Rend. Sem. Mat. Univ. Pol. Torino Vol. 58, 3 (2000) Partial Diff. Operators

M. Dutour – B. Helffer

ON BIFURCATIONS FROM NORMAL SOLUTIONS TO SUPERCONDUCTING STATES

Abstract. Motivated by the paper by J. Berger and J. Rubinstein [3] and other recent studies [10], [15], [16], we analyze the Ginzburg-Landau functional in an open bounded set �. We mainly discuss the bifurcation problem whose analysis was initiated in [17] and show how some of the techniques developed by the first author in the case of Abrikosov’s superconductors [7] can be applied in this context. In the case of non simply connected domains, we come back to [3] and [13], [14] for giving the analysis of the structure of the nodal sets for the bifurcating solutions.

1. Introduction

1.1. Our model

Following the paper by Berger-Rubinstein [3], we would like to understand the minima (or more generally the extrema) of the following Ginzburg-Landau functional. In a bounded, connected, regular1, open set � ⊂ R2 and, for any λ > 0 and κ > 0, this functional Gλ,κ is defined, for u ∈ H 1(�; C ) and A ∈ H 1loc � R2; R2 � such that curl A ∈ L2, by

Gλ,κ (u, A) = � � � λ � −|u|2 + 1 2 |u|4 � + |(∇ − i A)u|2 � dx1 · dx2

+ κ2λ−1 � R^2

|curl A − He|2dx1 · dx2 . (1)

Here, for A = (A1, A2), curl A = ∂x_1 A2 − ∂x_2 A1, div A = ∂x_1 A1 + ∂x_2 A2 and He is a C∞0 function on R2 � or more generally some function in L2 � R2 � . Physically He represents the exterior magnetic field. Let Ae be a solution of

curl Ae = He div Ae = 0 . (2) It is easy to verify that such a solution exists by looking for Ae in the form Ae = � − ∂x_2 ψe, ∂x_1 ψe � . We have then to solve �ψe = He and it is known to be solvable in S′ � R2 � ∩ C∞ � R2 � � or in S′ � R2 � ∩ H 2loc � R2 � if He ∈ L2 � R2 � . Of course Ae is not unique but we shall discuss about uniqueness modulo gauge transform later and at the end this is mainly the restriction of Ae to � which will be considered.

We shall sometimes use the identification between vector fields A and 1-forms ωA.

1 with C∞ boundary 259

260 M. Dutour – B. Helffer

When analyzing the extrema of the GL-functional, it is natural to first consider the corresponding Euler-Lagrange equations (called in our context Ginzburg-Landau equations). This is a system of two equations (with a boundary equation):

(G L)1 − (∇ − i A)2u + λu � |u|2 − 1 � = 0 , in � ,

(G L)2 curl∗(curl A − He) = λκ−2Im [ū · (∇ − i A)u] · 1� , (G L)3 (∇ − i A)u · ν = 0 , in ∂� . (3)

Here ν is a unit exterior normal to ∂�. The operator curl∗ is defined by curl∗ f :=(∂x_2 f, −∂x_1 f ). Moreover, without loss of generality in our problem, we shall add the condition

(G L)4 div A = 0 in � . (4) One can also assume if necessary that the vector potential satisfies

A · ⃗ν = 0 , (5) on the boundary of �, where ν is a normal unit vector to ∂�. Let us briefly recall the argument. One would like to find θ in C∞ � � � such that ~A = A + dθ satisfies (4) and (5). One can proceed in two steps. The first step is to find a gauge transformation such that (5) is satisfied. This is immediate if the boundary is regular. We now assume this condition. The second step consists in solving

�θ = − div A in � , ∂θ ∂ν = 0 , on ∂� .

This is a Neumann problem, which is solvable if and only if the right hand-side is orthogonal to the first eigenfunction of the Neumann realization of the Laplacian, that is the constant function x → 1. We have only to observe that � � div A dx = 0 if (5) is satisfied.

An important remark is that the pair (0, Ae) is a solution of the system. This solution is called the normal solution. Of course, any solution of the form (0, Ae + ∇ϕ) with ϕ harmonic is also a solution.

REMARK 1. Note also that the normalization of the functional leads to the property that

Gλ,κ (0, Ae) = 0 . (6) The first proposition is standard.

PROPOSITION 1. If � is bounded, the functional Gλ,κ admits a global minimizer which is a solution of the equation.

We refer to [8], for a proof together with the discussion of the next subsection.

On bifurcations from normal solutions 261

1.2. Comparison with other models

Let us observe that there is another natural problem which may be considered. This is the problem of minimizing, for (u, A) ∈ H 1(�, C ) × H 1 � �, R2 � , the functional G�λ,κ defined by

G�λ,κ (u, A) = � � � λ � −|u|2 + 1 2 |u|4 � + |(∇ − i A)u|2 � dx1 · dx2

+ κ2λ−1 � � |curl A − He|2 dx1 · dx2 . (7)

This may lead to a different result in the case when � is not simply connected. According to discussions with Akkermans, this is the first problem which is the most physical (see also the discussion in the appendix).

A comparison between Gλ,κ and G�,Dλ,κ where D is a ball containing � and G�,Dλ,κ is defined by

G�,Dλ,κ (u, A) = � � � λ � −|u|2 + 1 2 |u|4 � + |(∇ − i A)u|2 � dx1 · dx2

+ κ2λ−1 � D |curl A − He|2 dx1 · dx2 . (8)

is useful. If b is given with support outside of the ball D, it is easy to see (assuming that b is regular) that there exists a with support outside D such that curl a = b. It is indeed sufficient to take the usual transversal gauge

a1 = −x2 � 1 0 sb(sx) ds , a2 = x1 � 1 0 sb(sx) ds . (9) This shows that, for any D containing �, we have

inf Gλ,κ (u, A) = inf G�,Dλ,κ (u, A) .

