set N_1(P) is reduced to a point: ν = m^{−1}

�_m

j=1 e_j = (m^{−1}, . . . , m^{−1}).

m_j (P) = μ_j (P) = μ^{(0)}(P) = μ^{(1)}(P) = μ(P) = m, j = 1, 2, . . . , n; q(P) = (1, 1, . . . , 1); k(s, P) = m^{−1}|s| = m^{−1}

�_n

j=1 s_j , s ∈ R^n_+.

2. If P(ξ) is a quasi-elliptic polynomial of order m (see for example Hörmander [9], Rodino [11], Zanghirati [12]), its characteristic polyhedron P is complete and has vertices {0, m_j e_j , j = 1, . . . , n} where m_j = m_j (P) are fixed integers. The set N_1(P) is again reduced to a point: ν = �_n j=1 m^{−1}_j e_j .

P = {ξ ∈ R^n : ξ ≥ 0,

�_n j=1 m^{−1}_j ξ_j ≤ 1};

μ_j (P) = m_j , j = 1, . . . , n; μ^{(0)}(P) = min_{j=1,...,n} m_j ;

μ(P) = μ^{(1)}(P) = max_{j=1,...,n} m_j = m; q(P) = (^m_{m1} , . . . ,^m_{mn} );

k(s, P) = μ(P)^{−1}q · s, s ∈ R^n_+.

In this case the unique face of P is defined by the equation: 1 m_1 x_1 + . . . + 1 m_n x_n = 1.

We note in general that s belongs to the boundary of k(s, P)P and k(s, P) is univocally determined for complete polyhedra.

k(s, P) satisfies the following inequality that will be very useful in the following: (4) |s| μ^{(1)}

≤ k(s, P) ≤ | |s| μ^{(0)}

≤ |s|, ∀s ∈ R^n_+ .

78 D. Calvo

We remember (see [1]) that the polyhedron of a hypoelliptic polynomial is complete, but the converse is not true in general.

We now introduce a class of generalized Gevrey functions associated to a complete polyhedron, as in Corli[6], Zanghirati [13].

They can be regarded as a particular case of inhomogeneous Gevrey classes with weight λ(ξ) = |ξ|_P , in the sense of the definition of Liess-Rodino [11], and can be expressed also by means of the derivatives of u.

Following Corli [6] we give the following definition:

DEFINITION 5. Let P be a complete polyhedron in R^n. Let � be an open set in R^n and s ∈ R, s > 1. We denote by G^{sP} (�) the set of all u ∈ C^∞(�) such that: (5) ∀K ⊂⊂ �, ∃C > 0 :

|D^αu(x)| ≤ C^{|α|+1}(μk(α, P))^{sμk(α,P)}, ∀α ∈ Z^n_+, ∀x ∈ K.

We also define:

G^{sP}_0 (�) = G^{sP} (�) ∩ C^∞_0 (�).

The space G^{sP} (�) can be endowed with a natural topology. Namely, we denote by C^∞(P, s, K, C) the space of funcions u ∈ C^∞(�) such that: (6) suppu ⊂ K ‖u‖_{K,C} = sup_{α∈Z}n_+ sup_{x∈K} C^{−|α|}(μk(α, P))^{−sμk(α,P)}|D^αu(x)| < ∞

With such a norm, C^∞(P, s, K, C) is a Banach space. Then:

G^{sP} (�) = � K ⊂⊂� � C>0 C^∞(P, s, K, C)

endowed with the topology of projective limit of inductive limit.

REMARK 1. If P is the Newton polyhedron of an elliptic operator, then G^{sP} (�) coincides with G^s(�), the set of the standard s-Gevrey functions in �.

REMARK 2. If P is the Newton polyhedron of a quasi-elliptic operator, then:

G^{sP} (�) = G^{sq}(�), where q = � m m_1

, . . . , m m_n �

the set of the anisotropic Gevrey functions, for definition see Hörmander [9], Rodino [11], Zanghirati [12].

REMARK 3. We have the following inclusion:

G^s μ μ(1) ⊂ GsP ⊂ G

s^μ_{μ(0)}

, ∀s > 1, ∀P

as follows immediately from Definition 5 and the inequality (4).

Multi-quasi-hyperbolic operators 79

We give now equivalent definitions of generalized Gevrey classes. The arguments are similar to those in Corli [6], Zanghirati [13], but simpler, since for our purposes we need to consider only classes for s > 1; to be definite, we prefer to give here self-contained proofs.

Let P be a complete polyhedron in R^n and let K be a compact set in R^n.

DEFINITION 6. If ν ∈ N_1(P), let: C(ν) = {α ∈ Z^n_+ : k(α, P) = α · ν}.

C(ν) is a cone of Z^n_+ and C(ν) � F = F_ν . This means that k(α, P)^{−1}α ∈ F_ν.

LEMMA 2. Let s > 1, there is a function χ ∈ C^∞_0 (R^n) such that:

χ(x) = 1, x ∈ K, |D^α χ| ≤ C(C N^{sμ})^{α·ν}, if α · ν ≤ N, ∀N = 1, 2, . . . , ∀ν ∈ N_1(P). (7) Proof. Every u ∈ G^s_0(R^n) satisfies the conditions 7. In fact, every u ∈ G^s_0(R^n) satisfies:

|D^αu(x)| ≤ CC^{|α|}|α|^{s|α|} ≤ CC^{|α|} N^{s|α|} if |α| ≤ N.

In fact, as 0 < ν_j ≤ 1, ∀ j = 1, . . . , n, ∀ν ∈ N_1(P) and α · ν ≤ |α|, we get: |α| ≤ α · ν max(ν_j )^{−1} = α · νμ |α| ≤ N ⇒ α · ν ≤ N.

So, taking R = C^μμ^{sμ}, we obtain:

|D^α u(x)| ≤ C(RN^{sμ})^{α·ν}, ∀ν ∈ N_1(P), ∀α : α · ν ≤ N.

Then we can proceed as in the C^∞ case to construct χ ∈ G^s_0(R^n) such that χ ≡ 1 in K .

