Rend. Sem. Mat. Univ. Pol. Torino Vol. 57, 3 (1999)

Eleonora Ciriza

BIFURCATION OF PERIODIC ORBITS OF TIME DEPENDENT HAMILTONIAN SYSTEMS ON SYMPLECTIC MANIFOLDS

Sommario. On a symplectic manifold M, a 1-parameter family of time dependent Hamiltonian vectors fields which possesses a known trivial branch uλ of 1-periodic solution is considered. If the relative Conley Zehnder index of the monodromy path along uλ(0) is defined and does not vanish it is shown that any neighborhood of the trivial branch contains 1-periodic solutions not in the branch. This result is applied to bifurcation of fixed points of Hamiltonian symplectomorphisms when the first Betty number of M vanishes.

1. Introduction

Existence and multiplicity of periodic trajectories of Hamiltonian vector fields on symplectic manifolds is a traditional field of research, which recently found new input from the work on Arnold’s conjecture. Bifurcation of periodic orbits attracted much interest as well. In the fifties much of the research was concerned with the classification of the various bifurcation phenomena for generic families of autonomous vector fields (an excellent review is contained in [1]). Topological methods introduced by Alexander and Yorke [3] in Hopf bifurcation and by Weinstein [20] and Moser [15] in their generalizations of the Liapunov center theorem permitted to drop many of the genericity assumptions that are intrinsic to the approach based on singularity theory. Faddel and Rabinowitz [7] and more recently Bartsch [5] used various index theories based on the S1 invariance of the action functional in the case of an autonomous vector field. The same property was used by Ize, Dancer and Rybakowski [12], [6] who studied bifurcation of periodic orbits using the S1-equivariant degree. The methods mentioned above can be applied to the autonomous case only. Bifurcation for time dependent vector fields deserved very little attention. Recently Fitzpatrick, Pejsachowicz and Recht [9] using their results relating the spectral flow to the bifurcation of critical points of strongly indefinite functionals [8] studied bifurcation of periodic solutions of one-parameter families of (time dependent) periodic Hamiltonian systems in R2n. The purpose of this paper is to extend their results to families of time dependent Hamiltonian vector fields acting on symplectic manifolds and to discuss the related problem of bifurcation of fixed points of one parameter families of symplectomorphisms.

Our main result can be stated as follows:

Let Xλ; λ ∈ [0, 1] be a one parameter family of 1-periodic Hamiltonian vector fields on a closed symplectic manifold M. Assume that the family Xλ possesses a known, trivial, branch uλ of 1-periodic solutions. Let pλ = uλ(0) and let Pλ be the period map of the flow associated to Xλ. If the relative Conley-Zehnder index of the path Pλ along pλ is defined and does not vanish, then any neighborhood of the trivial branch of periodic solutions contains 1-periodic solutions 161

162 Eleonora Ciriza

not in the branch.

Notice that the hypothesis in our bifurcation theorem are not of local nature. Most of the difficulties of the extension to manifolds are due to this fact. We first extend to manifolds the concept relative Conley-Zehnder index defined in [9]. An interesting feature of this concept is that in general it depends on the homotopy class of the path and not on the endpoints only. On symplectic manifold one can have closed paths of orbits with nontrivial Conley-Zehnder index. This will be done in section 2. In section 4 following an idea of [18] in the nonparametric case, we construct Darboux coordinates adapted to a given parametrized family of periodic solutions. The new coordinates allow to reduce the proof of bifurcation theorem to the case considered in [9].

In section 3 we state the main theorem and discuss some consequences regarding bifurcation of fixed points of Hamiltonian symplectomorfisms. A symplectomorphism is called Hamiltonian if it can be realized as a time one map of a one-periodic Hamiltonian vector field. Fixed points of a Hamiltonian symplectomorphisms are in one to one corrrespondence with 1-periodic orbits of the corresponding vector field. The Arnold conjecture states that a generic Hamiltonian symplectomorphism has more fixed points that could be predicted from the fixed point index. More precisely, by the fixed point theory a symplectomorphism isotopic to the identity with non-degenerate fixed points must have at least as many fixed points as the Euler-Poincaré characteristic of the manifold. But the number of fixed points of a Hamiltonian symplectomorphism verifying the same non-degeneracy assumptions is bounded bellow by the sum of the Betti numbers. Roughly speaking, this can be explained by the presence of a variational structure in the problem. Fixed points viewed as periodic orbits of the corresponding vector field are critical points of the action functional either if the orbits are contractible or when the symplectic form is exact.

Applied to bifurcation of fixed points of one parameter families of Hamiltonian symplectomorphisms our result shows a similar influence on the presence of a variational structure. In order to illustrate the analogy, let us consider a one parameter family of diffeomorphisms ψλ; λ ∈ [0, 1] of an oriented manifold M, assuming for simplicity that ψλ( p) = p and that p is a non degenerate fixed point of ψi ; i = 0, 1. The work of [12] implies that the only homotopy invariant determining the bifurcation of fixed points in terms of the family of linearizations L ≡ Tpψλ at p is given by the parity π(L) = sign( detTpψ0) · sign (detTpψ1) ∈ Z2 = {1, −1}. Here det is the determinant of an endomorphism of the oriented vector space Tp M. In other words bifurcation arise whenever the detTpψλ change sign at the end points of the interval. Moreover, any family of diffeomorphisms close enough to ψ in the C1-topology and having p as fixed point undergoes bifurcation as well. On the contrary if both sign coincide one can find a perturbation as above with no bifurcation points at all.

