Rend. Sem. Mat. Univ. Pol. Torino Vol. 56, 4 (1998)

P. Brandi – A. Salvadori ON MEASURE DIFFERENTIAL INCLUSIONS IN OPTIMAL CONTROL THEORY

1. Introduction Differential inclusions are a fundamental tool in optimal control theory. In fact an optimal control problem min (x,u)∈�

J [x, u] can be reduced (via a deparameterization process) to a problem of Calculus of Variation whose solutions can be deduced by suitable closure theorems for differential inclusions. More precisely, if the cost functional is of the type J [x, u] = � I f0(t, x(t), u(t)) dλ (1) and � is a class of admissible pairs subjected to differential and state constraints (t, x(t)) ∈ A x′(t) = f (t, x(t), u(t)), u(t) ∈ U(t, x(t)) t ∈ I (2) the corresponding differential inclusion is (t, x(t)) ∈ A x′(t) ∈ Q̃(t, x(t)) t ∈ I (3) where multifunction Q̃ is related to the epigraph of the integrand i.e. Q̃(t, x) = {(z, v) : z ≥ f0(t, x, u), u = f (t, x, v), v ∈ U(t, x)} .

We refer to Cesari’s book [8] where the theory is developed in Sobolev spaces widely.

The extension of this theory to BV setting, motivated by the applications to variational models for plasticity [2, 3, 6, 13], allowed the authors to prove new existence results of discontinuous optimal solutions [4, 5, 9, 10, 11, 12].

This generalized formulation involved differential inclusions of the type (3∗) (t, x(t)) ∈ A x′(t) ∈ Q̃(t, x(t)) a.e. in I where u′ represents the “essential gradient” of the BV function x, i.e. the density of the absolutely continuous part of the distributional derivative with respect to Lebesgue measure; moreover the Lagrangian functional (1) is replaced by the Serrin-type relaxed functional (1∗) J [x, u] = inf

(x_k ,u_k )→(x,u)

lim inf k→∞ I [xk , uk ] . 69

70 P. Brandi – A. Salvadori

A further extension of this theory was given in [4] where we discussed the existence of L1 solutions for the abstract evolution equation

(3∗∗) (t, u(t)) ∈ A v(t) ∈ Q(t, u(t)) a.e. in I

where u and v are two surfaces not necessarely connected. This generalization allowed us to deal with a more general class of optimization problems in BV setting, also including differential elements of higher order or non linear operators (see [4] for the details).

Note that the cost functional J takes into account of the whole distributional gradient of the BV function u, while the constraints control only the “essential” derivative.

To avoid this inconsistency a new class of inclusions involving the measure distributional derivative should be taken into consideration. This is the aim of the research we developed in the present note.

At our knowledge, the first differential inclusion involving the distributional derivative of a BV function was taken into consideration by M. Monteiro Marques [18, 19] who discussed the existence of right continuous and BV solutions for the inclusion

u(t) ∈ C(t) − du |du|

(t) ∈ NC(t)(u(t)) |du|–a.e. in I (4) where C(t) is a closed convex set and NC(t)(a) is the normal cone at C(t) in the point a ∈ C(t).

These inclusions model the so called sweepping process introduced by J.J. Moreau to deal with some mechanical problems.

In [21, 22] J.J. Moreau generalized this formulation to describe general rigid body mechanics with Coulomb friction and introduced the so called measure differential inclusions

(4∗) dμ dλ (t) ∈ K (t) λμ–a.e. in I

where λμ = λ + |μ|, with λ is the Lebesgue measure and μ is a Borel measure, and where K (t) is a cone.

Both the inclusions (4) and (4∗) are not suitable for our purpose since they can not be applied to multifunction Q̃(t, u) = epi F(t, u, ·) whose values are not cones, in general.

Recently S.E. Stewart [23] extended this theory to the case of a closed convex set K (t), not necessarely a cone. Inspired by Stewart’s research we consider here the following measure differential inclusion

(4∗∗) dμa dλ (t) ∈ Q(t, u(t)) λ–a.e. in I dμs d|μs |

(t) ∈ [Q(t, u(t))]∞ μs–a.e. in I

where μ = μa + μs is the Lebesgue decomposition of the Borel measure μ and [Q(t, a)]∞ is the asymptotic cone of the non empty, closed, convex set Q(t, a).

Note that measure μ and BV function u are not necessarely correlated, analogously to inclusion (3∗∗). In particular, if μ coincides with the distributional derivative of u, i.e. dμ^adλ = u′, the first inclusion is exactly (3∗), while the second one involves the singular part of the measure

On measure differential inclusions 71

derivative.

In other words formulation (4∗∗) is the generalization of (3∗) in the spirit of (3∗∗).

The closure theorem we prove here for inclusion (4∗∗) represents a natural extension of that given in [9, 10, 4, 5] for evolution equations of types (3∗) and (3∗∗). In particular we adopt the same assumption on multifunction Q, which fits very well for the applications to Q̃ and hence to optimal control problems.