LEMMA 3. With the previous notations, if u ∈ G^{sP} (R^n), then taking χ as in Lemma 2, we obtain the estimate:

(8) |^χu(ξ)| ≤ C � C N^s |ξ|_P + N^s

�_{μN} N = 1, 2, . . .

Proof. By Leibniz formula we can write:

|D^α(χu)| ≤ � β≤α � α β � |D^{α−β} χ||D^β u|

Let’s choose any β ≤ α, then β ∈ C(ν) for some ν ∈ N_1(P) (not necessarily unique) and for that ν we get: sup x∈suppχ

|D^β χ(x)| ≤ C(C N^{sμ})^{β·ν}

80 D. Calvo

and by Lemma 2: sup x∈suppχ

|D^{α−β} χ(x)| ≤ C(C N^{sμ})^{(α−β)·ν} if α · ν ≤ N, N = 1, 2, . . .

So we get: sup x∈suppχ

|D^{α−β} χ(x)||D^β u(x)| ≤ C(C N^{sμ})^{(α−β)·ν}C^{|α−β|+1}_1 (μk(β, P))^{sμk(β,P)} ≤ C(C N^{sμ})^{(α−β)·ν}C_1(C_2μk(β, P))^{sμk(β,P)} as |β| ≤ μk(β, P), taking C_2 = C^{1s}_1 .

But we have supposed that k(β, P) = β · ν and β ≤ α, moreover α · ν ≤ N implies β · ν ≤ N. We now proceed to estimate: sup x∈suppχ

|D^{α−β} χ(x)||D^β u(x)| ≤ C^′(C N^{sμ})^{(α−β)·ν}(C_1 N^{sμ})^{β·ν} ≤ C^′(C^{′′} N^{sμ})^{α·ν} ∀α, if α · ν ≤ N, ∀ν ∈ N_1(P), N = 1, 2, . . . . Taking C^{′′} = max{C, C_1}, using the linearity of scalar product and observing that: (α − β) · ν + β · ν = α · ν, k(α, P) = max{α · ν, ν ∈ N_1(P)} we get the inequality:

|D^α(χu)| ≤ C^′(C^{′′} N^s )^{μk(α,P)}. On the other hand we have: | ^ D^α (χu)| =| � e^{−ix·ξ} D^α (χu)| ≤ � suppχ

|D^α(χu)| ≤ C sup suppχ

|D^α(χu)|

as χ has compact support. Using the properties of the Fourier transform we conclude: | ^ D^α(χu)| = |ξ^α ^χu| ≤ C sup suppχ

|D^α(χu)| ≤ C(C N^s )^{μk(α,P)}.

Let now α = vN, for any v ∈ V(P), the set of vertices of P, summing up the previous inequalities for α = 0, α = vN, ∀v ∈ V(P), we obtain: |^χu(ξ)|N^{sμN} + � v∈V(P)

|^χu(ξ)ξ^{vN} | ≤ C(C N^s )^{μN} .

Multi-quasi-hyperbolic operators 81

Using the following inequality: � v∈V(P)

|ξ^{vN} |n(P)^{Nμ−1} ≤ |ξ|^{Nμ}_P ≤ 2^{n(P)(μN−1)} � v∈V(P)

|ξ^{vN} |

where n(P) denotes the number of vertices of P different from the origin. So we can conclude that:

|^χu(ξ)| ≤

C(C N^s )^{μN} N^{sμN} + � s∈V(P) |ξ

s N | ≤ C(C N^s )^{μN}

N^{sμN} +^{|ξ|NμP}_{2n(P)(μN−1)}

≤ C^′ � C^′ N^s |ξ|_P + N^s

�_{μN}

, N = 1, 2, . . . .

THEOREM 3. Let � be an open set in R^n, x_0 ∈ �, u ∈ D^′(�), then u is of class G^{sP} in a neighborhood of x_0 if and only if there is a neighborhood U of x_0 and v ∈ E^′(�) or v ∈ S^′(R^n) such that:

1. v = u in U

2. v̂ satisfies:

(9) |v̂(ξ)| ≤ C � C N^s |ξ|_P

�_{μN} = C � � C^′ N

|ξ|^{1s}_P

� � sμN , N = 1, 2, . . . .

REMARK 4. The previous Theorem 3 admits the more general formulation: Let K ⊂⊂ �, u ∈ D^′(�), then u is of class G^{sP} in a neighborhood U of K if and only if there is v ∈ E^′(�) or v ∈ S^′(R^n), v = u in U such that v̂ satisfies the estimate (9). The proof is analogous to that of Theorem 3.

Proof. Proof of necessity: Let u ∈ G^{sP} in the set {x : |x − x^0| ≤ 3r}, 0 < r ≤ 1, χ as in Lemma 3, with K = {x : |x − x_0| ≤ r} and suppχ ⊂ {x : |x − x_0| ≤ 2r}. Then the function v = χu satisfies conditions 1.,2. of the theorem. Proof of sufficiency:

Let v ∈ E^′(�) satisfy the conditions 1.,2.. Then there are two constants M_0, C > 0 such that:

|v̂(ξ)| ≤ C(1 + |ξ|)^{M0} . So: |v̂(ξ)| ≤ C|ξ|^M_P , M = μM_0 Let’s fix α ∈ Z^n_+, the integral � |ξ^αv̂(ξ)|dξ converges by condition 2..

By 1., if x ∈ U, then:

D^α u(x) = (2π)^{−n} � e^{ix·ξ} ξ^αv̂(ξ)dξ .

82 D. Calvo

Now we use the property:

(10) |ξ^α| ≤ |ξ|^{μk(α,P)}_P .