On the other hand, on the base of our theorem, the integer valued Conley-Zehnder index provides a stronger bifurcation invariant for one parameter families of Hamiltonian symplectomorphisms. It forces bifurcation of fixed points whenever CZ(L) is non zero even when π(L) = 1. The relation between the two invariants is π(L) = (−1)CZ(L) and it is easy to construct examples with even non-vanishing Conley-Zehnder index. Our assumption that the family of symplectomorphisms is Hamiltonian is due to the method in proof only. It is reasonable to expect that the same is true for an arbitrary path of symplectomorphisms with non-vanishing Conley-Zehnder index. The proof could go either via generating functions or by reduction to the above case, but I was unable to complete all the details involved. Our results in the form treated here do not apply directly to the autonomous case. In that case 1 is always a Floquet multiplier whenever the periodic orbit does not reduce to a singular point. A modification of our arguments using symplectic reduction much as in [14] are quite posible and will be treated separately. Yet

Bifurcation of periodic orbits 163

another very interesting problem, in the vein of the analogy discussed above, is to obtain multiplicity results for bifurcating fixed points similar to the ones for critical points of functionals obtained by Bartsch [5].

I am deeply grateful to J. Pejsachowicz, to whom I am in debt.

2. The Maslov index and the Conley Zehnder index

Before going to the manifold setting let us shortly discuss the case of R2n = T ∗Rn with the standard symplectic form ω = P dxi ∧ dyi . The group of real 2n × 2n symplectic matrices will be denoted by Sp(2n, R). The relative Conley-Zehnder index is a homotopy invariant associated to any path ψ : [0, 1] → Sp(2n, R) of symplectic matrices with no eigenvectors corresponding to the eigenvalue 1 at the end points. This invariant counts algebraically the number of parameters t in the open interval (0, 1) for which ψ(t) has 1 as an eigenvalue. One of the possible constructions uses the Maslov index for non-closed paths. We shall define it along the lines of Arnold [4] for closed paths. For an alternative construction see [16]. A n-dimensional subspace l of (R2n, ω) is called Lagrangian provided that the restriction of ω to l is 0. The Lagrangian Grassmanian �(n) consists of all Lagrangian subspaces of R2n considered as a topological space with the topology it inherits as a subspace of the ordinary Grassmanian of n-planes. Let J be the self adjoint endomorphism representing the form ω with respect to the standard scalar product in R2n. Namely, ω(u, v) ≡< J u, v > . Then J is a complex structure, it is indeed the standard one. It coincides with multiplication by i under the isomorphism sending (x, y) ∈ R2n into x + iy in Cn. In terms of this representation, a Lagrangian subspace is characterized by Jl = l⊥. Using the above description one can easily identify �(n) with the homogeneous space U(n)/O(n). The identification is as follows: given any orthonormal basis of a lagrangian subspace l there exist a unique unitary endomorphism u ∈ U(n) sending the canonical basis of l0 = Rn × {0} into the given one and in particular sending l0 into l. Moreover the isotropy group of l0 can be easily identified with O(n). Hence we obtain a diffeomorphism between U(n)/O(n) and �(n) sending [u] into u(l0). Since the determinant of an element in O(n) is ±1, the map sending u into the square of the determinant of u factorizes through �(n) ≡ U(n)/O(n) and hence induces a one form � ∈ �1 � �(n) � given by � = [det2]∗θ, where θ ∈ �1(S1) is the standard angular form on the unit circle. This form is called the Keller-Maslov-Arnold form. The Maslov index of a closed path γ in �(n) is the integer defined by μ(γ ) = R γ �. In other words μ(γ ) is the winding number of the closed curve t → det2 � γ (t) � . The Maslov index induces an isomorphism between π1(�) and Z. The construction can be extended to non-closed paths as follows: fix l ∈ �(n). If l′ is any Lagrangian subspace transverse to l then l′ can be easily identified with the graph of a symmetric transformation from Jl into itself. It follows from this that the set Tl of all lagrangian subspaces l′ transverse to l is an affine space diffeomorphic to the space of all symmetric forms on Rn and hence contractible. We shall say that a path in �(n) is admissible with respect to l if the end points of the path are transverse to l. The Maslov index μ(γ, l) of an admissible path γ with respect to l is defined as follows: take any path δ in Tl joining the end points of γ and define

(1) μ(γ ; l) ≡ μ(γ ′) = Z γ^′ �.

where γ ′ is the path γ followed by δ.

Clearly the result is independent of the choice of δ. Moreover, since Tl is contractible, μ(γ ; l) is invariant under homotopies keeping the end points in Tl .

