Rend. Sem. Mat. Univ. Pol. Torino Vol. 59, 3 (2001)

Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava^∗

SOME GENERATING FUNCTIONS INVOLVING THE STIRLING NUMBERS OF THE SECOND KIND

Abstract. Certain general results on generating functions (associated with the Stirling numbers of the second kind) are applied here to several interesting sequences of special functions and polynomials in one and more variables. Relevant connections of the generating functions, which are derived in this paper, with those given in earlier works on the subject are also indicated.

1. Introduction, Definitions and Preliminaries

Following the work of Riordan [11] (p. 90 et seq.), we denote by S (n, k) the Stirling numbers of the second kind, defined by

(1) S (n, k) := 1 k! kX j=0 (−1)^{k− j} ` k j ´ j^n,

so that

(2) S (n, 0) = 8 ¡ : 1 (n = 0)

0 (n ∈ N := {1, 2, 3, . . .}) and S (n, 1) = S (n, n) = 1 and S (n, n − 1) = ` n 2 ´ . Recently, several authors (see, for example, Gabutti and Lyness [3], Mathis and Sismondi [7], and Srivastava [12]) considered various families of generating functions associated with the Stirling numbers S (n, k) defined by (1). We choose to recall here the following general results on these families of generating functions, which were given by Srivastava [12].

∗The present investigation was carried out during the third-named author’s visit to Chung Yuan Christian University at Chung-Li in December 2000. This work was supported, in part, by the Faculty Research Program of Chung Yuan Christian University under Grant CYCU 89-RG-3573-001 and the Natural Sciences and Engineering Research Council of Canada under Grant OGP0007353. 199

200 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

THEOREM 1 (SRIVASTAVA [12], P. 754, THEOREM 1). Let the sequence {S_n (x)}^∞_{n=0} be generated by ∞X k=0 ` n + k k ´ S_{n+k} (x) t^k = f (x, t) {g (x, t)}^{−n} S_n (h (x, t))

(n ∈ N_0 := N ∪ {0}) ,

where f , g and h are suitable functions of x and t.

Then, in terms of the Stirling numbers S (n, k) defined by (1), the following family of generating functions holds true: ∞X k=0 k^n S_k (h (x, −z)) ` z g (x, −z)

´_k (3)

= { f (x, −z)}^{−1} nX k=0 k! S (n, k) S_k (x) z^k (n ∈ N_0) ,

provided that each member of (3) exists.

THEOREM 2 (SRIVASTAVA [12], P.765, THEOREM 2). Suppose that the multivariable sequence {�_n (x_1, . . . , x_s )}^∞_{n=0} is generated by ∞X k=0 ` n + k k ´ �_{n+k} (x_1, . . . , x_s) t^k (4) = θ (x_1, . . . , x_s ; t) {ϕ (x_1, . . . , x_s; t)}^{−n} ·�_n (ψ_1 (x_1, . . . , x_s; t) , . . . , ψ_s (x_1, . . . , x_s; t)) (n ∈ N_0; s ∈ N) ,

where θ, ϕ, ψ_1, . . . , ψ_s are suitable functions of x_1, . . . , x_s and t. Also let S (n, k) denote the Stirling numbers of the second kind, defined by (1).

Then the following family of multivariable generating functions holds true: ∞X k=0 k^n �_k (ψ_1 (x_1, . . . , x_s ; −z) , . . . , ψ_s (x_1, . . . , x_s ; −z)) (5)

· ` z ϕ (x_1, . . . , x_s ; −z)

´_k

= {θ (x_1, . . . , x_s; −z)}^{−1} nX k=0 k! S (n, k)

·�_k (x_1, . . . , x_s) z^k (n ∈ N_0; s ∈ N) ,

provided that each member of (5) exists.

Generating functions involving the Stirling numbers 201

Srivastava [12] also applied his general result (Theorem 1 above) as well as its multivariable extension (Theorem 2 above) with a view to obtaining generating functions (associated with the Stirling numbers of the second kind) for a fairly wide variety of special functions and polynomials in one, two, and more variables, thereby extending the corresponding results given earlier by Gabutti and Lyness [3] (and, subsequently, by Mathis and Sismondi [7]). The main object of this sequel to the work of Srivastava [12] is to derive several further applications of Theorem 1 and Theorem 2.

For the sake of convenience in our present investigation, we first make use of the following notational changes:

S_n (x) = 1 n! T_n (x) and �_n (x_1, . . . , x_s) = 1 n! �_n (x_1, . . . , x_s)

in order to restate Theorem 1 and Theorem 2 in their equivalent forms given by Theorem 3 and Theorem 4, respectively.

THEOREM 3. Suppose that the sequence {T_n (x)}^∞_{n=0} is generated by

(6) ∞X k=0 T_{n+k} (x) t^k k! = f (x, t) {g (x, t)}^{−n} T_n (h (x, t)) (n ∈ N_0) ,

where f , g and h are suitable functions of x and t. Also let S (n, k) denote the Stirling numbers defined by (1).

Then the following family of generating functions holds true: ∞X k=0 k^n k! T_k (h (x, −z)) ` z g (x, −z)

´_k (7)

= { f (x, −z)}^{−1} nX k=0 S (n, k) T_k (x) z^k (n ∈ N_0) ,

provided that each member of (7) exists.

THEOREM 4. Let the multivariable sequence

{�_n (x_1, . . . , x_s)}^∞_{n=0}

be generated by ∞X k=0 �_{n+k} (x_1, . . . , x_s ) t^k k! = θ (x_1, . . . , x_s; t) {ϕ (x_1, . . . , x_s; t)}^{−n} (8) ·�_n (ψ_1 (x_1, . . . , x_s ; t) , . . . , ψ_s (x_1, . . . , x_s ; t)) (n ∈ N_0; s ∈ N) ,

where θ, ϕ, ψ_1, . . . , ψ_s are suitable functions of x_1, . . . , x_s and t. Suppose also that S (n, k) denotes the Stirling numbers defined by (1).

202 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

Then the following family of multivariable generating functions holds true: ∞X k=0 k^n k! �_k (ψ_1 (x_1, . . . , x_s ; −z) , . . . , ψ_s (x_1, . . . , x_s ; −z)) (9)

· ` z ϕ (x_1, . . . , x_s ; −z)

´_k

= {θ (x_1, . . . , x_s; −z)}^{−1} nX k=0 S (n, k)

·�_k (x_1, . . . , x_s ) z^k (n ∈ N_0; s ∈ N) ,

provided that each member of (9) exists.