Moreover, we wish to remark that our results improve those given by Stewart under stronger assumptions on multifunction Q (see Section 6).

2. Preliminaries

We list here the main notations and some preliminary results.

2.1. On asymptotic cone

DEFINITION 1. The asymptotic cone of a convex set C ⊂ Rn is given by [C]∞ = { lim k→∞ ak xk : ak ↘ 0, xk ∈ C, k ∈ N} .

A discussion of the properties of the asymptotic cone can be found in [16] and [23]. We recall here only the results that will be useful in the following. P1. If C is non empty, closed and convex, then [C]∞ is a closed convex cone. P2. If C is a closed convex cone, then C = [C]∞.

P3. If C is non empty, closed and convex, then [C]∞ is the largest cone K such that x + K ⊂ C, with x ∈ C.

Let (C j ) j∈J be a family of nonempty closed convex values. Then the following results hold.

P4. cl co � j∈J [C j ]∞ ⊂ � �cl co � j∈J C j � � ∞ P5. if � j∈J C j ≠ ϕ, then � � � j∈J C j � � ∞ = � j∈J [C j ]∞.

2.2. On property (Q) Let E be a given subset of a Banach space and let Q : E → Rm be a given multifunction. Fixed a point t0 ∈ E, and a number h > 0, we denote by Bh = B(t0, h) = {t ∈ E : |t − t0| ≤ h}.

DEFINITION 2. Multifunction Q is said to satisfy Kuratowski property (K) at a point t0 ∈ E, provided (K) Q(t0) = � h>0 cl � t∈B_h

Q(t) .

The graph of multifunction Q is the set graph Q := {(t, v) : v ∈ Q(t), t ∈ E}.

72 P. Brandi – A. Salvadori

It is well known that (see e.g. [8]) P6. graph Q is closed in E × Rm ⇐⇒ Q satisfies condition (K) at every point.

Cesari [8] introduced the following strengthening of Kuratowski condition which is suitable for the differential inclusions involved in optimal control problems in BV setting.

DEFINITION 3. Multifunction Q is said to satisfy Cesari’s property (Q) at a point t0 ∈ E, provided (Q) Q(t0) = � h>0 cl co � t∈B_h

Q(t) .

Note that if (Q) holds, then the set Q(t0) is necessarily closed and convex. We will denote by C(Rm ) the class of non empty, closed, convex subsets of Rm .

Property (Q) is an intermediate condition between Kuratowski condition (K) and upper semicontinuity [8] which is suitable for the applications to optimal control theory. In fact the multifunction defined by ~Q(x, u) = epi F(x, u, ·) satisfies the following results (see [8]).

P7. ~Q has closed and convex values iff F(x, u, ·) is lower semicontinuous and convex. P8. ~Q satisfies property (Q) iff F is seminormal.

We wish to recall that seminormality is a classical Tonelli’s assumption in problems of calculus of variations (see e.g. [8] for more details).

Given a multifunction Q : E → C(Rm ), we denote by Q∞ : E → C(Rm ) the multifunction defined by Q∞(t) = [Q(t)]∞ t ∈ E .

PROPOSITION 1. If Q satisfies property (Q) at a point t0, then also multifunction Q∞ does. Proof. Since ϕ ≠ Q(t0) = � h>0 cl co � t∈B_h

Q(t)

from P4 and P5 we deduce that

Q∞(t0) = � h>0

� �cl co � t∈B_h

Q(t) � � ∞ ⊂ � h>0 cl co � t∈B_h

Q∞(t) .

The converse inclusion is trivial and the assertion follows.

On measure differential inclusions 73

3. On measure differential inclusions, weak and strong formulations

Let Q : I → Rn , with I ⊂ R closed interval, be a given multifunction with nonempty closed convex values and let μ be a Borel measure on I , of bounded variation.

In [23] Stewart considered the two formulations of measure differential inclusions. Strong formulation. (S) � dμ_a

dλ (t) ∈ Q(t) λ–a.e. in I

dμ_s d|μ_s | (t) ∈ Q∞(t) μs –a.e. in I

where μ = μa + μs be the Lebesgue decomposition of measure μ. Weak formulation. (W) � I ϕ dμ � I ϕ dλ

∈ cl co � t∈I ∩Supp ϕ

Q(t)

for every ϕ ∈ C0, where C0 denotes the set of all continuous functions ϕ : R → R+0 , with compact support, such that � I ϕ dλ ≠ 0.

Stewart proved that the two formulations are equivalent, under suitable assumptions on Q (see Theorem 2), by means of a transfinite induction process.

We provide here a direct proof of the equivalence, under weaker assumption. Moreover, for our convenience, we introduce also the following local version of weak formulation.

Local-weak formulation.