164 Eleonora Ciriza

Geometricaly, the Maslov index μ(γ ; l) can be interpreted as an intersection index of the path γ with the one codimensional analytic set �l = �(n) − Tl (see [17]). From the above definition it is easy to see that the index is additive under concatenation of paths. Namely, given two admissible paths α and β with α(1) = β(0)

(2) μ(α ⋆ β; l) = μ(α; l) + μ(β; l).

Since Sp(2n, R) is connected it follows easily from the homotopy invariance that μ(Sγ ; Sl) = μ(γ ; l) for any symplectic isomorphism S. This allows to extend the notion of Maslov Index to paths of Lagrangian subspaces in �(V ), where (V, ω) is any finite dimensional symplectic vector space. It is well known that symplectic endomorphisms are characterized by the following property: their graphs are lagrangian subspaces of the symplectic vector space W = V × V endowed with the symplectic form � = (−ω) × ω. Clearly 1 is not an eigenvalue of P ∈ Sp(2n, R) if and only if the graph of P is transversal to the diagonal � ⊂ V × V. A path ϕ : [0, 1] → Sp(2n, R) will be called admissible if 1 is not in the spectrum of its end points. For such a path the relative Conley-Zehnder index is defined by

(3) CZ(ϕ) = μ(Graphϕ, �).

It follows from the above discussion that CZ(ϕ) is invariant under admissible homotopies and it is additive with respect to the concatenation of paths. Clearly CZ(ϕ) = 0 if the fixed point subspace of ϕ(t) reduces to {0} for all t.

There is one more property of the Conley-Zehnder index that we will need in the sequel. Namely, that for any α : [0, 1] → Sp(2n, R) and any admissible path ϕ

(4) CZ(α−1ϕα) = CZ(ϕ).

This can be proved as follows. Since the spectrum is invariant by conjugation, the homotopy (t, s) → α−1(s)ϕ(t)α(s) shows that CZ(α−1ϕα) = CZ(α−1(0)ϕα(0)). Now (4) follows by the same argument applied to any path joining α(0) to the identity.

The property (4) allows to associate a Conley-Zehnder index to any admissible symplectic automorphism of a symplectic vector-bundle over an interval. Let I be the interval [0, 1], then any symplectic bundle π : E → I over I has a symplectic trivialization (see section 3). If S : E → E is a symplectic endomorphism of E over I well behaved at the end points, then we can define the Conley-Zehnder index of S as follows: if T : E → I × R2n is any symplectic trivialization, then T ST −1(t, v) has the form (t, ϕT (t)v) where ϕT is an admissible path on Sp(2n, R). Any change of trivialization induces a change on ϕT that has the form of the left hand side in (4) and hence CZ(ϕT ) is independent of the choice of trivialization. Thus this value CZ(S) is by definition the Conley-Zehnder index of S.

With this in hand we finally can define the relative Conley-Zehnder index of a path of symplectomorphisms along a path of fixed points. Let M be a closed symplectic manifold and let Symp(M) be the group of all symplectomorphisms endowed with the C1 topology. Let �: I → Symp(M) be a smooth path of symplectomorphisms of M. Let β : I → M be a path in M such that β(t) is a fixed point of �(t). Floquet multipliers of �(t) at β(t) are by definition the eigenvalues of St = Tβ(t)�(t): Tβ(t)(M) → Tβ(t)(M). A fixed point will be called non degenerate if none of its Floquet multipliers is one. Consistently, we will call the pair (�, β) admissible whenever β(i) is a non degenerate fixed point of �(i) for i = 0, 1.

Bifurcation of periodic orbits 165

Let E = β∗[T (M)] be the pullback by β of the tangent bundle of M (we use the same notation for the bundle and its total space). The family of tangent maps St = Tβ(t)�(t) induces a symplectic automorphism S : E → E over I. By definition the relative Conley-Zehnder index of � along β is

(5) CZ(�; β) ≡ CZ(S).

It follows easily from the properties discussed above that CZ(�; β) is invariant by smooth (and even C1) pairs of homotopies (�(s, t), β(s, t)) such that �(s, t)(β(s, t)) = β(s, t) and such that for i = 0, 1; β(s, i) is a non degenerate fixed point of �(s, i). The index is additive under concatenation. It follows from (4) that it has another interesting property, which for simplicity we state in the case of a constant path β(t) ≡ p.

If �, � : I → Symp(M) are two admissible paths in the isotropy subgroup of p then

(6) CZ(� ∘ �, p) = CZ(� ∘ �, p).

In other words CZ is a “trace”.

We close this section with yet another formula that allows to compute the individual contribution of a regular point in the trivial branch to the Conley-Zehnder index. Assume that t0 is isolated point in the set

� = {t/β(t)is a degenerate fixed point of �(t)}.