(10)

In particular it is enough to consider minimizing sequences (un, Ae + an) where supp an ⊂ D and D is a ball containing �. The proof of the existence of minimizers is then greatly simplified. Finally, it is natural2 to think that one can replace D by

~� := � ∪ (∪i Oi ) , (11)

where the Oi are the holes, that are the bounded connected components of R2 \ �. A proof can be obtained by analyzing the Ginzburg-Landau equations satisfied by a minimizer of G�,Dλ,κ . We finally get:

inf Gλ,κ (u, A) = inf G�, ~� λ,κ (u, A) .

(12)

REMARK 2. If (u, Ae + a) is a solution of the GL-equation then curl a = 0 in the unbounded component of R2 \ � and curl a = const. in each hole (see Lemma 2.1 in [10]). It would be interesting to discuss the possible values of these constants.

2 This is at least clear when ~� is a star-shaped domain by the previous proof. See Section 3, in the proof of Proposition 8 for a complementary argument.

262 M. Dutour – B. Helffer

1.3. Standard results

The second proposition which is also quite standard (see for example [8]) is

PROPOSITION 2. If u is a solution of the first GL-equation with the Neumann boundary condition then

|u(x)| ≤ 1 , ∀x ∈ � .

(13)

We note also for further use that the solutions of the GL-system are in C∞ � � � under the assumption that � is regular.

2. Is the normal state a minimizer?

The aim of this section is to give a proof of a result suggested in [3] who said “We expect the normal state to be a stable solution for small λ...”.

Although, this result is probably known as folk theorem, we think it is useful to give a proof (following considerations by M. Dutour in a near context [7]) of this property. Note that connected results are obtained in [10] and more recently in [15], [16]. Before stating the theorem, let us recall that we have called normal state a pair (u, A) of the form:

(u, A) = (0, Ae) ,

(14)

where Ae is any solution of (1).

As already observed, Ae is well defined up to gauge transformation and (0, Ae) is a solution of the GL-system.

So it is effectively natural to ask if (0, Ae) is a global minimum. The first result in this direction is the following easy proposition about the normal state. But let us first introduce:

DEFINITION 1. We denote by λ(1) the lowest eigenvalue of the Neumann realization in � of −�A_e := −(∇ − i Ae)2 .

We shall frequently use the assumption

λ(1) > 0 .

(15)

Note the following necessary and sufficient condition for this property (cf. [12]).

PROPOSITION 3. The condition (15) is satisfied if and only if one of the two following conditions is satisfied:

1. He is not identically zero in �;

2. He is identically zero in � but there exists a closed path γ in � such that 12π � γ ωA_e ∉ Z.

Let us observe that the second case can only occur when � is non simply connected.

PROPOSITION 4. Under condition (15) and if λ ∈ � 0, λ(1) � , the pair (0, Ae) is a nondegenerate (up to gauge transforms) local minimum of Gλ,κ .

On bifurcations from normal solutions 263

The Hessian at (0, Ae) of the GL-functional is indeed the map

(δu, δa) → ((−�A_e − λ) δu , curl∗ curl δa) ,

where we assume that div δa = 0 and δa · ν = 0 at the boundary of ~�. Note that this proof gives also:

PROPOSITION 5. If λ > λ(1), the pair (0, Ae) is not a local minimum of Gλ,κ .

We refer to [15] for a connected result. Proposition 5 does not answer completely to the question about global minimizers. The next theorem gives a complementary information.

THEOREM 1. Under assumption (15), then, for any κ > 0, there exists λ0(κ) > 0 such that, for λ ∈]0, λ0(κ)], Gλ,κ has only normal solutions as global minimizers.

REMARK 3. By a variant of the techniques used in [7] in a similar context, one can actually show that, for any κ > 0, there exists λ1(κ) > 0 such that, for λ ∈]0, λ1(κ)], all the solutions of the Ginzburg-Landau equations are normal solutions. This will be analyzed in Section 5.

Proof of Theorem 1. Let (u, A) := (u, Ae + a) be a minimizer of the (G L) functional. So it is a solution3 of (GL) and moreover we have, using (6), the following property:

Gλ,κ (u, A) ≤ 0 .

(16)

Using the inequality −|u|2 ≥ − 12 |u|4 − 12 and (16), we first get, with b = curl a: κ2 λ � R^2 b2 dx ≤ λ 2 |�| ,

(17)

where |�| is the area of �.

We now discuss the link between b and a in ~�. So we shall only use from (17): κ2 λ � ~� b2 dx ≤ λ 2 |�| ,

(18)

Let us now consider in ~�, ã the problem of finding a solution of

curl ã = b , div ã = 0 , ã · ν = 0 , on ∂~� .

(19)

We have the following standard proposition (see Lemma 2.3 in [10]).

PROPOSITION 6. The problem (19) admits, for any b ∈ L2 � ~� � , a unique solution ã in H 1 � ~� � . Moreover, there exists a constant C such that

‖ã‖H_1�~� ≤ C‖b‖L_2�~� , ∀b ∈ L2 .

(20)

3 We actually do not use this property in the proof.

264 M. Dutour – B. Helffer

Proof. Following a suggestion of F. Bethuel, we look for a solution in the form: ã = curl∗ψ. We then solve the Dirichlet problem −�ψ = b in ~�. This gives a solution with the right regularity. For the uniqueness, we observe that ~� being connected and simply connected a solution of curl â = 0 is of the form â = dθ � with θ ∈ H 2 � ~� � , and if div â = 0 and â · ν on ∂~�, we get the equations �θ = 0 and ∇θ · ν = 0 on ∂~�, which implies θ = const. and consequently â = 0.

We can now use the Sobolev estimates in order to get

‖a‖L4�~� ≤ C1‖a‖H 1�~� .