In fact, given α ∈ Z^n_+, then^α_{k(α,P)} ∈ F and so, by the definition of convex hull, told s^{l1} , . . . , s^{lr} the vertices of the face where^α_{k(α,P)} lies, we have:

α = k(α, P) r� i=1 λ_i s^{li} , r� i=1 λ_i = 1, λ_i ≥ 0 ,

and hence by Lemma 1:

|ξ^α| = n� j=1 |ξ^{α j}_j | ≤ r� i=1 λ_i � � n� j=1 |ξ_j |^s l j j � � k(α,P)

≤ � � � s^l ∈V(P) n� j=1 |ξ_j |^{2s} l j j � � 1 2 k(α,P)

≤ |ξ|^{μk(α,P)} P . (11)

Now, splitting the integral into the two regions: |ξ|_P < N^s , |ξ|_P > N^s we get:

|D^αu(x)| ≤ (2π)^{−n}(1 + N^s )^{M+sμk(α,P)} � |ξ|_P <N^s dξ + C(C N^s )^{μN} � |ξ|_P >N^s

|ξ|^{μk(α,P)−μN}

P dξ .

The first integral is limited for all N and the second converges for large N, namely we set N = k(α, P) + R for R depending only on P and M. Then: |D^αu(x)| ≤ C^′(C^′μk(α, P) + R)^{sμ(k(α,P)+R)} implies:

|D^α u(x)| ≤ C^{|α|+1}(μk(α, P))^{sμk(α,P)}.

We now give a characterization of generalized Gevrey functions by means of exponential estimates for the Fourier transform, that is possible if s > 1 and will be of main interest in the proof of Theorem 2.

Multi-quasi-hyperbolic operators 83

THEOREM 4. 1. Let u ∈ G^{sP}_0 (R^n), then there exist two constants C > 0, ϵ > 0 such that:

(12) |û(ξ)| ≤ C exp(−ϵ|ξ|^{1s}_P );

2. if the Fourier transform of u ∈ E^′(R^n), or u ∈ S^′(R^n) satisfies (12), then u ∈ G^{sP} (R^n).

In the proof of Theorem 4 we shall use the following lemma: LEMMA 4. The estimates:

(13) |û(ξ)| ≤ C � � C N |ξ|^{1s}_P

� � N , N = 1, 2, . . .

are equivalent to the following:

(14) |û(ξ)| ≤ C^{N+1} N!|ξ|^{− Ns}_P , N = 1, 2, . . . for suitable different constants C > 0 independent of N.

The proof of the lemma is trivial and based on the inequalities: N! ≤ N^N , ∀N = 1, 2, . . . and N^N ≤ e^N N!. Now we prove Theorem 4.

Proof. Let’s suppose that u ∈ G^{sP}_0 (R^n), then taking suppu ⊂ K in Remark 4, we obtain:

|û(ξ)|^{1sμ} ≤ C � � C N |ξ|^{1s}_P

� � N , N = 1, 2, . . .

Then by the previous lemma, u satisfies for a suitable constant C^′ > 0:

|û(ξ)|^{1sμ} ≤ (C^′)^{N+1} N!|ξ|^{− Ns}_P and fixing ϵ =^1_{2C ′} we get:

|û(ξ)|^{1sμ} ϵ^N

|ξ|^{Ns}_P N! ≤ 1 2ϵ 1 2^N . Summing up for N = 1, 2, . . . :

|û(ξ)|^{1sμ} ∞� N=0 ϵ^N

|ξ|^{Ns}_P N! ≤ 1 2ϵ ∞� N=0 1 2^N

84 D. Calvo

and hence:

|û(ξ)|^{1sμ} ex p(ϵ|ξ|^{1s}_P ) ≤ 1 ϵ . So we obtain for a suitable constant C > 0:

|û(ξ)| ≤ Cex p(−ϵsμ|ξ|^{1s}_P ) = Cex p(−ϵ^′|ξ|^{1s}_P )

letting ϵ^′ = ϵsμ.

If u ∈ E^′(R^n) satisfies:

|û(ξ)| ≤ C exp(−ϵ|ξ|^{1s}_P ) = C � exp � − ϵ μs |ξ|^{1s}_P

�_{μs}

then:

|û(ξ)|^{1μs} exp � ϵ μs |ξ|^{1s}_P � ≤ C^{1μs} .

Hence, by expanding the exponential into Taylor series we have: ∞� N=0 |û(ξ)|^{1μs} (ϵ^′)^N

|ξ|^{1s}_P N! ≤ C^′

with C^′ = C^1_{μs} , ϵ^′ =^ϵ_{μs} . This implies:

|û(ξ)|^{1μs} (ϵ^′)^N

|ξ|^{Ns}_P N! ≤ C^′

and hence for a new constant C > 0:

|û(ξ)| ≤ C^′ � � C N |ξ|^{1s}_P

� � sμN

that means that u ∈ G^{sP} (R^n) as the conditions of Theorem 4 are satisfied in a neighborhood of any x_0 ∈ R^n.

2. Multi-quasi-hyperbolic operators

For any complete polyhedron P we define the corresponding class of multi-quasi-hyperbolic operators, according to Definition 2. For short, we denote multi-quasi-hyperbolic operators of order s with respect to P by (s, P)-hyperbolic. Obviously, if P(D) is multi-quasi-hyperbolic of order s > 1 with respect to P, P(D) is also multi-quasi-hyperbolic of order r, ∀r, 1 < r < s with respect to P. We now prove some properties for this class of operators.

Multi-quasi-hyperbolic operators 85

PROPOSITION 2. If P(D) is (s, P)-hyperbolic for 1 < s < ∞, then for any (λ, ξ) ∈ C × R^n such that P(λ, ξ) = 0, there is C > 0 such that:

(15) |ℑλ| ≤ C|ξ|^{1s}_P .

Proof. The coefficient of λ^{m−1} in P(λ, ξ) is a linear function of ξ. If the zeros of P(λ, ξ) are denoted by λ_j , it follows that

�_m j=1 λ_j is a linear function of ξ. Then also �_m

j=1 ℑλ_j is a linear combination of ξ, and if P(D) is (s, P)-hyperbolic, then: m� j=0 ℑλ_j ≥ −mC|ξ|^{1s}_P

implies

�_m j=0 ℑλ_j = C_0 for a suitable constant C_0. So we obtain for all λ_k root of P(λ, ξ):

ℑλ_k = C_0 − � j≠k

ℑλ_j ≤ C_0 + C(m − 1)|ξ|^{1s}_P ≤ C^′|ξ|^{1s}_P .

