Rend. Sem. Mat. Univ. Pol. Torino Vol. 59, 2 (2001) Liaison and Rel. Top.

C. Fontanari

MODULI OF CURVES VIA ALGEBRAIC GEOMETRY

Abstract. Here we discuss some open problems about moduli spaces of curves from an algebro-geometric point of view. In particular, we focus on Arbarello stratification and we show that its top dimentional stratum is affine.

The moduli space Mg,n of stable n-pointed genus g curves is by now a widely explored subject (see for instance the book [10] and the references therein), but many interesting problems in the field are still unsolved, both from a topological and a geometrical point of view. Even though various methods have been fruitfully applied (e. g. Teichmüller spaces, Hodge theory, G.I.T., . . . ), a purely algebro-geometric approach seems to be quite powerful and rather promising as well. We wish to mention at least the recent paper [3] by Enrico Arbarello and Maurizio Cornalba: as the authors point out in the introduction, what is really new there is the method of proof, which is based on standard algebro-geometric techniques.

Indeed, the only essential result borrowed from geometric topology is a vanishing theorem due to John Harer. Namely, the fact that Hk (Mg,n) vanishes for k > 4g − 4 + n if n > 0 and for k > 4g − 5 if n = 0 was deduced in [9] from the construction of a (4g − 4 + n)-dimensional spine for Mg,n by means of Strebel differentials. On the other hand, it is conceivable that Harer’s vanishing is only the tip of an iceberg of deeper geometrical properties. For instance, a conjecture of Eduard Looijenga says that Mg is a union of g − 1 open subsets (see [7], Conjecture 11.3), but (as far as we know) there are no advances in this direction. Another strategy (see [8], Problem 6.5) in order to avoid the use of Strebel’s differentials in the proof of Harer’s theorem is to look for an orbifold stratification of Mg with g − 1 affine subvarieties as strata.

A natural candidate for such a stratification is provided by a flag of subvarieties introduced by Enrico Arbarello in his Ph.D. thesis. Namely, for each integer n, 2 ≤ n ≤ g, he defined the subvariety Wn,g ⊂ Mg as the sublocus of Mg described by those points of Mg which correspond to curves of genus g which can be realized as n-sheeted coverings of P1 with a point of total ramification (see [2] p. 1). The natural expectation (see [1] p. 326 but also [12] p. 310) was that Wn,g \ Wn−1,g does not contain any complete curve. About ten years later, Steven Diaz was able to prove that a slightly different flag of subvarieties enjoys such a property and he deduced from this fact his celebrated bound on the dimension of complete subvarieties in Mg (see [5]). It remains instead an open question whether or not the open strata of the Arbarello flag admit complete curves (see [10] p. 291).

Perhaps an even stronger conjecture could be true: since W2,g is the hyperelliptic locus, which is well-known to be affine (see for instance [11] p. 320), one may wonder whether all the open strata Wn,g \ Wn−1,g are affine. We were not able to prove this statement in full generality; however, we found an elementary proof that the top dimensional stratum is indeed affine.

THEOREM 1. If g ≥ 3 then Mg \ Wg−1,g is affine. 137

138 C. Fontanari

Proof. Since Mg \ Wg−1,g = Mg \ � supp(W g−1,g) ∪ ∂Mg � , it is sufficient to prove that supp(W g−1,g) ∪ ∂Mg is the support of an effective ample divisor on Mg. The class of W g−1,g in the Picard group of Mg was computed by Steven Diaz in his Ph.D. thesis (see [6]), so we know that � W g−1,g � = aλ − X i bi δi

where

a := g2(g − 1)(3g − 1) 2 b0 :=

(g − 1)2g(g + 1) 6 bi := i(g − i)g(g2 + g − 4) 2 (i > 0).

In particular, notice that if g ≥ 3 then a > 11 and bi > 1 for every i. Consider now the following divisor on Mg: D := W g−1,g + X i (bi − 1)�i .

Since bi > 1 we see that D is effective; moreover, we have supp(D) = supp(W g−1,g) ∪ ∂Mg. We claim that D is ample. Indeed,

[D] = � W g−1,g � + X i (bi − 1)δi

= aλ − X i bi δi + X i bi δi − X i δi = aλ − δ.

Since a > 11 we may deduce that D is ample from the Cornalba-Harris criterion (see [4], Theorem 1.3), so the proof is over.

References

[1] ARBARELLO E., Weierstrass points and moduli of curves, Compositio Math. 29 (1974), 325–342.

[2] ARBARELLO E., On subvarieties of the moduli space of curves of genus g defined in terms of Weierstrass points, Atti Accad. Naz. Lincei Mem. Cl. Sci. Fis. Mat. Natur. Sez. I 8 15 (1978), no. 1, 3–20.

[3] ARBARELLO E. AND CORNALBA M., Calculating cohomology groups of moduli spaces of curves via algebraic geometry, Inst. Hautes Études Sci. Publ. Math. 88 (1998), 97–127.

[4] CORNALBA M. AND HARRIS J., Divisor classes associated to families of stable varieties, with applications to the moduli space of curves, Ann. Sc. Ec. Norm. Sup. 21 (4) (1988), 455–475.

[5] DIAZ S., A bound on the dimensions of complete subvarieties of Mg, Duke Math. J. 151 (1984), 405–408.

Moduli of curves via algebraic geometry 139

[6] DIAZ S., Exceptional Weierstrass points and the divisor on moduli space that they define, Memoirs of the Am. Math. Soc. 327 (1985).

[7] FABER C. AND LOOIJENGA E., Remarks on moduli of curves. Moduli of curves and abelian varieties, Aspects Math. 33 (1999), 23–45.

[8] HAIN R. AND LOOIJENGA E., Mapping class groups and moduli spaces of curves, Proc.

Symp. Pure Math. AMS 62 (1998), 97–142.

[9] HARER J., The virtual cohomological dimension of the mapping class group of an orientable surface, Inv. Math. 84 (1986), 157–176.

[10] HARRIS J. AND MORRISON I., Moduli of curves, Graduate Texts in Math. 187, Springer 1998.

[11] MORRISON I., Subvarieties of moduli spaces of curves: open problems from an algebrogeometric point of view, Contemp. Math. AMS 150 (1993), 317–343.

[12] MUMFORD D., Towards an enumerative geometry of the moduli space of curves, Progress in Math. 36, Birkhäuser, Boston 1983, 271–328.

AMS Subject Classification: 14H10, 14H55.

Claudio FONTANARI Dipartimento di Matematica Università degli studi di Trento Via Sommarive 14 38050 Povo (Trento), ITALIA e-mail: fontanar@science.unitn.it

140 C. Fontanari