(21)

From (18), (20) and (21), we get the existence of a constant C2 such that

‖a‖L4�~� ≤ C2 λ κ . (22)

The second point is to observe, that, for any ϵ ∈]0, 1[, we have the inequality � � |(∇ − i A)u|2 dx ≥ (1 − ϵ)‖(∇ − i Ae)u‖2L_2(�) −

(1 − ϵ) ϵ ‖au‖2L_2(�) .

(23)

Taking ϵ = 14 and using Hölder’s inequality, we get � � |(∇ − i A)u|2 dx ≥ 3 4 ‖(∇ − i Ae)u‖2L_2(�) − 3‖a‖2L_4(�)‖u‖2L_4(�) .

(24)

Using now the ellipticity of −�A_e in the form of the existence of a constant C1

‖u‖2H_1(�) ≤ C1 � ‖(∇ − i Ae)u‖2L_2(�) + ‖u‖2L_2(�) � , (25)

and again the Sobolev inequality, we then obtain the existence of a constant C2 such that � � |(∇ − i A)u|2 dx ≥ � 3 4 − C2‖a‖2L_4(�) � ‖(∇ − i Ae)u‖2L_2(�)

− C2‖a‖2L_4(�)‖u‖2L_2(�) .

(26)

We get then from (16) and (22), and for a suitable new constant C (depending only on � and He), � 3 4 λ(1) − C λ2 κ2 − λ � ‖u‖2L_2(�) ≤ 0 .

(27)

Using the assumption (15), this gives u = 0 for λ small enough and the proof of Theorem 1.

REMARK 4. Note that with a small improvement of the method, it is possible � taking ϵ = 1κ in (23) � to show that one can choose, in the limit κ → +∞, λ0(κ) satisfying:

λ0(κ) ≥ λ(1) − O � 1 κ � . (28)

This will be developed in Section 4.

On bifurcations from normal solutions 265

REMARK 5. Observing that λ → 1λ Gλ,κ (u, A) is monotonically decreasing, one easily obtains that the set of λ’s such that (0, Ae) is a global minimum is an interval of the form � 0, λopt0 (κ) � . Inequality (28) implies:

λopt0 (κ) ≥ λ(1) − O � 1 κ � . (29)

Similar arguments are used in [7] for the Abrikosov’s case. We recall that, in this case, the domain �, is replaced by a torus R2 \L where L is the lattice generated over Z2 by two independent vectors of R2.

Observing now that κ → Gλ,κ (u, A) is monotonically increasing, one easily obtains that the map κ → λopt0 (κ) is increasing. Using (29) and Proposition 7, one gets that λopt0 is increasing from 0 to λ(1) for κ ∈]0, +∞[.

3. Estimates in the case κ small

We have already shown in Proposition 5 that, if λ > λ(1), then the normal state is not a minimizer. In other words (see Remark 5), under condition (15), we have:

0 < λopt0 (κ) ≤ λ(1) .

(30)

If we come back to the formula (27), one immediately obtains the following first result:

PROPOSITION 7. There exist constants μ0 ∈ � 0, λ(1) � and α0 > 0 such that, for λ ∈]0, μ0] satisfying

λ ≤ α0κ ,

(31)

the minimizer is necessarily the normal solution.

In order to get complementary results, it is also interesting to compute the energy of the pair (u, A) = (1, 0). This will give, in some asymptotic regime, some information about the possibility for the normal solution (or later for a bifurcating solution) to correspond to a global minimum of the functional. An immediate computation gives:

Gλ,κ (1, 0) = − λ 2 |�| + κ2 λ � R^2

H 2e dx .

(32)

We see in particular that when κλ is small, the normal solution cannot be a global minimizer of Gλ,κ .

As already observed in Subsection 1.2, what is more relevant is probably the integral � ~� H 2e dx instead of � R^2 H 2 e dx in (32). Note also that it would be quite interesting to determine the minimizers in the limit κ → 0. We note indeed that (1, 0) is not a solution of the GL-system, unless He is identically zero in �. Let us show the following proposition.

PROPOSITION 8. If

κ < λ · � |�| 2 � � H 2e dx

� 1_2 , (33)

and if � is simply connected, then the normal solution is not a global minimum.

266 M. Dutour – B. Helffer

Proof. Let ψn be a sequence of C∞ functions such that

• 0 ≤ ψn ≤ 1;

• ψn = 0 in a neighborhood of �; • ψn(x) → 1, ∀x ∉ �;

We observe that � R^2

((1 − ψn)He)2 dx −→ � � H 2e dx .

(34)

We can consequently choose n such that:

κ < λ · � |�| 2 � R^2 ((1 − ψn)He)

2 dx

� 1_2 , (35)

We now try to find An such that

• curl An = ψn He; • supp An ∩ � = ∅.

We have already shown how to proceed when � is starshaped. In the general case, we first choose ~An such that: curl ~An = ψn He, without the condition of support (see (2) for the argument). We now observe that curl ~An = 0 in �. Using the simple connexity, we can find ϕn in C∞ � � � such that ~An = ∇ϕn. We can now extend ϕn outside � as a compactly supported C∞ function in R2 ~ϕn. We then take An = ~An − ∇~ϕn.

It remains to compute the energy of the pair (1, An) (which is strictly negative) in order to achieve the proof of the proposition.

REMARK 6. In the case when � is not simply connected, Proposition 8 remains true, if we replace � by ~�, where ~� is the smallest simply connected open set containing �.

REMARK 7. It would be interesting to see how one can use the techniques of [1] for analyzing the properties of the zeros of the minimizers, when they are not normal solutions. The link between the two papers is given by the relation λ = (κd)2.