2. Applications of Theorems 1 and 3

2.1. Hermite Polynomials

For the classical Hermite polynomials defined by (cf., e.g., [10], Chapter 11)

H_n (x) :=

[n/2]X

k=0 (−1)^k ` n 2k ´ (2k)! k! (2x)^{n−2k}

or, equivalently, by

H_n (x) = (2x)^n_2 F_0 ` − 1 2 n, − 1 2 n + 1 2 ; ; − 1 x^2 ´

in terms of hypergeometric functions, it is known that (cf. [10], p. 197, Equation (1); see also [14], p. 419, Equation 8.4 (13))

(10) ∞X k=0 H_{n+k} (x) t^k k! = exp ı 2xt − t^2 ȷ H_n (x − t) (n ∈ N_0) ,

which obviously belongs to the family given by (6). Indeed, by comparing (10) with (6), it is readily observed that

f (x, t) = exp ı 2xt − t^2 ȷ , g (x, t) = 1, h (x, t) = x − t, and T_k (x) −→ H_k (x) (k ∈ N_0) .

Generating functions involving the Stirling numbers 203

Thus the assertion (7) of Theorem 3 leads us to the following (presumably new) generating function for the classical Hermite polynomials: ∞X k=0 k^n k! H_k (x + z) z^k

= exp ı 2xz + z^2 ȷ^nX k=0 S (n, k) H_k (x) z^k (n ∈ N_0) ,

which, for x −→ x − z, assumes the form: ∞X k=0 k^n k! H_k (x) z^k

(11)

= exp ı 2xz − z^2 ȷ · nX k=0 S (n, k) H_k (x − z) z^k (n ∈ N_0) .

In view of the evaluation (2), a special case of (11) when n = 0 would immediately yield the classical generating function for the Hermite polynomials (cf., e.g., [15], p. 106, Equation(5.5.7)).

2.2. Bessel Functions

For the Bessel function J_ν (z) of the first kind (and of order ν ∈ C), defined by

J_ν (z) := ∞X k=0 (−1)^k ı_1 2 z ȷ_{ν+2k}

k! � (ν + k + 1)

(z ∈ C \ (−∞, 0]) ,

the following generating function is well-known [18], p. 141, Equation 5.22 (5): ∞X k=0 J_{ν+k} (x) t^k k! = ` 1 − 2t x ´_− 1_{2 ν}

J_ν ıp x^2 − 2xt ȷ (12) ` ν ∈ C; |t| < 1 2 |x| ´ , which is in the family given by (6) with, of course, ν −→ ν + n (n ∈ N_0),

f (x, t) = ` 1 − 2t x ´_− 1_{2 ν}

, g (x, t) = r 1 − 2t x , h (x, t) = p x^2 − 2xt, and T_k (x) −→ J_{ν+k} (x) (ν ∈ C; k ∈ N_0) .

204 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

Thus, by applying Theorem 3, we obtain the following class of generating functions for the Bessel function J_ν (z): ∞X k=0 k^n k! J_{ν+k} ıp x^2 + 2xz ȷ ` z √ 1 + 2 (z/x)

´_k (13)

= ` 1 + 2z x ´ 1_{2 ν n}X k=0 S (n, k) J_{ν+k} (x) z^k ` ν ∈ C; |z| < 1 2 |x| ; n ∈ N_0 ´ .

In the generating function (13), we first set z = X Z/x and then let x = p X^2 − 2X Z.

Upon replacing X and Z by x and z, respectively, we finally obtain the generating function: ∞X k=0 k^n k! J_{ν+k} (x) z^k = ` 1 − 2z x ´_− 1_{2 ν} (14)

· nX k=0 S (n, k) J_{ν+k} ıp x^2 − 2xz ȷ ` z √ 1 − 2 (z/x)

´_k

` ν ∈ C; |z| < 1 2 |x| ; n ∈ N_0 ´ , which, for n = 0, corresponds to the classical result (12).

2.3. Gottlieb Polynomials

For the Gottlieb polynomials L_n (x; λ) defined by (cf., e.g., [14], p. 185, Problem 47)

L_n (x; λ) := e^{−nλ} nX k=0 ` n k ´` x k ´ � 1 − e^λ

�_k = e^{−nλ}_2 F_1 � −n, −x; 1; 1 − e^λ �

in terms of the Gauss hypergeometric function, it is known that [14], p. 449, Problem 20(i) ∞X k=0 ` n + k k ´ L_{n+k} (α; x) t^k

(15)

= (1 − t)^{α−n} � 1 − te^{−x}

�_{−α−1}

L_n ` α; log_e ` e^x − t 1 − t ´´

(n ∈ N_0; |t| < 1) .

Generating functions involving the Stirling numbers 205

Thus Theorem 1 (or Theorem 3), when applied to (15), yields the following (presumably new) generating function for the Gottlieb polynomials: ∞X k=0 k^nL_k ` α; log_e ` e^x + z 1 + z ´´` z 1 + z

´_k

= (1 + z)^{−α} � 1 + ze^{−x}

�_{α+1}^nX k=0 k! S (n, k) L_k (α; x) z^k

(n ∈ N_0; |z| < 1) , which, for z −→ z/ (1 − z), assumes the form: ∞X k=0 k^nL_k ı α; log_e � z + (1 − z) e^x �ȷ z^k

= (1 − z)^{−1} � 1 − z + ze^{−x}

�_{α+1}^nX k=0 k! S (n, k) L_k (α; x) ` z 1 − z

´_k

(n ∈ N_0; |z| < 1) .

2.4. Meixner Polynomials

The Meixner polynomials M_n (x; β, c) are defined by (cf., e.g., [14], p. 75, Equation 1.9 (3); p. 443, Problem 5) M_n (x; β, c) :=

�_{β+n−1} n � n!_2 F_1 � −n, −x; β; 1 − c^{−1} � (16)

= n! P^{(β−1,−β−x−n)} n ı_2 c − 1 ȷ , (β > 0; 0 < c < 1; x ∈ N_0) in terms of the classical Jacobi polynomials [15], Chapter 4; in fact, these polynomials are known to satisfy the generating-function relationship [14], p. 449, Problem 20 (ii): ∞X k=0 M_{n+k} (α; β, x) t^k k! = (1 − t)^{−α−β−n} ` 1 − t x ´_α

M_n ` α; β, x − t 1 − t ´

(n ∈ N_0; |t| < min {1, |x|}) , which obviously belongs to the family (6) involved in Theorem 3. Thus the following (presumably new) generating function holds true for the Meixner polynomials defined by (16): ∞X k=0 k^n k! M_k ` α; β, x + z 1 + z ´` z 1 + z

´_k

= (1 + z)^{α+β} ı 1 + z x ȷ_{−α}^nX k=0 S (n, k) M_k (α; β, x) z^k

(n ∈ N_0; |z| < min {1, |x|}) ,

206 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

which, for z −→ z/ (1 − z), assumes the form: ∞X k=0 k^n k! M_k (α; β, z + (1 − z) x) z^k

= (1 − z)^{−β} ı 1 − z + z x ȷ_{−α}^nX k=0 S (n, k) M_k (α; β, x) ` z 1 − z

´_k

(n ∈ N_0; |z| < min {1, |x/ (1 − x)|}) .