Define CZt_0 (�) ≡ limϵ→0 CZ(�; β|[−ϵ,ϵ]). The point t0 will be called regular (cf. [17]) if the quadratic form Qt_0 defined on the eigenspace E1(St_0 ) = K er(St_0 − I d) corresponding to the eigenvalue 1 by Qt_0 (v) = ω(Ṡt_0 v, v) is nondegenerate. Here St = Tβ(t)�(t) as before and Ṡt_0 denotes the intrinsic derivative of the vector bundle endomorphism S (See [10] chap 1 sect 5). It is easy to see that if t0 is a regular point then it is an isolated point in � and moreover

(7) CZt_0 (�) = −σ (Qt_0 )

where σ denotes the signature of a quadratic form.

We shall not prove this formula here. It follows from the definition of the intrinsic derivative and formula (2.8) in [9].

3. The Main Theorem and Some Consequences

Let M2n be a closed symplectic manifold of dimension 2n with symplectic form ϖ . Every smooth time dependent Hamiltonian function H : R × M → M gives rise to a time dependent Hamiltonian vector field Xt : R × M → T M defined by

ϖ (X (t, x), ξ) = dx H(t, x)ξ

for ξ ∈ Tx M. If H is periodic in time with period 1, then so is X. By compactness and periodicity the solutions u(t) of the initial value problem for the Hamiltonian differential equation

(8) ( d dt u(t) = X (t, u(t)), u(s) = x

166 Eleonora Ciriza

are defined for all times t. The flow (or evolution map) associated to each X is the two-parameter family of symplectic diffeomorphisms ψ : R2 → Symp(M) defined by

ψs,t(x) = u(t)

where u is the unique solution of (8).

By the uniqueness and smooth dependence on initial value theorems for solutions of differential equations the map ψ : R2 × M → M is smooth. The diffeomorphisms ψs,t verify the usual cocycle property of an evolution operator. It follows from this property that for each fixed s, the map sending u into u(s) is a bijection between the set of 1-periodic solutions of the time dependent vector field X and the set of all fixed points of ψs,s+1. Hence in order to find periodic trajectories of (8) we can restrict our attention to the fixed points of P = ψ0,1.

The map P = ψ0,1 is called the period or Poincaré map of X. A 1-periodic trajectory is called non degenerate∗ if p = u(0) is a non degenerate fixed point of P, i.e. if the monodromy operator Sp ≡ Tp P : Tp M → Tp M has no 1 as eigenvalue. Consistently, the eigenvalues of the monodromy operator will be called Floquet multipliers of the periodic trajectory. Although we will not show it here, it is easy to see that the particular choice of s = 0 is irrelevant to the property of being non degenerate since the Floquet multipliers do not depend on this choice.

Let us consider now a smooth one parameter family of time dependent Hamiltonian functions H : I × R × M → R, where I = [0, 1] and each Hλ is one periodic in time. Let X ≡ {Xλ}λ∈[0,1] be the corresponding one parameter family of Hamiltonian vector fields. Then the flows ψλ,s,t associated to each Xλ depend smoothly on the parameter λ ∈ I. Suppose also that our 1-parameter family of Hamiltonian vector fields Xλ possesses a known smooth family of 1-periodic solutions uλ; uλ(t) = uλ(t + 1). Solutions uλ in this family will be called trivial and we will seek for sufficient conditions in order to find nontrivial solutions arbitrarily close to the given family. Identifying R/Z with the circle S1 we will regard the family of trivial solutions either as a path τ : I → C1(S1; M) defined by τ (λ) = uλ or as a smooth map u : I × S1 → M.

A point λ∗ ∈ I is called a bifurcation point of periodic solutions from the trivial branch uλ if every neighborhood of (λ∗, uλ_∗ ) in I × C1(S1; M) contain pairs of the form (λ, vλ) where vλ is a nontrivial periodic trajectory of Xλ.

It is easy to see that a necessary (but not sufficient) condition for a point λ∗ to be of bifurcation is that 1 is a Floquet multiplier of uλ_∗ . (See for example [4] Proposition 26.1). Thus non degenerate orbits cannot be bifurcation points of the branch. In what follows we will assume that u(0) and u(1) are non degenerate and we will seek for bifurcation points in the open interval (0, 1).

Consider the path p : I → M given by p(λ) = uλ(0). Each p(λ) is a fixed point of the symplectomorphism Pλ = ψλ,0,1. Under our hypothesis, the pair (P, p) is admissible. The number CZ(P, p) constructed in the previous section will be called the relative Conley-Zehnder index of X ≡ {Xλ}λ∈[0,1] along the trivial family u. We will denote it by CZ(X, u). It is easy to see that the particular choice of s = 0 is unmaterial for the definition of the Conley-Zehnder index.

THEOREM 1.1. Let X ≡ {Xλ}λ∈[0,1] be a one parameter family of 1-periodic Hamiltonian vector fields on a closed symplectic manifold (M, ϖ ). Assume that the family Xλ possesses a known, trivial, branch uλ of 1-periodic solutions such that u(0) and u(1) are non degenerate.

∗in Abraham Robbins terminology this corrresponds to the concept of a transversal period.

Bifurcation of periodic orbits 167

If the relative Conley-Zehnder index CZ(X, u) ≠ 0 then the interval I contains at least one bifurcation point for periodic solutions from the trivial branch u.

The proof will be given in the next section.