In conclusion, we have obtained, the following theorem:

THEOREM 2. Under condition (15), there exists α0 > 0, such that: � |�| 2 � ~� H 2e dx

� 1_2 ≤ λopt0 (κ) κ ≤ inf � α0, λ(1) κ � . (36)

4. Localization of pairs with small energy, in the case κ large

When κ is large and λ − λ(1) is small enough, we will show as in [7] that all the solutions of non positive energy of the GL-systems are in a suitable neighborhood of (0, Ae) independent of κ ≥ κ0 > 0. This suggests that in this limiting regime these solutions of the GL-equations (if there exist and if they appear as local minima) will furnish global minimizers. Let us show this

On bifurcations from normal solutions 267

localization statement. The proof is quite similar to the proof of Theorem 1. We recall that we have (17)-(23). Now we add the condition that, for some η > 0,

λ ≤ λ(1) + η .

(37)

Note that we have already solved the problem when λ ≤ λ(1) − Cκ , so we are mainly interested in the λ’s in an interval of the form � λ(1) − Cκ , λ(1) + η � . The second assumption is that we consider only pairs (u, A) ∈ H 1(�) × H 1loc � R2 � such that

Gλ(u, A) ≤ 0 .

(38)

We improve (23) into

‖(∇ − i A)u‖2L_2(�) ≥ � 1 − ϵ − C ϵ ‖a‖2L_4(�) � + λ(1) − C ϵ ‖a‖2L_4(�) � ‖u‖2L_2(�) .

(39)

Taking ϵ = 1κ , we get, using also (22), the existence of κ0 and C such that, for λ ∈ � 0, λ(1) + η � and for κ ≥ κ0,

‖(∇ − i A)u‖2 ≥ � 1 − C κ � λ(1) − C κ � ‖u‖2 ,

(40)

for any (u, A) such that Gλ,κ (u, A) ≤ 0.

Coming back to (1), and, using again the negativity of the energy Gλ,κ (u, A) of the pair (u, A), we get λ � � |u|4 dx ≤ � η + C κ � ‖u‖2L_2(�) .

(41)

But by Cauchy-Schwarz, we have � � |u|2 dx ≤ |�|^{12} � � |u|4 dx

� 1_2 . (42)

So we get

‖u‖L2(�) ≤ � |�| λ � 1_2 � η + C κ � 1_2 (43)

We see that this becomes small with η and 1κ . It is then also easy to control the norm of u in H 1(�). We can indeed use successively (25), (26), (38) and the trivial inequality:

‖(∇ − i A)u‖2L_2(�) ≤ λ‖u‖2L_2(�) + Gλ(u, A) .

(44)

The control of (A − Ae) in the suitable choice of gauge is also easy through (17) and (20). Note also that if λ < λ(1), we obtain the better

‖u‖L2(�) ≤ C κλ^{12} . (45)

So we have shown in this section the following theorem:

268 M. Dutour – B. Helffer

THEOREM 3. There exists η0 > 0 such that, for 0 < η < η0 and for λ ≤ λ(1) + η, then there exists κ0 such that, for κ ≥ κ0, all the pairs (u, A) with negative energy are in a suitable neighborhood O � η, 1κ � of the normal solution in H 1(�, C ) × H 1 � �, R2 � whose size tends to 0 with η and 1κ .

REMARK 8. Using the same techniques as in [7], one can also show that there are no solutions of the Ginzburg-Landau equations outside this neighborhood. This is discussed in Section 5. 5. A priori localization for solutions of Ginzburg-Landau equations

In this section, we give the proof of Remarks 3 and 8. The proof is adapted from Subsection 4.4 in [7] which analyzes the Abrikosov situation. Similar estimates can also be found in [10] (or in [1]) but in a different asymptotical regime.

We assume that (u, A) is a pair of solutions of the Ginzburg-Landau equations (3) and rewrite the second Ginzburg-Landau equation, with A = Ae + a in the form:

La = λ κ2 Im (ū · (∇ − i(Ae + a))u) .

(46)

Here L is the operator defined on the space E2(�), where, for k ∈ N∗ ,

Ek(�) := � a ∈ H k � �; R2 � � � div a = 0 , a · ν/∂� = 0 � , (47) by L = curl∗curl = −� .

(48)

One can easily verify that L is an isomorphism from E2(�) onto L2(�). One first gets the following

LEMMA 1. If (u, Ae + a) is a solution of the GL-system (3) for some λ > 0, then we have:

‖La‖ ≤

|�|^{12} λ^{32} κ2 . (49)

Proof. We start from (46) and using Proposition 2, we obtain:

‖La‖2 ≤ λ2 κ4 ‖(∇ − i A)u‖2 .

(50)

Using the first GL-equation, we obtain:

‖La‖2 ≤ λ3 κ4 � � |u|2 � 1 − |u|2 � dx .

(51)

Using again Proposition 2, we obtain the lemma.

So Lemma 1 shows, together with the properties of L, that there exists a constant C� such that

‖a‖H 2(�) ≤ C� λ^{32} κ2 . (52)

On bifurcations from normal solutions 269

This permits to control the size of a when λ is small or κ is large. In particular, using Sobolev’s injection Theorem, we get the existence of a constant C′� such that:

‖a‖L∞(�) ≤ C′� λ^{32} κ2 . (53)

The second step consists in coming back to our solution (u, A) of the Ginzburg-Landau equations. Let us rewrite the first one in the form:

−�A_e u = λu � 1 − |u|2 � − 2ia · (∇ − i Ae)u − |a|2u .

(54)

Taking the scalar product with u in L2(�), we obtain: λ � �|u|2 � �2 + ⟨−�A_e u, u⟩ ≤ λ‖u‖2 + 2‖a‖L_∞ ‖u‖ � ⟨−�A_e u, u⟩ + ‖a‖2L∞ ‖u‖2 ≤ � λ + � 1 + 1 ϵ � ‖a‖2L∞ � ‖u‖2 + ϵ⟨−�A_e u, u⟩ .