2.5. Cesàro Polynomials

For the Cesàro polynomials G^{(s)}_n (x) defined by (cf. [14], p. 449, Problem 20)

G^{(s)}_n (x) :=

P_n k=0 �_{s+n−k} n−k � x^k =

�_{s+n} n �_2

F_1 (−n, 1; −s − n; x)

(17) = P^{(s+1,−s−n−1)} n (2x − 1) ,

it is known that [14], p. 449, Problem 20 (iii) ∞X k=0 ` n + k k ´ G^{(s)}_{n+k} (x) t^k = (1 − t)^{−s−n−1} (1 − xt)^{−1} G^{(s)}_n ` x (1 − t) 1 − xt ´

ı n ∈ N_0; |t| < min n 1, |x|^{−1} oȷ . By applying Theorem 1 (or Theorem 3), we immediately obtain the following (presumably new) generating function for the Cesàro polynomials defined by (17): ∞X k=0 k^nG^{(s)}_k ` x (1 + z) 1 + xz ´` z 1 + z

´_k

= (1 + z)^{s+1} (1 + xz) nX k=0 k! S (n, k) G^{(s)}_k (x) z^k

(n ∈ N_0; |z| < 1) ,

which, for z −→ z/ (1 − z) and x −→ x (1 − z) / (1 − xz), assumes the form: ∞X k=0 k^n G^{(s)}_k (x) z^k = (1 − z)^{−s−1} (1 − xz)^{−1}

· nX k=0 k! S (n, k) G^{(s)}_k ` x (1 − z) 1 − xz ´` z 1 − z

´_k

(n ∈ N_0; |z| < 1) .

Generating functions involving the Stirling numbers 207

2.6. Generalized Sylvester Polynomials

For the generalized Sylvester polynomials φ_n (x; c) defined by [14], p. 450, Problem 20 (iv)

φ_n (x; c) : =

(cx)^n n!^2

F_0 ` −n, x; ; − 1 cx ´

= (−1)^n L^{(−x−n)}_n (cx)

in terms of the classical Laguerre polynomials [15], Chapter 5, it is known that [14], p. 450, Problem 20 (v) ∞X k=0 ` n + k k ´ φ_{n+k} (α; x) t^k = (1 − t)^{−α−n} e^{αxt} φ_n (α; x (1 − t))

(n ∈ N_0; |t| < 1) ,

so that Theorem 1 immediately yields the generating function: ∞X k=0 k^n φ_k (α; x (1 + z)) ` z 1 + z

´_k

= (1 + z)^α e^{αxz} nX k=0 k! S (n, k) φ_k (α; x) z^k

(n ∈ N_0; |z| < 1) ,

which, for z −→ z/ (1 − z) and x −→ x (1 − z), assumes the form: ∞X k=0 k^n φ_k (α; x) z^k = (1 − z)^{−α} e^{αxz}

· nX k=0 k! S (n, k) φ_k (α; x (1 − z)) ` z 1 − z

´_k

(n ∈ N_0; |z| < 1) .

2.7. Bessel Polynomials

The Bessel polynomials y_n (x, α, β) are defined by [14], p. 75, Equation 1.9 (1)

y_n (x, α, β) : = nX k=0 ` n k ´` α + n + k − 2 k ´ k! ` x β ´_k

=_2 F_0 ` −n, α + n − 1; ; − x β ´

= ` − x β ´_n

n! L^{(1−α−2n)} n ` β x ´

208 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

and satisfy the generating-function relationship [14], p. 419, Equation 8.4 (8): ∞X k=0 y_{n+k} (x, α − k, β) t^k k! (18)

= ` 1 − xt β ´_{1−α−n} e^t y_n x ` 1 − xt β ´_{−1} , α, β !

(n ∈ N_0; |t| < |β/x|) .

On the other hand, for the simple Bessel polynomials y_n (x) defined by

y_n (x) := y_n (x, 2, 2) ,

it is known that [14], p. 419, Equation 8.4 (10) ∞X k=0 y_{n+k} (x) t^k k! = (1 − 2xt)^{− 12 (n+1)}

(19)

· exp ı x^{−1} h 1 − √ 1 − 2xt iȷ y_n ` x √ 1 − 2xt ´ ` n ∈ N_0; |t| < 1 2 |x|^{−1} ´ . Thus, in view of the obviously independent results (18) and (19), Theorem 3 yields the following (presumably new) generating functions for the Bessel polynomials: ∞X k=0 k^n k! y_k x ` 1 + xz β ´_{−1}

, α − k, β ! z^k

= ` 1 + xz β ´_{α−1}

e^z nX k=0 S (n, k) y_k (x, α − k, β) z^k

(n ∈ N_0; |z| < |β/x|) ,

which, for

x −→ x ` 1 − xz β ´_{−1} , assumes the form: ∞X k=0 k^n k! y_k (x, α − k, β) z^k = ` 1 − xz β ´_{1−α}

e^z

· nX k=0 S (n, k) y_k x ` 1 − xz β ´_{−1} , α − k, β ! z^k

(n ∈ N_0; |z| < |β/x|) ;

Generating functions involving the Stirling numbers 209 ∞X k=0 k^n k! y_k ` x √ 1 + 2xz ´` z √ 1 + 2xz

´_k

= √ 1 + 2xz exp ı −x^{−1} h 1 − √ 1 + 2xz iȷ

· nX k=0 S (n, k) y_k (x) z^k ` n ∈ N_0; |z| < 1 2 |x|^{−1} ´ .