COROLLARY 1.1. Let X and u be as before. Let Sλ = Tp(λ) Pλ be the monodromy operator at p(λ). If λ∗ ∈ I is such that 1 is an eigenvalue of Sλ_∗ and the quadratic form Qλ_0 (v) = ω(Ṡt_0 v, v) is nondegenerate on the eigenspace E1(Sλ_∗ ) and σ (Qλ_0 ) ≠ 0 then λ∗ is a bifurcation point for periodic solutions from the trivial branch u.

This follows from (7).

Let us discuss now the relationship with bifurcation of fixed points of symplectomorphisms. We shall assume here that the first Betti number β1(M) of M vanishes. It is well known that in this case any symplectic diffeomorphism belonging to the connected component of the identity Symp0(M) of the group of all symplectic diffeomorphisms can be realized as the time one map of a 1-periodic Hamiltonian vector field. Bellow we will sketch the proof of the fact that for smooth paths in Symp0(M) the corresponding path of Hamiltonian functions can be choosen smoothly.

Given a path � in Symp0(M) let us choose a symplectic isotopy � with �1 = I d and �0 = �(0). Define now �: I × I → Symp0(M) by

�(λ, τ ) = 8 ¿¡ ¿: �(λ − τ ) for τ ≤ λ & λ + τ ≤ 1 �(τ − λ) for λ ≤ τ & λ + τ ≤ 1 �(τ, 1 − τ ) for τ, λ ∈ I & λ + τ ≥ 1

Then � is continuous on I × I and moreover �(λ, 0) = �(λ) and �(λ, 1) = I d. Let α be any smooth function with 0 ≤ α ≤ 1 and such that α(τ ) ≡ 0 for 0 ≤ τ ≤ 1/3 and α(τ ) ≡ 1 for 2/3 ≤ τ ≤ 1. Then ~�(λ, τ ) = �(λ, α(τ )) coincides in a neighborhood of I × {0} with � and on a neighborhood of I × {1} with I d.

Using smooth partitions of unity the map ~� can be approximated by a smooth map �: I × I → Symp0(M) having the same property. Now consider the parametrized family of time dependent vector fields X ≡ Xλ; λ ∈ I defined on [0, 1] × M by Xλ(t, m) = u′(t) where u(τ ) = �λ(τ, �−1λ (t, m)). By construction the map � is constant on vertical slices near to the top and bottom side of I 2 and therefore each Xλ vanishes there. This allows to extend X to a parametrized family of 1-periodic vector fields. It is clear from the definition of X that the period map for the field Xλ is precisely �λ.

On the other hand, each �(λ, τ ) is symplectic. This implies that for each (λ, t) the one form ι(Xλ,t )ϖ is closed and therefore exact, since we are assuming that H 1(M; R) = 0. It is easy to see that, fixing the value of the Hamiltonian function at a given point, one can choose a smooth family of one periodic Hamiltonian functions for �λ.

With this in hand, using Theorem 1.1 and the correspondence between 1-periodic orbits of the Hamiltonian vector field with fixed points of the period map, we obtain:

COROLLARY 1.2. Assume that β1(M) = 0. Let �λ be a path in Symp0(M) such that �λ( p) = p for all λ and such that as fixed point of �0 and �1, p is non degenerate. Then if CZ(�, p) ≠ 0, there exist a λ∗ ∈ (0, 1) such that any neighborhood of (λ∗, p) in I × M

168 Eleonora Ciriza

contains a point (λ, q) such that q is a fixed point of �λ different from p (i.e λ∗ is a bifurcation point for fixed points of �λ from the trivial branch p).

Moreover the same is true for any close enough path in the C1-topology lying in the isotropy group of p.

For closed paths we have stronger results.

COROLLARY 1.3. Let � be as before but with �(0) = �(1). If CZ(�, p) ≠ 0 then any path � in the isotropy group of p that is freely C1-homotopic to � must have nontrivial fixed points arbitrarily close to p.

This follows from the homotopy invariance of the Conley-Zehnder index.

EXAMPLE 1.1. Let M be the symplectic manifold S2 = C ∪ {∞}. Consider the closed path of symplectic maps �θ : S2 → S2; θ ∈ [0, 1] defined by

(9) �θ (z) = ( ei2π(θ−1/2) · z if z ∈ C, ∞ if z = ∞.

Since �θ is a rotation of angle θ − 1/2 it leaves fixed only the points z = 0 and z = ∞ except for θ = 1/2. In this case the fixed point set is the sphere S2.

For each θ the tangent map T0�θ of �θ at the fixed point z = 0 equals �θ . The only value of θ for which 1 is an eigenvalue of T0�θ is θ = 1/2 for which the corresponding eigenspace is C. Moreover 0 is a regular degenerate fixed point of �1/2 because, as we will see, the quadratic form Q1/2 = ω( ˙�1/2−, −) is non degenerate on the eigenspace E1(�1/2).