That completes the inequality: |ℑλ_k| ≤ C|ξ|^{1s}_P for all roots λ_k of P(λ, ξ).

PROPOSITION 3. If P(D) is (s, P)-hyperbolic for 1 < s < ∞, then the principal part P_m (D) of P(D) is hyperbolic, i.e. the homogeneous polynomial P_m (λ, ξ) satisfies:

(16) P_m (λ, ξ) = 0 (λ, ξ) ∈ C × R^n ⇒ ℑλ = 0. Proof. Taking σ > 0, λ ∈ C, ξ ∈ R^n, we get: P_m (λ, ξ) = lim_{σ →∞} P(σ λ, σ ξ) · σ^{−m}

From Proposition 2 the zeros of P(σ λ, σ ξ) must satisfy:

|ℑλ_k | ≤ C

|σ ξ|^{1s}_P σ So for σ → ∞, ℑλ = 0 for all the roots λ ∈ C of P_m (λ, ξ), that is P_m(D) is hyperbolic.

PROPOSITION 4. For a differential operator P_m (D) associated to an homogeneous polynomial P_m(λ, ξ), the notion of hyperbolicity and (s, P)-hyperbolicity coincide.

The proof follows easily from Proposition 3.

86 D. Calvo

PROPOSITION 5. Let P(D) be a differential operator of the form:

(17) P(D) = P_m (D) + m−1� j=0 a_j (D_x )D^j_t

with homogeneous principal part:

(18) P_m (D) = D^m_t + m−1� j=0 b_j (D_x )D^j_t ,

with:

order(b_j (D_x )) = m − j order(a_j (D_x )) ≤ m − j − 1 and assume:

(19)

P_m (λ, ξ) = 0 for λ ∈ C, ξ ∈ R^n implies ℑλ = 0 |a_j (ξ)| ≤ C|ξ|^{m−1}_P (1 + |ξ|)^{− j} for j = 1, . . . , m − 1 (for a C > 0).

Then P(D) is (^m_{m−1} , P) hyperbolic.

Proof. By definition, the terms a_j (D_x ), b_j (D_x ) satisfy for a suitable C > 0:

(20)

|b_j (ξ)| ≤ C|ξ|^{m− j} |a_j (ξ)| ≤ C|ξ|^{m− j−1}.

In the region {ϵ|λ| > |ξ|} (for ϵ > 0 sufficiently small), the following inequality is satisfied:

|P(λ, ξ) − λ^m | ≤ C m−1� j=0 |ξ|^{m− j} |λ|^j < λ^m 2 that implies: |P(λ, ξ)| > λ^m 2 and consequently P(λ, ξ) can’t have roots in this region and the roots must so satisfy for ϵ > 0:

(21) |λ| ≤ ϵ^{−1}|ξ|. On the other hand, for (λ, ξ) such that P(λ, ξ) = 0:

P_m(λ, ξ) = −(P − P_m)(λ, ξ) = − m−1� j=0 a_j (ξ)λ^j .

Multi-quasi-hyperbolic operators 87

In view of the estimates (21) and (19), we obtain:

|P_m(λ, ξ)| ≤ m−1� j=0 |a_j (ξ)||λ|^j ≤ C m−1� j=0 |ξ|^{m−1}_P (1 + |ξ|)^{− j} |λ|^j

≤ C^′ m−1� j=0 |ξ|^{m−1}_P (1 + |ξ|)^{− j} |ξ|^j ≤ C^{′′}|ξ|^{m−1}_P

In view of the hyperbolicity of P_m we can write:

P_m (λ, ξ) = m� j=0 (λ − λ_j ), λ_j ∈ R.

Hence:

|ℑλ|^m ≤ |P_m (λ, ξ)| ≤ C^{′′}|ξ|^{m−1}_P |ℑλ| ≤ C^{′′′}|ξ|^{m−1m}_P i.e. P(D) is (^m_{m−1} , P) hyperbolic.

PROPOSITION 6. Any differential operator P(D) = D^m_t +

�_{m−1} j=0 a_j (D_x )D^j_t satisfying the condition:

(22) |a_j (ξ)| ≤ C|ξ|^{m− j−1}_P j = 0, 1, . . . , m − 1, for C > 0 is (^m_{m−1} , P) hyperbolic.

We note that the principal part is only D^m_t and is obviously hyperbolic; Proposition 6 states that in this particular case we may replace (19) with the weaker assumption (22).

Proof. By the estimates (22) we have:

|P(λ, ξ) − λ^m | ≤ C m−1� j=0 |ξ|^{m− j−1}

P |λ|^j <

|λ|^m 2 in the region {(λ, ξ) ∈ C × R^n : |ξ|_P < ϵ|λ|} for a sufficiently small ϵ > 0. Consequently |P(λ, ξ)| >^{|λ|m}_2 and P(λ, ξ) can’t have roots in this region and so they must satisfy:

(23) |λ| ≤ ϵ^{−1}|ξ|_P . For (λ, ξ) such that P(λ, ξ) = 0, we write:

λ^m = −(P(λ, ξ) − λ^m ) = − m−1� j=0 a_j (ξ)λ^j .

88 D. Calvo

In view of the estimate (23) for λ and (22) for a_j (ξ):

|λ|^m ≤ C^′ m−1� j=0 |ξ|^{m− j−1}

P |λ|^j ≤ C^{′′}|ξ|^{m−1}_P

Hence:

|ℑλ|^m ≤ C^{′′}|ξ|^{m−1}_P |ℑλ| ≤ C^{′′′}|ξ|^{m−1m}_P i.e. P(D) is (^m_{m−1} , P) hyperbolic.