2.8. Generalized Heat Polynomials

For the generalized heat polynomials P_{n,ν} (x, u) defined by [14], p. 426, Equation 8.4 (52)

P_{n,ν} (x, u) : = nX k=0 2^{2k} ` n k ´` ν + n −^1_2 k ´ k! x^{2n−2k}u^k

= (4u)^n n! L ı ν−^1_2 ȷ n − x^2 4u ! , it is easily observed that ∞X k=0 P_{n+k,ν} (x, u) t^k k! = (1 − 4ut)^{−ν−n− 12}

· exp x^2t 1 − 4ut ! P_{n,ν} ` x √ 1 − 4ut , u ´ ` n ∈ N_0; |t| < 1 4 |u|^{−1} ´ , so that Theorem 3 yields the generating function: ∞X k=0 k^n k! P_{k,ν} ` x √ 1 + 4uz , u ´` z 1 + 4uz

´_k

= (1 + 4uz)^{ν+ 12} exp x^2z 1 + 4uz

!_n X k=0 S (n, k) P_{k,ν} (x, u) z^k ` n ∈ N_0; |z| < 1 4 |u|^{−1} ´ .

2.9. Modified Laguerre Polynomials

For the modified Laguerre polynomials f^α_n (x) defined by (cf. [8], p. 68; see also [14], p. 425, Equation 8.4 (45))

(20) f^α_n (x) := nX k=0 (−1)^{n−k} ` −α n − k ´ x^k k! = (−1)^n L^{(−α−n)}_n (x) ,

210 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

it is readily seen that (cf. [8], p. 70, Equation (4)) ∞X k=0 ` n + k k ´ f^α_{n+k} (x) t^k = (1 − t)^{−α−n} exp (xt) f^α_n (x (1 − t))

(n ∈ N_0; |t| < 1) .

Thus Theorem 1 immediately yields the generating function: ∞X k=0 k^n f^α_k (x (1 + z)) ` z 1 + z

´_k

= (1 + z)^α exp (xz) nX k=0 k! S (n, k) f^α_k (x) z^k

(n ∈ N_0; |z| < 1) , which, for z −→ z/ (1 − z) and x −→ x (1 − z), assumes the form: ∞X k=0 k^n f^α_k (x) z^k = (1 − z)^{−α} exp (xz)

(21)

· nX k=0 k! S (n, k) f^α_k (x (1 − z)) ` z 1 − z

´_k

(n ∈ N_0; |z| < 1) .

2.10. Poisson-Charlier Polynomials

For the Poisson-Charlier polynomials c_n (x; α) defined by (cf., e.g., [14], p. 425, Equation 8.4 (47); see also [15], p. 35, Equation (2.81.2))

c_n (x; α) : = nX k=0 (−1)^k ` n k ´` x k ´ k! α^{−k}

= (−α)^{−n} n! L^{(x−n)}_n (α) (α > 0; x ∈ N_0) , it is not difficult to observe that (cf. [8, p. 71]) ∞X k=0 c_{n+k} (α; x) t^k k! = ` 1 − t x ´_α

e^t c_n (α; x − t)

(22)

(n ∈ N_0; |t| < |x|) .

Thus, by means of (22), Theorem 3 would yield the following (presumably new) generating function for the Poisson-Charlier polynomials: ∞X k=0 k^n k! c_k (α; x + z) z^k = ı 1 + z x ȷ_{−α}

e^z nX k=0 S (n, k) c_k (α; x) z^k

(n ∈ N_0; |z| < |x|) ,

Generating functions involving the Stirling numbers 211

which, for x −→ x − z, assumes the form: ∞X k=0 k^n k! c_k (α; x) z^k = ı 1 − z x ȷ_α e^z nX k=0 S (n, k) c_k (α; x − z) z^k

(n ∈ N_0; |z| < |x|) .

2.11. Sequences of Generalized Hypergeometric Functions

We first consider the sequence of generalized hypergeometric functions: n ω^{(λ)}_{n,N} [α_1, . . . , α_u; β_1, . . . , β_v : x] o_∞ n=0 defined by (cf., e.g., [13], p. 18, Equation (4.4); see also [14], p. 428, Equation 8.4 (59))

ω^{(λ)}_{n,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x]

(23) :=_{N+u} F_v [� (N; λ + n) , α_1, . . . , α_u ; β_1, . . . , β_v : x] (n ∈ N_0; N ∈ N) ,

where, for convenience, � (N; λ) abbreviates the array of N parameters λ N , λ + 1 N , . . . , λ + N − 1 N (N ∈ N) .

For the sequence defined by (23), it is known that [14], p. 429, Equation 8.4 (60) ∞X k=0 ` λ + n + k − 1 k ´ ω^{(λ)}_{n+k,N} [α_1, . . . , α_u; β_1, . . . , β_v : x] t^k

(24)

= (1 − t)^{−λ−n} ω^{(λ)}_{n,N} ˇ α_1, . . . , α_u ; β_1, . . . , β_v : x (1 − t)^N ˘

(n ∈ N_0; N ∈ N; |t| < 1) ,

which is of the form (6) with

f (x, t) = (1 − t)^{−λ} , g (x, t) = 1 − t, h (x, t) = x (1 − t)^N , and T_k (x) −→ ` λ + k − 1 k ´ k! ω^{(λ)}_{k,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x] (k ∈ N_0) .

212 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

Thus, by appealing to Theorem 3 once again, we obtain ∞X k=0 ` λ + k − 1 k ´ k^n ω^{(λ)}_{k,N} ˇ α_1, . . . , α_u ; β_1, . . . , β_v : x (1 + z)^N ˘` z 1 + z

´_k

= (1 + z)^λ nX k=0 ` λ + k − 1 k ´ k! S (n, k) ω^{(λ)}_{k,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x] z^k

(n ∈ N_0; N ∈ N; |z| < 1) ,

which, upon letting

z −→ z 1 − z and x −→ x (1 − z)^N , yields the following generating function: ∞X k=0 ` λ + k − 1 k ´ k^n ω^{(λ)}_{k,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x] z^k

(25)

= (1 − z)^{−λ} nX k=0 ` λ + k − 1 k ´ k! S (n, k)

· ω^{(λ)}_{k,N} ˇ α_1, . . . , α_u ; β_1, . . . , β_v : x (1 − z)^N ˘` z 1 − z

´_k

(n ∈ N_0; N ∈ N; |z| < 1) ,

which, in the special case when λ = 1, reduces immediately to Srivastava’s result [12], p. 765, Equation (4.15).