We have finally obtained, for any ϵ ∈]0, 1[ and any pair (u, A) solution of the GL-equations, the following inequality: λ � � |u(x)|4 dx + ⟨−�A_e u, u⟩ ≤ 1 1 − ϵ · � λ + � 1 + 1 ϵ � ‖a‖2L∞ � ‖u‖2 .

(55)

Forgetting first the first term of the left hand side in (55), we get the following alternative:

• Either u = 0, • or λ(1) ≤ 1 1 − ϵ · � λ + � 1 + 1 ϵ � ‖a‖2L∞ � . If we are in the first case, we obtain immediately (see (46)), the equation La = 0 and consequently a = 0. So we have obtained that (u, A) is the normal solution.

The analysis of the occurence or not of the second case depends on the assumptions done in the two remarks, through (53) and for a suitable choice of ϵ � ϵ = 1k � . So we get immediately the existence of λ1(κ) and its estimate when κ → +∞. If we now assume (see (37)) that λ ∈ � λ(1) − η, λ(1) + η � , we come back to (55) and write: λ � � |u(x)|4 dx ≤ � 1 1 − ϵ · � λ + � 1 + 1 ϵ � ‖a‖2L∞ � − λ1 � ‖u‖2 .

Using (42), this leads to

λ‖u‖2 ≤ � 1 1 − ϵ · � λ + � 1 + 1 ϵ � ‖a‖2L∞ � − λ(1) � + |�| .

(56)

This shows, as in (43), that u is small in L2 with η and 1κ .

We can then conclude as in the proof of Theorem 3. The control of u in H 1 is obtained through (55).

THEOREM 4. There exists η0 > 0 such that, for 0 < η < η0 and for λ ≤ λ(1) + η, then there exists κ0 such that for κ ≥ κ0, all the solutions (u, A) of the GL-equations are in a suitable neighborhood O � η, 1κ � of the normal solution in H 1(�, C ) × H 1 � �, R2 � whose size tends to 0 with η and 1κ .

270 M. Dutour – B. Helffer

6. About bifurcations and stability

6.1. Preliminaries

Starting from one normal solution, a natural idea is to see if, when increasing λ from 0, one can bifurcate for a specific value of λ. Proposition 4 shows that it is impossible before λ(1). A necessary condition is actually that λ becomes an eigenvalue of the Neumann realization of −�A_e in �. So we shall consider what is going on at λ(1).

Note here that there is an intrinsic degeneracy to the problem related to the existence of a S1 action. We have indeed the trivial lemma

LEMMA 2. If (u, A) is a solution, then (exp iθu, A) is a solution.

In order to go further, we add the assumption

λ(1) is a simple eigenvalue.

(57)

In this case, we denote by u1 a corresponding normalized eigenvector.

Now, one can try to apply the general bifurcation theory due to Crandall-Rabinowitz. Note that, although, the eigenvalue is assumed to be simple, it is not exactly a simple eigenvalue in the sense of Crandall-Rabinowitz which are working with real spaces. Actually, this is only simple modulo this S1-action. We are not aware of a general theory dealing with this situation in full generality (see however [11]) but special cases involving Schrödinger operators with magnetic field are treated in [17], [2] and [7]. The article [2] is devoted to the case of the disk and [17] (more recently [7]) to the case of Abrikosov’s states.

All the considered operators are (relatively to the wave function or order parameter) suitable realizations of operators of the type

u → −�Au − λ f � |u|2 � u , with f (0) = 1.

The main theorem is the following:

THEOREM 5. Under the assumptions (15) and (57), there exist ϵ0 and a bifurcating family of solutions (u( · ; α), A( · ; α), λ(α)) in H 1(�, C ) × E1(�) × R+, with α ∈ D(0, ϵ0) ⊂ C for the Ginzburg-Landau equations such that

u( · ; α) = αu1 + α|α|2u(3)( · ; α) , with � u1, u(3) � = 0 ,

A( · , α) = Ae + |α|2a2 + |α|4a(4)( · ; α) ,

λ(α) = λ(1) + c(κ)|α|2 + O � |α|4 � . (58)

Here u(3)( · ; α) and a(4)( · ; α) are bounded in H 1. This solution satisfies, ∀s ∈ C , |s| = 1:

u( · ; s α) = s u( · ; α) , A( · ; s α) = A( · ; α) .

(59)

Moreover, if c(κ) ≠ 0, all the solutions (u, A, λ) of the Ginzburg-Landau equations lying in a sufficiently small neighborhood in H 1 × E1 × R+ of � 0, Ae, λ(1) � are described by the normal solutions (0, Ae, λ) and the bifurcating solutions.

The constant c(κ) will be explicited in the next subsection.

On bifurcations from normal solutions 271

6.2. About the proof, construction of formal solutions

The starting point is the GL-system written in the form � − �A_e − λ(1) � u = � λ − λ(1) � u − λu|u|2 − 2ia · (∇ − i Ae)u − ‖a‖2u

L a = λ κ2 Im (ū · (∇ − i A)u)

(60)

We then use the standard method. We look for a solution in the form

u = αu1 + α|α|2u3 + O � |α|5 � , a = |α|2 a2 + O � |α|4 � and λ(α) = λ(1) + c(κ) |α|2 + O � |α|4 � . We can eliminate the S1-degeneracy by imposing α real (keeping only the parity). We refer to [7] for details and just detail the beginning of the formal proof which gives the main conditions. We first obtain, using the second equation,

a2 = λ(1) κ2 b2 ,

(61)

with

b2 := L−1Im (ū1 · (∇ − i Ae)u1) .

(62)

Taking then the scalar product in L2 with u1, in the first equation, we get that

c(κ) = λ(1) � I0 − 2 κ2 K0 � , (63)

with

I0 := � � |u1(x)|4 dx ,

(64) and K0 = −⟨ib2 · (∇ − i Ae)u1, u1⟩ .