We will use equation (7) to calculate the relative Conley-Zehnder index of the symplectic isotopy � along the constant path of fixed points p = 0. Since

˙�(1/2) = i2π I d

it follows that

CZ0(�; 0) = −σ [v → ω( ˙�(1/2)v, v)] = σ [v → 2π < v, v > ] = 2.

Therefore by Corollary 3.4 any closed path of symplectomorphisms of the sphere keeping 0 fixed and homotopic to � has nontrivial fixed points close to zero. Notice that this bifurcation cannot be detected using parity.

4. Darboux Coordinates and the Proof of the Main Theorem

First we prove an elementary lemma about trivializations of symplectic vector bundles.

LEMMA 1.1. Any symplectic vector bundle E → Z with base space a cylinder Z = S1 × [0, 1] is symplectically isomorphic to the trivial bundle Z × R2n endowed with the canonical symplectic form.

Bifurcation of periodic orbits 169

This lemma is a very special case of the Proposition 2.64 in [13] but since the proof in this case is considerable simpler we sketch it here.

Dimostrazione. First of all any symplectic bundle admits a compatible complex structure (see [13]). Thus we have an automorphism J : E → E such that J 2 = −I d and such that ωz(J v, v) is a positive definite quadratic form on each fiber. This not only makes E into a complex vector bundle, but also endows this complex bundle with a hermitian scalar product defined by [v, w]z = ωz(J v, w)+iωz (v, w). Let i : S1 → Z be the inclusion as S1 ×0 and let π : Z → S1 be the projection. Since i ∘ π is homotopic to the identity of Z we have that π∗(i∗ E) is isomorphic to E as a complex vector bundle (see [11]). Since U(n) is a deformation retract of Gl(n, C) the structure group can be reduced to U(n). It follows from this that we can find an isomorphism preserving the hermitian products and hence the symplectic structure as well. In this way we have reduced the problem to find a unitary trivialization of the bundle i∗(E) over the circle S1. This can be certainly found over an interval, which is contractible, and then patch the obtained isomorphisms at the end points using the fact that U(n) is connected. (See [19] for an explicit trivialization).

We will need also the following parametrized version of Darboux theorem.

LEMMA 1.2. Let Z be a smooth compact connected manifold (with or without boundary), let U be an open convex neighborhood of 0 in R2n and let �1 be a closed 2-form on W = Z ×U such that if iz : U → W is the inclusion given by iz(x) = (z, x) then the smooth family of two forms ωz = i∗z (�1); z ∈ Z verifies ωz(0) = ω(0), where ω is the standard symplectic form on R2n. Then there exist a smooth family �z; z ∈ Z of symplectomorphisms defined on an eventually smaller neighborhood V of 0 such that �z(0) = 0 and �∗z (ωz)|V = ω|V .

Dimostrazione. We adapt to our situation the Weinstein method in [21]. Let p : W → R2n be the projection and �0 = p∗(ω). Consider h : [0, 1] × W → W defined by h(t, z, x) = (z, t x) then h0(W ) ⊂ Z0 = Z × {0}, h1 = I dW and the restriction of ht to Z0 is the identity map of Z0. Let Xt : W → T W be the vector field defined by Xt (z, x) = (z, x, 0, x). Thus Xt (z, x) is the tangent vector to the path h(−, x) at the time t.

Applying the Cartan’s formula to the form � = �1 − �0 we get

(10) d dt h∗t � = h∗t (ι(Xt )d�) + dh∗t (ι(Xt )�)

where h∗t (ι(Xt )�) is the one-form on W given at w = (z, x) by

h∗t (ι(Xt )�)(w)[v] = (ι(Xt (w))�)(Tw(ht )v)

and ι(Xt ) denotes the interior product or contraction in the first variable.

Integrating the right hand side from zero to one we obtain

(11) � − h∗0� = Z 1 0 h∗t (ι(Xt )d�) dt + d Z 1 0 h∗t (ι(Xt )�) dt.

If we define for any m-form σ the m − 1-form Hσ = R 1 0 h∗t (ι(Xt )σ ) dt then (11) becomes

(12) � − h∗0� = Hd� + d H�.

170 Eleonora Ciriza

Since the restriction of � to Z0 is zero it follows that h∗0� = 0.

On the other hand d� = 0 since both �1 and �0 are closed. Putting this information in (10) we get � = d� where � = H�. From this we obtain that ωz−ω = i∗z (�) = i∗z (d�) = di∗z (�). Putting λz = i∗z (�) we obtained a smooth family of one forms on U parametrized by Z such that

(13) ωz − ω = dλz.

For 0 ≤ s ≤ 1 let us consider ωs,z = ω + s(ωz − ω) = ω + sdλz. Since ωs,z(0) = ω(0) is non-degenerate there is a neighborhood V of 0 such that each ωs,z is non-degenerate on V . Thus we can find a family of time dependent vector fields (here the time is s) Xs,z defined in V × R and smoothly depending on z ∈ Z such that

(14) ι(Xs,z)ωs,z = −λz.