For another sequence of generalized hypergeometric functions: n ζ^{(λ)}_{n,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x] o_∞ n=0 defined by [1], p. 171, Equation (5.14)

ζ^{(λ)}_{n,N} [α_1, . . . , α_u; β_1, . . . , β_v : x]

(26) :=_u F_{N+v} [α_1, . . . , α_u ; � (N; 1 − λ − n) , β_1, . . . , β_v; x] (n ∈ N_0; N ∈ N) ,

it is known that [1], p. 171, Equation (5.15) ∞X k=0 ` λ + n + k − 1 k ´ ζ^{(λ)}_{n+k,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x] t^k

(27)

= (1 − t)^{−λ−n} ζ^{(λ)}_{n,N} h α_1, . . . , α_u ; β_1, . . . , β_v : x (1 − t)^N i (n ∈ N_0; N ∈ N; |t| < 1) ,

Generating functions involving the Stirling numbers 213

which also belongs to the family (6) with

f (x, t) = (1 − t)^{−λ} , g (x, t) = 1 − t, h (x, t) = x (1 − t)^N , and T_k (x) −→ ` λ + k − 1 k ´ k! ζ^{(λ)}_{k,N} [α_1, . . . , α_u; β_1, . . . , β_v : x] (k ∈ N_0) .

Theorem 3, when applied to the generating function (27), yields ∞X k=0 ` λ + k − 1 k ´ k^n ζ^{(λ)}_{k,N} h α_1, . . . , α_u ; β_1, . . . , β_v : x (1 + z)^N i ` z 1 + z

´_k

= (1 + z)^λ nX k=0 ` λ + k − 1 k ´ k! S (n, k)

(28)

· ζ^{(λ)}_{k,N} [α_1, . . . , α_u ; β_1, . . . , β_v : x] z^k (n ∈ N_0; N ∈ N; |z| < 1) ,

which, upon letting

z −→ z 1 − z and x −→ x (1 − z)^N ,

assumes the form: ∞X k=0 ` λ + k − 1 k ´ k^n ζ^{(λ)}_{k,N} [α_1, . . . , α_u; β_1, . . . , β_v : x] z^k

(29)

= (1 − z)^{−λ} nX k=0 ` λ + k − 1 k ´ k! S (n, k)

· ζ^{(λ)}_{k,N} h α_1, . . . , α_u ; β_1, . . . , β_v : x (1 − z)^N i ` z 1 − z

´_k

(n ∈ N_0; N ∈ N; |z| < 1) .

For the Konhauser biorthogonal polynomials Z^α_n (x; κ) (κ ∈ N) of the second kind, defined by (cf. [5], p. 304, Equation (5); see also [14], p. 197, Problem 65)

Z^α_n (x; κ) := ` α + κn κn ´ (κn)! n!^1

F_κ h −n; � (κ; α + 1) ; ı x κ ȷ_κ i (30)

(κ ∈ N) ,

which incidentally were considered earlier by Toscano [16] without their biorthogonality property (emphasized upon in Konhauser’s work [5]), it is easily seen by comparing (26) and (30) that

Z^{α−k}_n (x; κ) = ` α − k + κn κn ´ (κn)! n! ζ^{(−α)}_{k,κ} h −n; : ı x κ ȷ_κ i (31)

(k ∈ N_0; κ ∈ N) .

214 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

In view of the relationship (31), the generating function (27) can easily be specialized to the form [4], p. 157, Equation (5.29): ∞X k=0 ` k − α − κn − 1 k ´ Z^{α−k}_n (x; κ) t^k = (1 − t)^α Z^α_n (x (1 − t) ; κ)

(32)

(n ∈ N_0; κ ∈ N; |t| < 1) .

Upon replacing n and α in (32) by N and α − n, respectively, if we apply Theorem 3 to the resulting generating function, we obtain ∞X k=0 ` k − α − κ N − 1 k ´ k^n Z^{α−k}_N (x (1 + z) ; κ) ` z 1 + z

´_k (33)

= (1 + z)^{−α} nX k=0 ` k − α − κ N − 1 k ´ k! S (n, k) Z^{α−k}_N (x; κ) z^k

(n ∈ N_0; κ ∈ N; |z| < 1) ,

which, for z −→ z 1 − z and x −→ x (1 − z) ,

assumes the form: ∞X k=0 ` k − α − κ N − 1 k ´ k^n Z^{α−k}_N (x; κ) z^k = (1 − z)^α

(34)

· nX k=0 ` k − α − κ N − 1 k ´ k! S (n, k) Z^{α−k}_N (x (1 − z) ; κ) ` z 1 − z

´_k

(n ∈ N_0; κ ∈ N; |z| < 1) .

The generating functions (33) and (34) can alternatively be deduced from the corresponding general results (28) and (29), respectively, by appealing to the relationship (31).

2.12. Jacobi and Laguerre Polynomials

Srivastava [12] did not consider several unusual generating functions for the classical Jacobi polynomials P^{(α,β)}_n (x) and the classical Laguerre polynomials L^{(α)}_n (x) in which the summation index appears only in these polynomials’ indices α and β, just as in the generating function (32) for the Konhauser biorthogonal polynomials Z^α_n (x; κ) (κ ∈ N) defined by (30). However, as pointed out earlier by Chen and Srivastava [1], p. 180, each of these unusual generating functions is actually a special case of the hypergeometric generating function (27) with N = 1. Consequently, instead of applying Theorem 3 to each of the following known generating functions individually, we can

Generating functions involving the Stirling numbers 215

deduce the corresponding result by suitably specializing the generating functions (28) and (29) (cf. [1], pp. 168, 171 and 177): ∞X k=0 ` k − α − n − 1 k ´ P^{(α−k,β+k)} n (x) t^k

(35)

= (1 − t)^α P^{(α,β)}_n (x − (x − 1) t) (n ∈ N_0; |t| < 1) ; ∞X k=0 ` k − β − n − 1 k ´ P^{(α+k,β−k)} n (x) t^k

(36)

= (1 − t)^β P^{(α,β)}_n (x − (x + 1) t) (n ∈ N_0; |t| < 1) ; ∞X k=0 ` k − α − n − 1 k ´ P^{(α−k,β)} n (x) t^k

(37)

= (1 − t)^α æ 1 + 1 2 (x − 1) t œ_n P^{(α,β)}_n x −^1_2 (x − 1) t 1 +^1_2 (x − 1) t !

(n ∈ N_0; |t| < 1) ; ∞X k=0 ` k − β − n − 1 k ´ P^{(α,β−k)} n (x) t^k

(38)

= (1 − t)^β æ 1 − 1 2 (x + 1) t œ_n

P^{(α,β)}_n x −^1_2 (x + 1) t 1 −^1_2 (x + 1) t !