(65)

REMARK 9. From (63), we immediately see that there exists κ1 such that, for κ ≥ κ1, c(κ) > 0. Moreover, the uniqueness statement in Theorem 5 is true in a neighborhood which can be chosen independently of κ ∈ [κ1, +∞[.

Let us now observe, that, b2 being divergence free, it is immediate by integration by part that K0 is real. Computing Re K0, we immediately obtain:

K0 = Re K0 = ⟨L−1 J1, J1⟩ ,

(66)

where J1 is the current:

J1 := Im (ū1 · (∇ − i Ae)u1) .

(67)

272 M. Dutour – B. Helffer

We observe that K0 > 0 if and only if J1 is not identically 0. In the non simply connected case, we shall find a case when J1 = 0. (See Lemma 5).

Following the argument of [7] (Lemme 3.4.9), let us analyze the consequences of J1 = 0. By assumption u1 does not vanish identically. If u1(x0) ≠ 0, then we can perform in a sufficiently small ball B(x0, r0) centered at x0, the following computation in polar coordinates. We write u1 = r(x) exp iθ(x) and get J1 = r(x)2(Ae − ∇θ) = 0. So Ae = ∇θ in this ball and this implies He = 0 in the same ball. Using the properties of the zero set of u1 in � [9] and the continuity of He, we then obtain He = 0 in �. But we know that, if � is simply connected, then this implies λ(1) = 0. So we have the following lemma

LEMMA 3. If � is simply connected and λ(1) > 0, then K0 > 0.

Coming back to the first equation and projecting on the orthogonal space to u1 in L2(�) u⊥1 , we get:

u3 = R0v3 ,

(68)

where v3 is orthogonal to u1 and given by:

v3 := 2a2 · ((∇ − i Ae)u1) ,

(69)

and R0 is the inverse of � − �A_e − λ(1) � on the space u⊥1 and satisfies

R0u1 = 0 .

We emphasize that all this construction is uniform with the parameter β = 1κ in ]0, β0]. One can actually extend analytically the equation in order to have a well defined problem in [−β0, β0].

6.3. About the energy along the bifurcating solution

The proof is an adaptation of [7]. Let us just present here the computation of the value of the GLfunctional along the bifurcating curve. Although it is not the proof, this gives the right condition for the stability. For this, we observe that if (u, Ae + a) is a solution of the GL-system, then we have:

Gλ,κ (u, A) = − λ 2 � � |u|4 + κ2 λ � � |curl a|2 dx .

(70)

It is then easy to get the main term of the energy of the function for (u, Ae + a) with a( · ; α) = |α|2a2( · ) + O � |α|4 � and u( · ; α) = αu1( · ) + O � |α|3 � .

Gλ,κ (u(·; α), A(·; α)) = |α|4 � − λ(1) 2 � � |u1|4 + κ2 λ(1) � � |curl a2|2 dx � + O � |α|6 � . (71)

Let us first analyze the structure of the term:

K1 := κ2 λ(1) � � |curl a2|2 dx = κ2 λ(1)

⟨La2, a2⟩ .

(72)

On bifurcations from normal solutions 273

But we have:

K1 := λ(1) κ2 ⟨Lb2, b2⟩ = λ(1) κ2 ⟨L−1 J1, J1⟩ = λ(1) κ2 K0 .

(73)

With these expressions, we get

Gλ(α),κ (u( · ; α), A( · ; α)) = −|α|4 · λ(1) 2 � I0 − 2 κ2 K0 � + O � |α|6 � . (74)

So we get that the energy becomes negative along the bifurcating solution for 0 < |α| ≤ ρ0, if the following condition is satisfied:

κ2 > 2 K0 I0 . (75)

Another way of writing the result is:

PROPOSITION 9. Under conditions (15) and (57), then, if

κ2 ≠ 2 K0 I0 , (76)

there exists α0 > 0 such that, for all α satisfying 0 < |α| ≤ α0, � λ(α) − λ(1) � Gλ(α),κ(u( · ; α), A( · ; α)) < 0 .

(77)

In particular, we have shown, in conjonction with Theorem 3, the following theorem:

THEOREM 6. There exists η > 0 and κ0, such that, for κ > κ0 and λ ≤ λ(1) +η, the global minimum of Gλ,κ is realized by the normal solution for λ ∈ � 0, λ(1) � and by the bifurcating solution for λ ∈ � λ(1), λ(1) + η � . In particular, and taking account of Remark 5, we have:

COROLLARY 1. There exists κc such that the map κ → λopt0 (κ) is an increasing function from 0 to λ(1) for κ ∈ [0, κc] and is constant and equal to λ(1) for κ ≥ κc.

REMARK 10. Note that Theorem 4 gives an additional information. For η small enough and κ large enough, there are actually no other solutions of the GL-equation.

6.4. Stability

The last point is to discuss the stability of the bifurcating solution. We expect that the bifurcating solution gives a local minimum of the GL-functional for κ large enough, and more precisely under condition (75). The relevant notion is here the notion of strict stability. Following [2], we say that (u, A) (with u not identically 0) is strictly stable for Gλ,κ if it is a critical point, if its Hessian is positive and if its kernel in H 1 × E1 is the one dimensional space R(iu, 0). We then have the following theorem:

THEOREM 7. Under conditions (15), (57), and if (75) is satisfied, then there exists ϵ0 > 0, such that, for 0 < |α| ≤ ϵ0, the solution (u( · ; α), A( · ; α)) is strictly stable.

We refer to [7] for the detailed proof.

274 M. Dutour – B. Helffer

7. Bifurcation from normal solutions: special case of non simply connected models 7.1. Introduction In this section, we revisit the bifurcation problem in the case when � is not simply connected and when the external field vanishes inside �. In this very particular situation which was considered by J. Berger and J. Rubinstein in [3] (and later in [13], [14]), it is interesting to make a deeper analysis leading for example to the description of the nodal sets of the bifurcating solution. The situation is indeed quite different of the results obtained by [9] in a near context (but with a simply connected �). We mainly follow here the presentation in [14] (for which we refer for other results or points of view) but emphasize on the link with the previous section.