By taking eventually smaller V we can assume that the integral curves of the Cauchy problem

(15) ( d ds u(s) = Xs,zu(s) u(0) = x

are defined for all s in [0, 1]. Let us consider the flow � : Z × [0, 1] × V → V be defined by �(z, s, x) = u(s) where u is the unique solution of (14). Using the smooth dependence on parameters of solutions of differential equations and by the usual flow properties we have that �z,s : V → U is a family of diffeomorphisms smoothly depending on (z,s) such that �z,0x = x. Now let �z = �z,1 be the time one map, then we have

(16) �∗z ωz − ω = Z 1 0 d ds �∗z,sωz,s ds = Z 1 0 �∗z,s(ωz − ω) ds + Z 1 0 d(ι(Xs,z)ωs,z) ds = 0.

Here we are using (14) the fact that dωs,z = 0 and a generalization of (10), proved in [10] (chapter 4 section 1), which states for any one-parameter family of forms ωs and one parameter family of maps �s that d ds �∗s ωs = �∗s d ds ωs + �∗s ι(Xs)dωs + d�∗s � ι(Xs )ωs �

where as before Xs is the tangent vector to the curve �(−, x) at time s. The formula (16) shows that �z is the family we are looking for.

REMARK 1.1. In the above Lemma the assumption that �1 is closed can be dropped, the lemma holds for any parametrized family of symplectic forms ωz. But the proof (along the lines sketched in [13]) is harder since it uses more elaborate tools such as Hodge theory.

LEMMA 1.3. (compare with Lemma 2.9 in [18]) Let (M, ϖ ) be a 2n-dimensional symplectic manifold. Let Z = [0, 1] × S1 be a cylinder and let u : Z → M be a map. Then there exist an open neighborhood V of 0 in R2n and a family of diffeomorphisms θz : V → M smoothly parametrized by z ∈ Z such that θz(0) = u(z) and θ∗z ϖ = ω.

Dimostrazione. We endow M with an almost complex structure J compatible with ϖ. Then the family of bilinear forms g(v, w) = ϖ (J v, w) is a Riemannian metric and has an associated

Bifurcation of periodic orbits 171

exponential diffeomorphism ex pm defined in a neighborhood of zero in the tangent space at m ∈ M. The vector bundle E = u∗(T M) is a symplectic vector bundle over Z and hence, by Lemma 2.1 has a symplectic trivialization. The inverse of this trivialization composed with the natural bundle map from E into T M is a vector bundle homomorphism ψ over u from the trivial symplectic bundle Z × R2n into T M such that for each z ∈ Z and x, y ∈ R2n

ϖ (u(z))(ψz x, ψz y) = ω(x, y) .

Take O an open neighborhood of the zero section in T M where the exponential map is defined and let U be any neighborhood of 0 in R2n such that ψz(u) ∈ O for all z ∈ Z. Define � : Z × U → M by �(z, x) = ex pu(z) � ψz(x) � . Let �1 = �∗ϖ. Since ϖ is closed it follows that �1 is a closed form on W = Z × U. Moreover with the notations of Lemma 2.2.

ωz(0) = iz�1(0) = �∗z ϖ (u(z)) = ω(0) by (4) and the fact that T0ex p = I d. Thus the hypothesis of the lemma 2.2 are verified and hence there exists a neighborhood V of 0 and a smooth family of difeomorphisms �z such that �∗z ωz = ω. Now the family θ : Z × V → M defined by θz = �z ∘ �z satisfies the requirements of the lemma.

Proof of Theorem 1.1. Choose local Darboux coordinates (V, ϕλ,t ) on the manifold M near the λ-parameter family uλ(t) of periodic solutions of the Hamiltonian differential equation

(17) ( d dt uλ(t) = Xλ(t, uλ(t)), uλ(s) = x

i.e. V is an open neighborhood of 0 in R2n and ϕλ,t : V → M satisfies ϕλ,t (0) = uλ(t) and ϕ∗λ,t ϖ = ω on V .

Thus such a solution is sent by the inverse map of ϕλ,t into the trivial branch yλ(t) ≡ 0 in R2n, solution of the Hamiltonian differential equation

(18) ẏλ(t) = Yλ(t, yλ(t)),

where Yλ denotes the Hamiltonian vector field associated to the Hamiltonian function H̃λ,t := Hλ,t ∘ ϕλ,t : V → R .

Because ι(Yλ)ω = d H̃λ,t = d(Hλ,t ∘ ϕλ,t ) = ϕ∗λ,t (d Hλ,t ) and d Hλ,t = ι(Xλ)σ it follows that

ι(Yλ)ω = ϕ∗λ,t (ι(Xλ)ϖ ) = ι(T ϕ−1λ,t (Xλ))ϕ∗λ,t ϖ = ι(T ϕ−1λ,t (Xλ))ω

hence we get that T ϕ−1λ,t (Xλ) = Yλ. This means that the Hamiltonian vector fields Yλ and Xλ are ϕλ,t -related, thus so are their integral flows and consequently their respective Poincaré time maps. Therefore we have that

λ → P̃λ = (ϕλ,1)−1 ∘ Pλ ∘ ϕλ,1

172 Eleonora Ciriza

is a symplectic path.