(n ∈ N_0; |t| < 1) ; ∞X k=0 ` α + β + n + k k ´ P^{(α+k,β)} n (x) t^k

(39)

= (1 − t)^{−α−β−n−1} P^{(α,β)}_n ` x + t 1 − t ´ (n ∈ N_0; |t| < 1) ; ∞X k=0 ` α + β + n + k k ´ P^{(α,β+k)} n (x) t^k

(40)

= (1 − t)^{−α−β−n−1} P^{(α,β)}_n ` x − t 1 − t ´ (n ∈ N_0; |t| < 1) ; ∞X k=0 ` k − α − n − 1 k ´ L^{(α−k)} n (x) t^k

(41)

= (1 − t)^α L^{(α)}_n (x (1 − t)) (n ∈ N_0; |t| < 1) ,

216 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

which indcidentally is an obvious special case of (32) when κ = 1, since

Z^α_n (x; 1) = L^{(α)}_n (x) (n ∈ N_0) .

Thus, by setting κ = 1 in (34), we immediately obtain the generating function: ∞X k=0 ` k − α − N − 1 k ´ k^n L^{(α−k)}_N (x) z^k = (1 − z)^α

(42)

· nX k=0 ` k − α − N − 1 k ´ k!S (n, k) L^{(α−k)}_N (x (1 − z)) ` z 1 − z

´_k

(n ∈ N_0; |z| < 1)

for the classical Laguerre polynomials. Furthermore, corresponding to each of the generating functions (35) to (40), we similarly find from the general result (29) that ∞X k=0 ` k − α − N − 1 k ´ k! P^{(α−k,β+k)}

N (x) z^k = (1 − z)^α

(43)

· nX k=0 ` k − α − N − 1 k ´ k!S (n, k) P^{(α−k,β+k)}

N (x − (x − 1) z) ` z 1 − z

´_k

(n ∈ N_0; N ∈ N_0; |z| < 1) ,

∞X k=0 ` k − β − N − 1 k ´ k^n P^{(α+k,β−k)}

N (x) z^k = (1 − z)^β

(44)

· nX k=0 ` k − β − N − 1 k ´ k!S (n, k) P^{(α+k,β−k)}

N (x − (x + 1) z) ` z 1 − z

´_k

(n ∈ N_0; N ∈ N_0; |z| < 1) ,

∞X k=0 ` k − α − N − 1 k ´ k^n P^{(α−k,β)}

N (x) z^k

(45)

= (1 − z)^α æ 1 + 1 2 (x − 1) z œ_{N n}X k=0 ` k − α − N − 1 k ´ k! S (n, k)

· P^{(α−k,β)} N x −^1_2 (x − 1) z 1 +^1_2 (x − 1) z !` z 1 − z

´_k

(n ∈ N_0; N ∈ N_0; |z| < 1) ,

Generating functions involving the Stirling numbers 217 ∞X k=0 ` k − β − N − 1 k ´ k^n P^{(α,β−k)}

N (x) z^k

(46)

= (1 − z)^β æ 1 − 1 2 (x + 1) z œ_{N n}X k=0 ` k − α − N − 1 k ´ k! S (n, k)

· P^{(α,β−k)} N x −^1_2 (x + 1) z 1 −^1_2 (x + 1) z !` z 1 − z

´_k

(n ∈ N_0; N ∈ N_0; |z| < 1) , ∞X k=0 ` α + β + N + k k ´ k^n P^{(α+k,β)}

N (x) z^k = (1 − z)^{−α−β−N−1}

(47)

· nX k=0 ` α + β + N + k k ´ k! S (n, k) P^{(α+k,β)} N ` x + z 1 − z ´` z 1 − z

´_k

(n ∈ N_0; N ∈ N_0; |z| < 1) , and ∞X k=0 ` α + β + N + k k ´ k^n P^{(α,β+k)}

N (x) z^k = (1 − z)^{−α−β−N−1}

(48) nX k=0 ` α + β + N + k k ´ k!S (n, k) P^{(α,β+k)} N ` x − z 1 − z ´` z 1 − z

´_k

(n ∈ N_0; N ∈ N_0; |z| < 1) ,

respectively.

In view of some well-known indicial relationships between Jacobi polynomials themselves (cf. [14] and [15]), the generating functions (35) to (40) (and hence also their consequences (43) to (48)) are all equivalent to one another (see, for details, [1]). Furthermore, since [15], p. 103, Equation (5.3.4)

(49) L^{(α)}_n (x) = lim_{|β|→∞} æ P^{(α,β)}_n ` 1 − 2x β ´œ , the generating function (41) can also be deduced as a limit case of (for example) (35) and (37). On the other hand, by appealing to the limit relationship (49), each of the generating functions (36) and (39) with

x −→ 1 − 2x β and t −→ ± t β would yield the following well-known (rather classical) result (cf., e.g., [14], 172, Problem 22 (ii)]):_∞ X k=0 L^{(α+k)} n (x) t^k k! = e^t L^{(α)}_n (x − t) ,

218 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

which, by means of Theorem 3, leads us eventually to the generating function (cf. Equation (42)): ∞X k=0 k^n k! L^{(α+k)}_N (x) z^k = e^z nX k=0 S (n, k) L^{(α+k)}_N (x − z) z^k

(n ∈ N_0; N ∈ N_0)

associated with the Stirling numbers S (n, k) defined by (1).

In the cases of the polynomials which are related rather closely to the classical Jacobi or classical Laguerre polynomials, some of the generating functions presented in this section can alternatively be derived from the corresponding results considered by Srivastava [12], Section 3, by suitably exploiting these relationships. For example, in view of the relationship (20) with the classical Laguerre polynomials L^{(α)}_n (x), the generating function (21) for the modified Laguerre polynomials f^α_n (x) can alternatively be deduced from the following result of Srivastava [12], p. 760, Equation (3.27): ∞X k=0 k^n L^{(α−k)}_k (x) z^k = (1 + z)^α exp (−xz)

(50)

· nX k=0 k! S (n, k) L^{(α−k)}_k (x (1 + z)) ` z 1 + z

´_k

(n ∈ N_0; |z| < 1)

by first letting α −→ −α and z −→ −z, and then applying the relationship (20) on both sides of the resulting equation.