REMARK 5. A more general version of Proposition 6 is easily obtained by assuming as in Proposition 5 that P(D) has hyperbolic homogeneous principal part P_m (D) =

�_{m−1} j=0 b_j (D_x )D^j_t with:

(24) |b_j (ξ)| ≤ C|ξ|^{m− j}_P , j = 0, 1, . . . , m − 1 and keeping condition (22) for the lower order terms.

Observe however that (24) implies b_j (ξ) ≡ 0, but in the quasi-homogeneous case.

There follow some examples of multi-quasi-hyperbolic operators, that follow from the previous propositions.

1. If P(D) is a differential operator in R^n with symbol P(ξ) and Newton polyhedron P of formal order μ, then the differential operator in R^{n+1}: Q(D) = D^m_t + P(D_x ), with m > μ, is multi-quasi-hyperbolic of order^m_μ with respect to P. In fact, the roots of the symbol of Q(D) satisfy: |ℑλ| ≤ C|ξ|^{μm}_P .

2. A particular case of Proposition 5 is the following:

if P is the polyhedron in R^2 of vertices (0, 0), (0, 2), (1, 0), then μ = 2 and the following operator:

P(D_x , D_t ) = P_3(D_x , D_t ) + C_1 D^2_{x2} + C_2 D_{x1} + C_3 D_{x2} + C_4 D_t + C_5 where P_3(D_x , D_t ) is an hyperbolic homogeneous operator of order 3 and C_1, ..., C_5 ∈ C, is multi-quasi-hyperbolic of order^3_2 with respect to P.

Multi-quasi-hyperbolic operators 89

3. Another particular case of Proposition 5 is the following:

if P is the polyhedron in R^2 of vertices (0, 0), (0, 3), (1, 2), (2, 0), then the formal order μ = 4 and the operator of order 4:

P(D_t , D_x ) = P_4(D_t , D_x ) + c_1 D^2_{x2} + c_2 D_{x1} D_{x2} + c_3 D_{x2} D_t + c_4 D_{x1} + c_5 D_{x2} + c_6 D_t + c_7 where P_4(D_x , D_t ) is an hyperbolic homogeneous operator of order 4 and C_1, ..., C_7 ∈ C, is multi-quasi-hyperbolic of order^4_3 with respect to P.

4. Let P(D) be a differential operator in R^n with symbol P(ξ), then we consider the differential operator in R^{n+1}: Q(D) = (D^2_t + △_x )^m − P(D_x ) with order P(D) < 2m.

The roots of the symbol of Q(D) satisfy: (λ^2 − |ξ|^2)^m − P(ξ) = 0 and then, denoting by P(ξ)^{1m} the generic m − th root of P(ξ):

ℑλ = |ξ^2 + P(ξ)^{1m} |^{12} senθ where for θ > 0:

tg2θ =

ℑ(ξ^2 + P(ξ)^{1m} ) ℜ(ξ^2 + P(ξ)^{1m} ) ≤ |P(ξ)|^{1m} |ξ|^2 . We consider the first term of the Taylor expansion to estimate senθ:

senθ ≤ C

|P(ξ)|^{1m} 2|ξ|^2

|ℑλ| ≤ C

P(ξ)^{1m} |ξ| Let P^′ be a given complete polyhedron. If for some ρ < 1 we have:

|P(ξ)|^{1m} ≤ C|ξ|^ρ_{P ′} |ξ| i.e. |P(ξ)| ≤ C|ξ|^{ρm}_{P ′} |ξ|^m

(25)

then Q(D) is multi-quasi-hyperbolic of order^1_ρ with respect to P^′. If we consider in particular the Newton polyhedron associated to P(D_x ) with formal order μ < 2m, then Q(D) is multi-quasi-hyperbolic of order^m_μ , but we can consider also a larger class of polyhedra satisfying condition (25), and in any case stronger with respect to what we may deduce from Proposition 5.

90 D. Calvo

3. Proof of Theorem 2

Now we prove Theorem 2.

Proof. We try to satisfy the Cauchy Problem: � P(D)u = D^m_t u +

�_{m−1} k=0 a_k (D_x )D^k_t u = 0 D^k_t u(0, x) = f_k (x) ∀x ∈ R^n, ∀k = 0, 1, . . . , m − 1

by a function u(t, x) such that u(t, x) ∈ S(R^n_x ) for any fixed t ∈ R. We apply partial Fourier transform with respect to x, considering t as a parameter, so the Cauchy Problem admits the following equivalent formulation:

(26) � P(D_t , ξ)û = D^m_t û +

�_{m−1}

k=0 a_k (ξ)D^j_t û = 0 D^k_t û(0, ξ) = f̂_k (ξ) ∀ξ ∈ R^n, k = 0, 1, . . . , m − 1.

This makes sense as f_k have compact support, ∀k = 0, 1, . . . , m−1 and u ∈ S(R^n), ∀t fixed.

Now we consider the Cauchy Problem (26) as an ordinary differential problem in t, depending on the parameter ξ. A solution to problem (26) is given by:

(27) û(t, ξ) = m−1� j=0 f̂_j (ξ)F_j (t, ξ),

where F_j (t, ξ), j = 0, 1. . . . , m − 1, satisfy the ordinary Cauchy Problem on t depending on the parameter ξ ∈ R^n:

(28) � P(D_t , ξ)F_j = 0 D^k_t F_j (0, ξ) = δ_{jk} k = 0, 1, . . . , m − 1

where δ_{jk} denote the Kronecker delta.

The solution of (28) exists and is unique by the Cauchy theorem for ordinary differential equations, and the function û defined in (27) gives indeed a solution to the Cauchy Problem (26), as is easy to check. Now we want to estimate |D^α_x u(t, x)| or, equivalently, |û(t, ξ)| to obtain generalized Gevrey estimates with respect to the space variables.

By assumption f̂_j (ξ) ∈ G^{rP}_0 (R^n), so, in view of Theorem 4,(1), there are constants ϵ_j , C_j > 0 ( j = 0, 1, . . . , m − 1) such that for every ξ ∈ R^n:

| f̂_j (ξ)| ≤ C_j exp(−ϵ_j |ξ|^{1r}_P ) ≤ C exp(−ϵ|ξ|^{1r}_P ),

taking:

C = max{C_j , j = 0, . . . , m − 1}, ϵ = max{ϵ_j , j = 0, . . . , m − 1}.