By naturality of the Conley-Zehnder index (Cf. (4)) we conclude that CZ(P̃λ) = CZ(Pλ). On the other hand, writing T V = V × R2n the induced vector field Yλ,t takes the form Yλ,t (x) = (x, Fλ,t (x)) where Fλ,t (x) = J0∇ H̃λ is the principal part of the field. Denote with �λ,t the flow of Yλ,t . Let Uλ,t = D�λ,t (0) be the Frechet derivative of �λ,t at 0 ∈ V . An easy calculation shows that the matrix Uλ,t is a solution of the initial value problem

(19) ( U ′λ,t = DFλ,t (0)Uλ,t Uλ,0 = I d.

Taking t = 1 it follows that D P̃λ coincide with the path of monodromy matrices Mλ used in [9] in order to define the relative Conley-Zehnder index along a branch of periodic orbits.

In the given trivialization

T0 P̃λ(v) = D�λ,1(0)v = Mλ(v)

and from this follows that CZ(P̃λ) coincide with their definition of the Conley -Zehnder index. Under our hypothesis CZ(P̃λ) ≠ 0 and hence by the main theorem in [9] there are nonzero 1-periodic orbits of (18) that bifurcate from the branch of trivial solutions of the Hamiltonian equation (18).

But nontrivial periodic orbits of the Hamiltonian equation (18) bifurcating from the trivial branch yλ(t) ≡ 0 corrrespond by the diffeomorphisms ϕλ,t to periodic orbits of the Hamiltonian equation (17) different from uλ.

This complete the proof of the Theorem.

Riferimenti bibliografici

[1] ABRAHAM R. AND MARSDEN J., Foundations of mechanics, Second edition. Addison- Wesley, Reading.

[2] ABRAHAM R. AND ROBBINS J., Transversal mappings and flows, Benjamin Inc., (1967). [3] ALEXANDER J.C. AND YORKE J. A., Global continuation of periodic orbits, Amer. J. of Math. 100 (1978), 263–292.

[4] ARNOLD V.I., Mathematical methods in classical mechanics, Springer-Verlag, (1978). [5] BARTSCH P.H., Topological Methods for variational problems with symmetries, Lectures Notes in Math. 1560, Springer-Verlag (1993).

[6] DANCER N. AND RYBAKOWSKIJ S., A note on periodic solutions of autonomous Hamiltonian systems, Preprint.

[7] FADDELL E. AND RABINOWITZ P. , Bifurcation for odd potential operators and an alternative topological index, J. Funct. Anal. 26 (1975), 48–67.

[8] FITZPATRICK M., PEJSACHOWICZ J. AND RECHT L., Spectral flow and bifurcation of critical points of strongly-indefinite functionals, Part I: General Theory, J. Funct. Anal. 162 (1999), 52–95.

[9] FITZPATRICK M., PEJSACHOWICZ J. AND RECHT L., Spectral flow and bifurcation of critical points of strongly-indefinite functionals, Part II: Bifurcation of Periodic Orbits of Hamiltonian Systems, Preprint.

Bifurcation of periodic orbits 173

[10] GUILLEMIN V. AND STERNBERG S., Geometric asymptotics, Mathematical Surveys 14 Amer. Math. Soc. (1977).

[11] HUSEMOLLER D., Fiber Bundles, Springer-Verlag, (1966).

[12] IZE J., Necessary and sufficient conditions for multiparameter bifurcation, Rocky Mountain J. of Math. 18 (1988), 305–337.

[13] MCDUFF D. AND SALAMON D., Introduction to symplectic topology, Oxford Math.

Monographs, (1995).

[14] MEINRENKEN E., Trace formulas and the Conley-Zehnder index, J. Geom. Phys. 13, North-Holland (1994), 1–13.

[15] MOSER J., Periodic orbits near equillibrium and a theorem by A. Weinstein, Comm. Pure Appl. Math. 29 (1976), 727–747.

[16] ROBBIN J. AND SALAMON D., The Maslov index for paths, Topology 32 (1993), 827–844. [17] ROBBIN J. AND SALAMON D., The spectral flow and the Maslov index, Bull. London Math. Soc. 27 (1993), 1–33.

[18] SALAMON D. AND ZEHNDER E., Morse theory for periodic solutions of Hamiltonian system and the Maslov index, Comm. Pure Appl. Math. XLV (1992), 1303–1360.

[19] WEBER J., Floer homology of cotangent bundles and the homology of the loop space, Preprint.

[20] WEINSTEIN A., Normal modes for nonlinear hamiltonian systems, Inventions mathematicae 20 (1973), 47–57.

[21] WEINSTEIN A., Lagrangian submanifolds and Hamiltonian systems, Ann. of Math. 98 (1998), 377–410.

AMS Subject Classification: 53D99, 58C30, 58E07.

Eleonora CIRIZA Dipartimento di Matematica Universita degli Studi di Roma “Tor Vergata” Via della Ricerca Scientifica 00133 Roma, ITALIA e-mail: ciriza@mat.uniroma2.it

Lavoro pervenuto in redazione il 11.5.1999.

174 Eleonora Ciriza