3. Applications of Theorems 2 and 4

3.1. Generalized Bessel Functions

In terms of the generalized Bessel function J^{(μ)}_ν (x, y; τ ) defined by (cf., e.g., Dattoli et al. [2])

J^{(μ)}_ν (x, y; τ ) := ∞X l=−∞

J_l (x) J_{ν+μl} (y) τ^l ,

so that lim_{x→0} n J^{(μ)}_ν (x, y; τ ) o = J_ν (y) and J^{(−1)}_ν (x, y; 1) = ∞X l=−∞

J_l (x) J_{ν−l} (y) = J_ν (x + y) ,

Generating functions involving the Stirling numbers 219

a generalization of the generating function (12) in the form: ∞X k=0 J^{(μ)}_{ν+k} (x, y; τ ) t^k k! = ` 1 − 2t y ´_− 1_{2 ν} (51)

· J^{(μ)}_ν ` x, q y^2 − 2yt; τ [1 − 2 (t/y)]^{− 12 μ} ´ ` μ, ν ∈ C; |t| < 1 2 |y| ´

was given recently by Pathan et al. [9, p. 179, Equation (3.4)]. Thus, by applying Theorem 4 to the generating function (51), we obtain ∞X k=0 k^n k! J^{(μ)}_{ν+k} ` x, q y^2 + 2yz; τ [1 + 2 (z/y)]^{− 12 μ} ´` z √ 1 + 2 (z/y)

´_k

= ` 1 + 2z y ´ 1_{2 ν n}X k=0 S (n, k) J^{(μ)}_{ν+k} (x, y; τ ) z^k ` μ, ν ∈ C; |t| < 1 2 |y| ; n ∈ N_0 ´ ,

which, under such variable and notational changes as in the transition from (13) to (14), but involving z and y (instead of z and x, respectively), yields ∞X k=0 k^n k! J^{(μ)}_{ν+k} (x, y; τ ) z^k = ` 1 − 2z y ´_− 1_{2 ν} (52)

· nX k=0 S (n, k) J^{(μ)}_{ν+k} ` x, q y^2 − 2yz; τ [1 − 2 (z/y)]^{− 12 μ} ´` z √ 1 − 2 (z/y)

´_k

` μ, ν ∈ C; |t| < 1 2 |y| ; n ∈ N_0 ´ ,

where we have also set

τ −→ τ ` 1 − 2z y ´_− 1_{2 μ}

after the aforementioned transition.

The generating function (52) unifies (as well as extends) each of the results (12), (14), and (51) above.

220 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

3.2. Lauricella Polynomials

Another application of Theorem 4 involves the so-called Lauricella polynomials in several variables (cf. [6]):

F^{(s)}_D [−n, b_1, . . . , b_s; c; x_1, . . . , x_s ] := k_1+···+k_s ≦n X k_1 ,...,k_s =0

(−n)_{k1+···+ks} (b_1)_{k1} · · · (b_s)_{ks} (c)_{k1+···+ks} x^{k1}_1 k_1!

· · · x^{ks}_s k_s! ,

where, as usual in the theory of hypergeometric series,

(λ)_0 := 1 and (λ)_k := λ (λ + 1) · · · (λ + k − 1) (k ∈ N) .

These Lauricella polynomials are known to satisfy a generating-function relationship in the form (cf. [17], p. 240; see also [14], p. 439, Equation 8.5 (8)): ∞X k=0 (c + n)_k k! F^{(s)}_D [−n − k, b_1, . . . , b_s; c; x_1, . . . , x_s ] t^k

(53)

= (1 − t)^{−c−n} sY j=1 (` 1 + x_j t 1 − t

´_{−b j} )

· F^{(s)}_D ˇ −n, b_1, . . . , b_s; c;

x_1 1 − t + x_1t

, . . . , x_s 1 − t + x_st ˘

n ∈ N_0; |t| < min_{1≦ j≦s} n 1, fi fix_j − 1 fi fi^{−1} o ! ,

which fits easily into the pattern (8) with, of course,

θ (x_1, . . . , x_s; t) = (1 − t)^{−c} sY j=1 (` 1 + x_j t 1 − t

´_{−b j} ) , ϕ (x_1, . . . , x_s ; t) = 1 − t, ψ_j (x_1, . . . , x_s; t) = x_j 1 − t + x_j t ( j = 1, . . . , s), and �_k (x_1, . . . , x_s ) −→ (c)_k F^{(s)}_D [−k, b_1, . . . , b_s ; c; x_1, . . . , x_s] (k ∈ N_0) .

Generating functions involving the Stirling numbers 221

Theorem 4, when applied to the generating function (53), yields ∞X k=0 (c)_k k^n k! F^{(s)}_D ˇ −k, b_1, . . . , b_s; c;

x_1 1 + z − x_1z

, . . . , x_s 1 + z − x_s z ˘ (54)

· ` z 1 + z

´_k

= (1 + z)^c sY j=1 (` 1 − x_j z 1 + z

´_{b j} )

· nX k=0 (c)_k S (n, k) F^{(s)}_D [−k, b_1, . . . , b_s; c; x_1, . . . , x_s ] z^k

n ∈ N_0; |z| < min_{1≦ j≦s} n 1, fi fix_j − 1 fi fi^{−1} o ! , which, for

z −→ z 1 − z and x_j −→ x_j 1 − z + x_j z

( j = 1, . . . , s) ,

assumes the form: ∞X k=0 (c)_k k^n k! F^{(s)}_D [−k, b_1, . . . , b_s; c; x_1, . . . , x_s ] z^k

(55)

= (1 − z)^{−c} sY j=1 (` 1 + x_j z 1 − z

´_{−b j} )_nX k=0 (c)_k S (n, k)

· F^{(s)}_D ˇ −k, b_1, . . . , b_s; c;

x_1 1 − z + x_1z

, . . . , x_s 1 − z + x_s z ˘` z 1 − z

´_k

n ∈ N_0; |z| < min_{1≦ j≦s} n 1, fi fix_j − 1 fi fi^{−1} o ! . For c = 1, these last generating functions (54) and (54) were derived earlier by Srivastava [12], p. 768, Equations (5.11) and (5.12).

3.3. Multivariable Sequences

Some general multivariable extensions of the hypergeometric generating functions (24) and (27) were considered by Chen and Srivastava [1], who investigated the multivariable generating functions [1], p. 172, Equation (5.19): ∞X k=0 ` λ + n + k − 1 k ´ �^{(λ)}_{n+k} (σ_1, . . . , σ_s ; x_1, . . . , x_s) t^k

(56)

= (1 − t)^{−λ−n} �^{(λ)}_n ` σ_1, . . . , σ_s ;

x_1 (1 − t)^{σ1}

, . . . , x_s (1 − t)^{σs} ´

(n ∈ N_0; |t| < 1) ,

222 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

where

�^{(λ)}_n (σ_1, . . . , σ_s ; x_1, . . . , x_s) := ∞X m_1,...,m_s =0

(λ + n)_M A (m_1, . . . , m_s ) x^{m1}_1 · · · x^{ms}_s � M := σ_1m_1 + · · · + σ_sm_s ; m_j ∈ N_0; λ, σ_j ∈ C; j = 1, . . . , s � ,

and [1], p. 172, Equation (5.20) ∞X k=0 ` λ + n + k − 1 k ´ Z^{(λ)}_{n+k} (σ_1, . . . , σ_s ; x_1, . . . , x_s) t^k