To estimate F_j we use the following lemma (for the proof see for example Hörmander[9], Lemma 12.7.7).

Multi-quasi-hyperbolic operators 91

LEMMA 5. Let L(D) = D^m +

�_{m−1} j=0 a_j D^j be an ordinary differential operator with constant coefficients a_j ∈ C. Write � = {λ ∈ C : L(λ) = 0} and assume: max_{λ∈�} |λ| ≤ A, max_{λ∈�} |ℑλ| ≤ B for λ ∈ �.

(29)

Then the solutions v_j (t), j = 0, 1, . . . , m − 1 of the Cauchy Problems:

(30) � L(D)v_j = 0 (D^k v_j )(0) = δ_{jk}, k = 0, . . . , m − 1 satisfy the following estimates: |D^N v_j (t)| ≤ 2^m(A + 1)^{N+m+1}e^{(B+1)|t|}, N = 0, 1, . . . , t ∈ R.

(31)

We now apply the estimates of Lemma 5 for N = 0 to the functions F_j (t, ξ) in (28), j = 0, 1, . . . , m − 1, taking ξ as a parameter. If P(D) is (s, P)-hyperbolic, then ∃C^′ > 0 such that the roots of P(λ) satisfy:

|ℑλ| ≤ C^′|ξ|^{1s}_P ,

consequently we may take B = C^′|ξ|^{1s}_P .

Now we determine A. Let’s consider the characteristic polynomial of P:

P(λ, ξ) = λ^m + m−1� j=0 a_j (ξ)λ^j

where a_j (ξ) is a polynomial of degree at most equal to m − j. So there are constants C_j such that:

|a_j (ξ)| ≤ C_j (1 + |ξ|)^{m− j} .

It follows easily that for ϵ > 0 sufficiently small the zeros of P(λ, ξ) cannot belong to the region {(1 + |ξ|) < ϵ|λ|} and must necessarily satisfy: (32) |λ| ≤ ϵ^{−1}(1 + |ξ|) . So we can take:

(33) A = ϵ^{−1}(1 + |ξ|) and estimate for a suitable C > 0:

(34) |F_j (t, ξ)| ≤ (ϵ^{−1}(1 + |ξ|) + 1))^{m+1}C exp(C(|t| + 1)|ξ|^{1s}_P )

92 D. Calvo

By summing up the estimates for f̂_j , F_j we get the following estimates for û:

|û(t, ξ)| ≤ m−1� j=0 | f̂_j (ξ)||F_j (t, ξ)|

≤ C m−1� j=0 exp(−ϵ|ξ|^{1r}_P ) exp(C(1 + |t|)|ξ|^{1s}_P ) .

(35)

By assumption, r < s, and so^1_r >^1_s implies that:

lim |ξ|→+∞

|ξ|^{1s}_P

|ξ|^{1r}_P = 0

Then there exist positive constants C^′_1 = C^′_1(|t|), C^′_2 = C^′_2(|t|) such that:

C(1 + |t|)|ξ|^{1s}_P − ϵ|ξ|^{1r}_P ≤ −C^′_1|ξ|^{1r}_P + C^′_2 .

Hence we get the following estimate for û:

|û(t, ξ)| ≤ C^{′′} exp(−C^′_1|ξ|^{1r}_P ).

So we have obtained that u ∈ G^{rP} for any t ∈ R in view of Theorem 4,2). We observe that the constants C^′_1, C^{′′} may depend on t, but are locally bounded, for |t| ≤ T, ∀T > 0.

REMARK 6. We have supposed that r > s to get the result of regularity. In the case r = s, the regularity is only local in time, as evident from the previous computations.

4. Regularity with respect to the time variable

We know that the solution of the Cauchy Problem is in C^∞([−T, T ], G^{rP} (R^n)), ∀T > 0 ; now we will discuss its regularity with respect to the time variable in generalized Gevrey classes. To do so, it is necessary to extend the polyhedron to (n + 1) variables, that is possible by means of the following proposition.

PROPOSITION 7. Given a complete polyhedron P in R^n, we define P^′ as the convex hull in R^{n+1} of the vertices of P plus the vector (μ_0, 0, . . . , 0) with μ_0 ∈ Q_+, 0 < μ_0 ≤ μ, cf. figure. Then P^′ is a complete polyhedron in R^{n+1} with the same formal order μ of P.

Multi-quasi-hyperbolic operators 93

� � � � � � �

�

� � � � � �

� � � � � � � � � �

� � � � � � � �

� � � � � � � P^′ P

μ_0

The proof is trivial and follows immediately from the definition of complete polyhedra and of formal order. Let’s observe that it is not possible to construct P^′ with a smaller formal order. Of course, one could take more than one additional vertex to build P^′; the construction in Proposition 7 represents the cheapest procedure, which could be easily iterated to extend P to (n + m) dimensions, ∀m.

DEFINITION 7. We call P^′ in Proposition 7 an extension of P in R^{n+1}. If the further vertex has coordinates (μ, 0, . . . , 0) with μ denoting the formal order of P, we say that P^′ is the maximal extension of P in R^{n+1}.

PROPOSITION 8. Let P be a complete polyhedron in R^n and let P^′ be an extension of P to R^{n+1} by the additional vertex (μ_0, 0, . . . , 0). Then for any α^′ = (α_0, α) ∈ R^{n+1}_+ :

(36) k(α^′, P^′) = k(α, P) + α_0 μ_0

= k(α, P) + k(α_0, R)

where R denotes the one-dimensional polyhedron [0, μ_0] in R.