7.2. The operator K We shall now consider the specific problem introduced by [3] and consider the case supp He ∩ � = ∅ ,

(78) and, in any hole Oi of �, the flux of He satisfies 1 2π � O_i

He ∈ Z+ 1 2 . (79)

We recall in this context, what was introduced in [13]. We observe that under conditions (78) and (79), there exists a multivalued function ϕ such that exp iϕ ∈ C∞(�) and dϕ = 2ωA ,

(80) where ωA is the 1-form naturally attached to the vector A. We also observe that, for the complex conjugation operator � �u = ū ,

(81) we have the general property �A = �−A� .

(82) Combining (80) and (82), we obtain, for the operator K := (exp −iϕ) � ,

(83) which satisfies K 2 = I d ,

(84) the following commutation relation K �A = �A K .

(85) Let us also observe that the Neumann condition is respected by K . As a corollary, we get

LEMMA 4. If v is an eigenvector of �NA , then K v has the same property. This shows that one can always choose an orthonormal basis of eigenvectors u j such that K u j = u j .

On bifurcations from normal solutions 275

7.3. Bifurcation inside special classes

Following [3] (but inside our point of view), we look for solution of the GL-equation in the form (u, Ae) with K u = u. Let us observe that

L2K (�; C ) := � u ∈ L2(�; C ) � � K u = u� , (86)

is a real Hilbert subspace of L2(�; C ).

We denote by H mK the corresponding Sobolev spaces:

H mK (�; C ) = H m(�; C ) ∩ L2K .

(87)

We now observe the

LEMMA 5. If u ∈ H 1K , then Im (ū · (∇ − i Ae)u) = 0 almost everywhere.

Proof. Let us consider a point where u ≠ 0. Then we have u = ρ exp iθ with 2θ = ϕ modulo 2πZ. Remembering that Ae = 12 ∇ϕ, it is easy to get the property.

Once this lemma is proved, one immediately sees that (u, Ae) (with K u = u) is a solution of the GL-system if and only if u ∈ H 1K and

− �A_e u − λu � 1 − |u|2 � = 0 , (∇ − i Ae)u · ν = 0 , on ∂� .

(88)

We shall call this new system the reduced GL-equation. But now we can apply the theorem by Crandall-Rabinowitz [6]. By assumption (57), the kernel of � − �A_e − λ(1) � is now a onedimensional real subspace in L2K . Let us denote by u1 a normalized “real” eigenvector. Note that u1 is unique up to multiplication by ±1. Therefore, we have the

THEOREM 8. Under assumptions (57), (78) and (79), there exists a bifurcating family of solutions (u( · ; α), λ(α)) in H 1K × R+ with α ∈] − ϵ0, +ϵ0[, for the reduced GL-equation such that u(α) = α u1 + α3 v(α) , ⟨u1, v(α)⟩L2 = 0 , ‖v(α)‖H 2(�) = O(1) ,

(89)

λ(α) = λ(1) + cα2 + O � α4 � , (90)

with

c = λ(1) · � � |u1|4 dx .

(91)

Moreover

u(−α) = −u(α) , λ(−α) = λ(α) .

(92)

REMARK 11. Note that the property (92) is what remains of the S1-invariance when one considers only “real” solutions.

276 M. Dutour – B. Helffer

Let us give here the formal computations of the main terms. If we denote by L0 the operator L0 := −�A_e − λ(1), writing v(α) = u3 + O(α), we get: � L0 − cα2 � αu1 + α3u3 � + � λ(1) � α3u1|u1|2 = O � α4 � . Projecting on u1, we get (91). Projecting on u⊥1 and denoting by R0 the operator equal to the inverse of L0 on this subspace and to 0 on Ker L0, we get

u3 = −λ(1) R0 � u1|u1|2 � = −λ(1) R0 � u1|u1|2 − cu1 � . (93)

REMARK 12. By the uniqueness part in Theorem 5, we see that the solution (u( · ; α), Ae) is actually the solution given in this theorem.

Another remark is that

Gλ(α),κ(u(α), Ae) = − λ(1) 2 · α4 � � |u1(x)|4 dx � + O � |α|6 � , (94)

so that when α ≠ 0 the energy is decreasing. This is of course to compare with (72) (note that we have K0 = 0). Once we have observed this last property, the local stability of the bifurcated solution near the bifurcation is clear.

The second result we would like to mention concerns the nodal sets. In the case when � is simply connected, the analysis of the nodal set of u when (u, A) is a minimizer of the GLfunctional is done in [9], using the analyticity of the solutions of the GL-equation and techniques of Courant.

In the non simply connected case, very few results are known. The following theorem is true [3], [14]:

THEOREM 9. Under assumptions (22), (78) and (79), there exists ϵ1 > 0 such that, for any α ∈]0, ϵ1], the nodal set of u(α) in H 1K slits � in the sense of [13]. In particular, if there is only one hole, then the nodal set of u(α) consists exactly in one line joining the interior boundary and the exterior boundary.

An elegant way to recover these results (see [13], [14]) is to lift the situation to a suitable two-fold covering �R.

8. Appendix: Analysis of the various scalings

When considering asymptotical regimes, it is perhaps useful to have an interpretation in terms of the initial variables. According to the statistical interpretation of the Ginzburg-Landau functional (see for example [4]), the starting point is the functional � ṽ, ~A � → F � ṽ, ~A � with: F � ṽ, ~A � := 1 8π � R^2 � �curl ~A − ~He � �2 dx̃

+ � � h̄2 4m � � � � ∇ − i 2e c ~A � ũ � � � 2 dx̃ + � � � a|ũ|2 + b 2 |ũ|4 � dx̃ .