(57)

= (1 − t)^{−λ−n} Z^{(λ)}_n � σ_1, . . . , σ_s ; x_1 (1 − t)^{σ1} , . . . , x_s (1 − t)^{σs} � (n ∈ N_0; |t| < 1) ,

where

Z^{(λ)}_n (σ_1, . . . , σ_s ; x_1, . . . , x_s ) := ∞X m_1,...,m_s =0

A (m_1, . . . , m_s ) (1 − λ − n)_M x^{m1}_1 · · · x^{ms}_s � M := σ_1m_1 + · · · + σ_s m_s; m_j ∈ N_0; λ, σ_j ∈ C; j = 1, . . . , s � ,

{A (m_1, . . . , m_s )} being a suitably bounded multiple sequence of complex numbers. These multivariable generating functions (56) and (57) are, in fact, very specialized cases of much more general multivariable generating functions given earlier by Srivastava (cf., e.g., [14], p. 491, Problem 3; see also [1], p. 173).

By applying Theorem 4 to each of the generating functions (56) and (57), we finally obtain the following multivariable generalizations of our results (25) and (29) above: ∞X k=0 ` λ + k − 1 k ´ k^n �^{(λ)}_k (σ_1, . . . , σ_s ; x_1, . . . , x_s ) z^k

= (1 − z)^{−λ} nX k=0 ` λ + k − 1 k ´ k! S (n, k)

· �^{(λ)}_k ` σ_1, . . . , σ_s ;

x_1 (1 − z)^{σ1}

, . . . , x_s (1 − z)^{σs} ´` z 1 − z

´_k

(n ∈ N_0; |z| < 1)

Generating functions involving the Stirling numbers 223

and ∞X k=0 ` λ + k − 1 k ´ k^nZ^{(λ)}_k (σ_1, . . . , σ_s ; x_1, . . . , x_s) z^k

= (1 − z)^{−λ} nX k=0 ` λ + k − 1 k ´ k! S (n, k)

· Z^{(λ)}_k � σ_1, . . . , σ_s ; x_1 (1 − z)^{σ1} , . . . , x_s (1 − z)^{σs} � (n ∈ N_0; |z| < 1) .

Many other applications of each of the general results (Theorems 1 to 4 above) can indeed be presented in an analogous manner.

References

[1] CHEN M.-P. AND SRIVASTAVA H. M., Orthogonality relations and generating functions for Jacobi polynomials and related hypergeometric functions, Appl. Math. Comput. 68 (1995), 153–188.

[2] DATTOLI G., TORRE A., LORENZUTTA S., MAINO G. AND CHICCOLO C., Generalized Bessel functions within the group representation formalism, Nuovo Cimento B 111 (1996), 143–164.

[3] GABUTTI B. AND LYNESS J. N., Some generalizations of the Euler-Knopp transformation, Numer. Math. 48 (1986), 199–220.

[4] GONZÁLEZ B., MATERA J. AND SRIVASTAVA H. M., Some q-generating functions and associated generalized hypergeometric polynomials, Math. Comput. Modelling 34 1-2 (2001), 133–175.

[5] KONHAUSER J. D. E., Biorthogonal polynomials suggested by the Laguerre polynomials, Pacific J. Math. 21 (1967), 303–314.

[6] LAURICELLA G., Sulle funzioni ipergeometriche a più variabili, Rend. Circ. Mat.

Palermo 7 (1893), 111–158.

[7] MATHIS M. L. AND SISMONDI S., Alcune funzioni generatrici di funzioni speciali, Atti Accad. Sci. Torino Cl. Sci. Fis. Mat. Natur. 118 (1984), 185–192.

[8] MCBRIDE E. B., Obtaining Generating Functions, Springer Tracts in Natural Philosophy 21, Springer-Verlag, New York, Heidelberg, Berlin 1971.

[9] PATHAN M. A., GOYAL A. N., AND SHAHWAN M. J. S., Lie theory and generalized Bessel functions, Bull. Math. Soc. Sci. Math. R.S. Roumanie (N.S.) 40 (88) (1997), 173–181.

224 Shy-Der Lin - Shih-Tong Tu - H. M. Srivastava

[10] RAINVILLE E.D., Special Functions, The Macmillan Company, New York 1960;

Reprinted by Chelsea Publishing Company, Bronx, New York 1971.

[11] RIORDAN J., Combinatorial Identities, Wiley Tracts on Probability and Statistics, John Wiley and Sons, New York, London, Sydney 1968.

[12] SRIVASTAVA H. M., Some families of generating functions associated with the Stirling numbers of the second kind, J. Math. Anal. Appl. 251 (2000), 752–769.

[13] SRIVASTAVA H. M., LAVOIE J.-L. AND TREMBLAY R., The Rodrigues type representations for a certain class of special functions, Ann. Mat. Pura Appl. (4) 119 (1979), 9–24.

[14] SRIVASTAVA H. M. AND MANOCHA H. L., A Treatise on Generating Functions, Halsted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons, New York, Chichester, Brisbane, Toronto 1984.

[15] SZEGÖ G., Orthogonal Polynomials, American Mathematical Society Colloquium Publications 23, Fourth Edition, American Mathematical Society, Providence, Rhode Island 1975.

[16] TOSCANO L., Una generalizzazione dei polinomi di Laguerre, Giorn. Mat.

Battaglini (5) 4 (84) (1956), 123–138.

[17] TOSCANO L., Sui polinomi ipergeometriche a più variabili del tipo F_D di Lauricella, Matematiche (Catania) 27 (1972), 219–250.

[18] WATSON G. N., A Treatise on the Theory of Bessel Functions, Second Edition, Cambridge University Press, Cambridge, London, New York 1944.

AMS Subject Classification: 33C45, 33C47, 33C65.

Shy-Der LIN, Shih-Tong TU Department of Mathematics Chung Yuan Christian University Chung-Li 32023, Taiwan, REPUBLIC of CHINA e-mail: shyder@math.cycu.edu.tw, e-mail: sttu@math.cycu.edu.tw

Hari M. SRIVASTAVA Department of Mathematics and Statistics University of Victoria Victoria, British Columbia V8W 3P4, CANADA e-mail: harimsri@math.uvic.ca

Lavoro pervenuto in redazione il 05.03.2001 e, in forma definitiva, il 20.06.2001.