Proof. Writing α_0 =^{α0}_{μ0} μ_0, we now compute k(α^′, P^′) = k((α_0, α), P^′). Let us write:

α = k(α, P)

n(P)�

i=1 t_i s_i

s_i ∈ V(P),

n(P)�

i=1 t_i = 1 0 ≤ t_i ≤ 1, i = 1, . . . , n(P);

(α_0, 0, . . . , 0) = α_0 μ_0

(μ_0, 0, . . . , 0) = t_0k(α_0, R)s_0,

t_0 = 1, k(α_0, R) = α_0 μ_0 s_0 = (μ_0, 0, . . . , 0).

94 D. Calvo

We want to find k(α^′, P^′) such that:

(α_0, α) = k(α^′, P^′) � � n(P)�

i=1 t^′_i s_i + t^′_0s_0 � �

t^′_0 +

n(P)�

i=1 t^′_i = 1 0 ≤ t^′_i ≤ 1 .

On the other hand we have:

(α_0, α) =

n(P)�

i=1 k(α, P)t_i s_i + α_0 μ_0 t_0s_0

= � k(α, P) + α_0 μ_0 � � � � n(P)�

i=1 t^′_i s_i + t^′_0s_0 � � � with:

t^′_i = k(α, P)t_i � k(α, P) +^{α0}_{μ0}

� , t^′_0 =

α_0 μ_0 � k(α, P) +^{α0}_{μ0}

� t_0

t^′_0 +

n(P)�

i=1 t^′_i = 1 .

So k(α^′, P^′) = k(α, P) +^{α0}_{μ0} is univocally determined as s_0 is orthogonal to P.

We will prove first a theorem of regularity of the Cauchy Problem with respect to the time variable in the particular case when the coefficients a_j (ξ) satisfy the condition:

(37) |a_j (ξ)| ≤ C|ξ|^{m− j}_P j = 0, 1, . . . , m − 1

and then a theorem for general a_j (ξ) which requires a further discussion on the relation between the euclidean norm in R^{n+1} and the weight associated to the polyhedron.

THEOREM 5. Under the assumptions of Theorem 2, if (37) is satisfied, then the solution u of the Cauchy Problem (2) is of class G^{rP ′} (R^{n+1}) where P^′ denotes the maximal extension of P to R^{n+1}.

Proof. We have to test the regularity of u with respect to the time variable. Let us go back to the proof of Theorem 2. From (27) we have:

|D^N_t û(t, ξ)| ≤ m−1� j=0 | f̂_j (ξ)||D^N_t F_j (t, ξ)| .

Multi-quasi-hyperbolic operators 95

By Lemma 5 , we can estimate:

(38) |D^N_t F_j (t, ξ)| ≤ 2^m(A + 1)^{N+m+1} exp((B + 1)|t|). By the hypothesis of multi-quasi-hyperbolicity for P(D), as before we may take: B = C_1|ξ|^{1s}_P .

To determine A we use the hypothesis (37) that implies:

|P(λ, ξ) − λ^m| = | m−1� j=0 a_j (ξ)λ^j | ≤ C m−1� j=0 |ξ|^{m− j}_P |λ|^j <

|λ|^m 2 in the region {(λ, ξ) ∈ C × R^n : |ξ|_P < ϵ|λ|} for a sufficiently small ϵ > 0. Consequently, |P(λ, ξ)| >^{|λ|m}_2 and the zeros of P(λ, ξ) can’t be in this region, so they must satisfy:

|λ| ≤ C|ξ|_P , for C > 0.

So we can take A = C|ξ|_P and estimate:

|D^N_t F_j (t, ξ)| ≤ 2^m(C|ξ|_P )^{N+m+1} exp(C_0(|t| + 1)|ξ|^{1s}_P ) ≤ C(C^′|ξ|_P )^N exp(C_1(|t| + 1)|ξ|^{1s}_P ) .

Hence:

|D^N_t û(t, ξ)| ≤ m−1� j=0 | f̂_j (ξ)||D^N_t F_j (t, ξ)| ≤ C(C^′|ξ|_P )^N exp{(C_1(|t| + 1)|ξ|^{1s}_P ) − ϵ|ξ|^{1r}_P }.

Arguing as in the proof of Theorem 2, we obtain for a suitable ϵ_1 > 0: (39) |D^N_t û(t, ξ)| ≤ C(C^′|ξ|_P )^N exp(−ϵ_1|ξ|^{1r}_P ).

Now we pass to consider the Fourier antitransform of û with respect to the space variables:

u(t, x) = F^{−1}_{ξ→x}û(t, ξ)

96 D. Calvo

and estimate for α^′ = (α_0, α):

|D^{α′} u(t, x)| = |D^{α0}_t D^α_x u(t, x)| = |D^{α0}_t F^{−1}(ξ^αû(t, ξ))| = |D^{α0}_t [(2π)^{−n} � R^n

e^{ixξ} ξ^αû(t, ξ)dξ]| ≤ (2π)^{−n} � R^n

|ξ^α||D^{α0}_t û(t, ξ)|dξ ≤ C(2π)^{−n} � R^n

|ξ|^{μk(α,P)}

P (C^′|ξ|_P )^{α0} exp(−ϵ_1|ξ|^{1r}_P )dξ ≤ C(2π)^{−n} � R^n

(C|ξ|_P )^{μ(k(α,P)+α0)} exp(−ϵ_1|ξ|^{1r}_P )dξ ≤ C^{|α|+α0+1}(μk(α, P) + α_0)^{r(μk(α,P)+α0)} where we have used (11) and we have followed the arguments of the proof of Theorem 4 (2).

Letting P^′ be the maximal extension of P in R^{n+1}, by Proposition 8: k(α^′, P^′) = k(α, P) + α_0 μ . So we can conclude that for a suitable constant C > 0: (40) |D^{α′} u(t, x)| ≤ C^{|α′|+1}(μk(α^′, P^′))^{rμk(α′,P ′)}, ∀α^′ ∈ Z^{n+1}_+ that means u ∈ G^{rP ′} (R^{n+1}) as we wanted to prove.

REMARK 7. If r = s the regularity is only local in time and u is of class G^{sP ′} only in the set |t| <^ϵ_{C1} as to satisfy condition (39).