On bifurcations from normal solutions 277

Here a is a parameter which is proportional to (T − Tc) (we are only interested in the case a < 0) and b is essentially independent of the temperature. The other parameters are standard: h̄ = h2π , h is the Planck constant, e is the charge of the electron and m is the mass of the electron. With u = b|a| ũ and A = 2ec ~A, we obtain:

F � ṽ, ~A � = |a|h̄2 4mb Gλ,κ (u, A) ,

with He = 2ēhc ~He, λ = 4m|a|

h̄^2

and κ = mceh̄ � b 8π � 1_2

. Here we emphasize that between the two functionals, no change of space variables is involved.

Let now compare with another standard representation of the Ginzburg-Landau functional. We make this time the change of variables x = κ√ λ x̂ and if we change u and the 1−form corresponding to A accordingly, we obtain the standard functional: E � û, ^A � = Gλ,κ (u, A) ,

with E � û, ^A � = κ2 � ^� � −|û|2 + 1 2 |û|4 � dx̂ + � ^� � �∇ − i ^A� û � �2 dx̂ + � ^� � �curl ^A − ^He � �2 dx̂ ,

with

^He = κ 2 λ He ,

^� = √ λ κ � . Here we observe that the open set � is not conserved in the transformation. We have to keep this in mind when comparing in the limit κ → +∞ the contributions of Sandier and Serfaty [19] or [15] with the results presented in this paper.

Acknowledgements: We would like to thank E. Akkermans, F. Bethuel, C. Bolley, G. Raugel, T. Rivière, S. Serfaty, M. and T. Hoffmann-Ostenhof for useful discussions. This work is partially supported by the TMR grant FMRX-CT 96-0001 of the European Union.

References

[1] AFTALION A. AND DANCER E.N., On the symmetry of solutions of the Ginzburg-Landau equations for small domains, Comm. Contemporary Math. 3 (2001), 1–14.

[2] BAUMAN P., PHILLIPS D. AND TANG Q., Stable nucleation for the Ginzburg-Landau system with an applied magnetic field, Arch. Rational Mech. Anal. 142 (1998), 1–43.

[3] BERGER J. AND RUBINSTEIN J., On the zero set of the wave function in superconductivity, Comm. in Math. Phys. 202 (1999), 621–628.

278 M. Dutour – B. Helffer

[4] BERGER J., RUBINSTEIN J. AND SCHATZMAN M., Multiply connected mesoscopic superconducting structures, in: “Calculus of variations and differential equations” (Eds. A. Ioffe, S. Reich and I. Shafrir), Research Notes in Mathematics Series 410, Chapman & Hall, CRC Press, Boca Raton 2000, 21–40.

[5] COURANT R. AND HILBERT D., Methods of mathematical physics, Vol. 1, Interscience 1953.

[6] CRANDALL M.G. AND RABINOWITZ P.H., Bifurcation from simple eigenvalues, Journal of Functional Analysis 8 (1971), 321–340.

[7] DUTOUR M., Bifurcation vers l’état d’Abrikosov et diagramme de phase, Thèse Orsay 1999, http://xxx.lanl.gov/abs/math-ph/9912011.

[8] DU Q., GUNZBURGER M.D. AND PETERSON J.S., Analysis and approximation of the Ginzburg-Landau model of superconductivity, SIAM Rev. 34 (1992), 431–448.

[9] ELLIOTT C.M., MATANO H. AND QI T., Zeros of complex Ginzburg-Landau order parameter with applications to superconductivity, Eur. J. Appl. Math. 5 (1994), 431–448.

[10] GIORGI T. AND PHILLIPS D., The breakdown of superconductivity due to strong fields for the Ginzburg-Landau model, SIAM J. Math. Anal. 30 (1999), 341–359.

[11] GOLUBITSKY M. AND SCHAEFFER D.G., Singularity and groups in bifurcation theory, Vol. 1, Appl. Math. Sciences 51, Springer Verlag 1985.

[12] HELFFER B., Effet d’Aharonov-Bohm pour un état borné, Comm. in Math. Phys. 119 (1988), 315–329.

[13] HELFFER B., HOFFMANN-OSTENHOF M. AND T. AND OWEN M., Nodal sets for the groundstate of the Schrödinger operator with zero magnetic field in a non simply connected domain, Comm. in Math. Phys. 202 (1999), 629–649.

[14] HELFFER B., HOFFMANN-OSTENHOF M. AND T. AND OWEN M., Nodal sets, multiplicity and superconductivity in non simply connected domains, in: “Connectivity and superconductivity” (Eds. J. Berger and J. Rubinstein), Lecture Notes in Physics 30, Springer 2000, 63–84.

[15] LU K. AND PANG X-B., Estimates of the upper critical field for the Ginzburg-Landau equations of superconductivity, Physica D 127 (1999), 73–104.

[16] LU K. AND PANG X-B., Eigenvalue problems of Ginzburg-Landau operator in bounded domains, Journal of Math. Physics 40 (6) (1999), 2647–2670.

[17] ODEH F., Existence and bifurcation theorems for the Ginzburg-Landau equations, J. Math.

Phys. 28 (12) (1987), 2351–2357. [18] SERFATY S., Thèse Orsay 1999.

[19] SANDIER E. AND SERFATY S., Global minimizers for the Ginzburg-Landau functional below the first critical magnetic field, Annales IHP, Analyse Non-linéaire 17 (1) (2000), 119–145.

On bifurcations from normal solutions 279

AMS Subject Classification: 35P05

Mathieu DUTOUR and Bernard HELFFER UMR 8628 CNRS Département de Mathématiques Université Paris-Sud, F-91405 Orsay, FRANCE e-mail: Mathieu.Dutour@wanadoo.fr e-mail: Bernard.Helffer@math.u-psud.fr

280 M. Dutour – B. Helffer