THEOREM 6. Under the assumptions of Theorem 2 the solution u of the Cauchy Problem is of class G^{rP ′} (R^{n+1}), where P^′ is the extension of P to R^{n+1} obtained adding the vertex:

s_0 = (μ_0, 0, . . . , 0), μ_0 = μ^{(0)}, μ^{(0)} = μ^{(0)}(P) = min{m_j : m_j e_j ∈ V(P), j = 1, . . . , n} = min_{γ ∈V(P)\{0}} |γ |. Since μ_0 < μ but in the elliptic case, the present result of regularity is weaker than the one expressed by Theorem 5 under the additional assumption (37). Proof. We proceed as in the proof of Theorem 5 to estimate:

(41) |D^N_t û(t, ξ)| ≤ m−1� j=0 | f̂_j (ξ)D^N_t F_j (t, ξ)| .

Multi-quasi-hyperbolic operators 97

From Lemma 5 we have:

(42) |D^N_t F_j (t, ξ)| ≤ C(A + 1)^{N+m+1} exp(1 + B)|t| where:

B = C|ξ|^{1s}_P by the hypothesis of multi-quasi-hyperbolicity, and now: A = C^′(1 + |ξ|) .

So arguing as in the previous proof we can estimate: |D^{α0}_t û(t, ξ)| ≤ C^{α0+1}_2 (1 + |ξ|)^{α0} exp(−ϵ|ξ|^{1r}_P ) and passing to the Fourier antitransform with respect to ξ:

|D^{α′} u(t, x)| = |D^{α0}_t D^α_x u(t, x)| ≤ (2π)^{−n}C^{α0+1} � R^n

|ξ^α|(1 + |ξ|)^{α0} exp(−ϵ|ξ|^{1r}_P )dξ. Using the inequalities: |ξ^α| ≤ |ξ|^{μk(α,P)} P (1 + |ξ|) ≤ |ξ| μ μ0 P we obtain:

|D^{α′} u(t, x)| ≤ (2π)^{−n}C^{α0+1} � R^n

|ξ|^{μk(α,P)}

P |ξ| μ μ0 α_0

P exp(−ϵ|ξ|^{1r}_P )dξ .

Now we consider the vector α^′ = (α_0, α) ∈ R^{n+1} and we define the extension P^′ of P to R^{n+1} as the convex hull of P � {(μ_0, 0, . . . , 0)}.

By Proposition 8:

k(α^′, P^′) = k(α, P) + k(α_0, R) = k(α, P) + α_0 μ_0 and therefore we can get the estimate:

|D^{α′} u(t, x)| ≤ (2π)^{−n}C^{α0+1} � R^n

|ξ|^{μk(α′,P ′)}

P exp(−ϵ|ξ|^{1r}_P )dξ ≤ C_1C^{|α′|}_2 (μk(α^′, P^′))^{r(μk(α′,P ′))}.

We have obtained that u ∈ G^{rP ′} (R^{n+1}) as we wanted to prove.

REMARK 8. Analogously to Theorem 5 if r = s the regularity is only local in time and u is of class G^{sP ′} (R^n) only in the set |t| < ϵ, with ϵ > 0 depending on the initial data.

98 D. Calvo

References

[1] BOGGIATTO P., BUZANO E. AND RODINO L., Global hypoellipticity and spectral theory, Akademie Verlag, Berlin 1996.

[2] BRONSTEIN M. D., The Cauchy Problem for hyperbolic operators with characteristics of variable multiplicity, Trudy Moscow Math. Soc., 41 (1980), 87–103.

[3] CATTABRIGA L., Alcuni problemi per equazioni differenziali lineari con coefficienti costanti, Quad. Un. Mat. It. 24, Pitagora, Bologna 1983.

[4] CATTABRIGA L., Moltiplicatori di Fourier e teoremi di immersione per certi spazi funzionali, Ann. Sc. Norm. Sup. Pisa, Cl. di Sc. 24 (1970), 147–194.

[5] CATTABRIGA L. AND MARI D., Parametrix of infinite order on Gevrey Spaces to the Cauchy Problem for hyperbolic operators with one constant multiple characteristic, Boll. Un. Mat. It. Suppl. 36 (1987).

[6] CORLI A., Un teorema di rappresentazione per certe classi generalizzate di Gevrey, Boll. Un .Mat. It. Serie VI 4 1 (1985), 245–257.

[7] FRIBERG J., Multi-quasielliptic polynomials, Ann. Sc.Norm. Sup. Pisa, Cl. di Sc.

21 (1967), 239–260.

[8] HAKOBYAN G. H. AND MARGARYAN V. N., On Gevrey type solutions of hypoelliptic equations, Journal of Contemporary Math. Anal. (Armenian Akad. of Sciences) 2 2 (1996), 33–47.

[9] HÖRMANDER L., The analysis of linear partial differential operators, I,II,III,IV, Springer-Verlag, Berlin 1983–1985.

[10] LIESS O. AND RODINO L., Inhomogeneous Gevrey classes and related pseudodifferential operators, Anal. Funz. Appl., Suppl. Boll. Un. Mat. It. C 3 1 (1984), 233–323.

[11] RODINO L., Linear partial differential operators in Gevrey Spaces, World Scientific, Singapore, 1993.

[12] ZANGHIRATI L., Iterati di una classe di operatori ipoellittici e classi generalizzate di Gevrey, Suppl. Boll. Un. Mat. It. 1 (1980), 177–195.

[13] ZANGHIRATI L., Iterati di operatori e regolarità Gevrey microlocale anisotropa, Rend. Sem. Mat. Univ. Padova 67 (1982), 85–104.

Multi-quasi-hyperbolic operators 99

AMS Subject Classification: 35E15, 35L30, 46Fxx, 35B65.

Daniela CALVO Dipartimento di Matematica Università di Torino via Carlo Alberto, 10 10123 Torino, ITALIA e-mail: calvo@dm.unito.it

Lavoro pervenuto in redazione il 23.05.01 e, in forma definitiva, il 19.12.2001.

100 D. Calvo