Let t0 ∈ I be fixed. There exists h = h(t0) > 0 such that for every 0 < h < h,

(LW) � B_h ϕ dμ � B_h ϕ dλ

∈ cl co � t∈B_h

Q(t)

for every ϕ ∈ C0 such that Supp ϕ ⊂ Bh.

Of course, if μ satisfies (W), then (LW) holds for every t0 ∈ I .

Rather surprising also the convers hold, as we shall show in the following (Theorem 3).

In other words, also this last formulation proves to be equivalent to the previous ones.

THEOREM 1. Every solution of (S) is also a solution of (W).

Proof. Let ϕ ∈ C0 be given. Note that � I ϕ dμ = � I ϕ dμa + � I ϕ dμs moreover � I ϕ dμa = � I dμa dλ ϕ dλ = � I ∩Supp ϕ dμa dλ dλϕ (5) � I ϕ dμs = � I dμs d|μs | ϕ d|μs | = � I ∩Supp ϕ dμs d|μs | dμs,ϕ (6) where λϕ and μs,ϕ are the Borel measures defined respectively by

λϕ (E) = � E ϕ dλ μs,ϕ(E) = � E ϕ d|μs | E ⊂ I .

74 P. Brandi – A. Salvadori

From (5), in force of the assumption and taking Theorem 1.3 in [1] into account, we get

ϕa := � I ϕ dμa � I ϕ dλ = � I ∩Supp ϕ

dμ_a

dλ dλϕ

λϕ (I ∩ Supp ϕ)

∈ cl co � t∈I ∩Supp ϕ

Q(t) . (7)

In the case � I ϕ d|μs | = 0, then � I ϕ dμs = 0 and the assertion is an immediate consequence of (7).

Let us put

(7′) Qϕ := cl co � t∈I ∩Supp ϕ

Q(t) .

Let us assume now that � I ϕ d|μs | ≠ 0. Then from (6), in force of the assumption we get, as before � I ϕ dμs � I ϕ d|μs | = � I ∩Supp ϕ

dμ_s d|μ_s | dμs,ϕ

μs,ϕ(I ∩ Supp ϕ)

∈ cl co � t∈I ∩Supp ϕ

Q∞(t) ⊂ � �cl co � t∈I ∩Supp ϕ

Q(t) � � ∞ = [Qϕ ]∞

and since the right-hand side is a cone, we deduce

ϕs := � I ϕ dμs � I ϕ dλ = � I ϕ dμs � I ϕ d|μs | · � I ϕ d|μs | � I ϕ dλ

∈ [Qϕ ]∞ . (8) From (7) and (8) we have that � I ϕ dμ � I ϕ dλ

= ϕa + ϕs with ϕa ∈ Qϕ ϕs ∈ [Qϕ ]∞

and, by virtue of P3, we conclude that � I ϕ dμ � I ϕ dλ

∈ Qϕ = cl co � t∈Supp ϕ

Q(t)

which proves the assertion.

THEOREM 2. Let μ be a solution of (LW) in t0 ∈ I .

(a) If Q has properties (Q) at t0 and the derivative dμ^adλ (t0) exists, then dμa dλ (t0) ∈ Q(t0) .

(b) If Q∞ has properties (Q) at t0 and the derivative dμ^sd|μ_s | (t0) exists, then dμs d|μs |

(t0) ∈ Q∞(t0) .

On measure differential inclusions 75

Proof. Let Sμ denote the set where measure μs is concentrated, i.e. Sμ = {t ∈ I : μs {t} ≠ 0}. Since μs is of bounded variation, then Sμ is denumerable; let us put Sμ = {sn, n ∈ N} .

Let us fix a point t0 ∈ I 0. The case where t0 is an end-point for I is analogous.

The proof will proceed into steps.

Step 1. Let us prove first that for every Bh = B(t0, h) ⊂ I with 0 < h < h(t0) and such that ∂ Bh ∩ Sμ = ϕ, we have μ(Bh − Sμ) 2h = μa(Bh) 2h ∈ cl co � t∈B_h

Q(t) . (9)

Let n ∈ N be fixed. For every 1 ≤ i ≤ n, we consider a constant 0 < ri = ri (n) ≤ 1n2_i such that B(si , ri ) ∩ B(s j , r j ) = ϕ, i ≠ j, 1 ≤ i, j ≤ n.

Moreover, we put In = n� i=1 B0(si , ri ).

Fixed a constant 0 < η < min{h, ri , 1 ≤ i ≤ n}, we denote by In,η = n� i=1 B0(si , ri − η)

and consider the function

ϕn,η(t) = � � � 0 t ∈ I − Bh ∪ In,η 1 t ∈ Bh−η − In linear otherwise Of course ϕn,η ∈ C0 thus, by virtue of the assumption, we have

Rn,η := � I ϕn,η dμ � I ϕn,η dλ

∈ cl co � t∈B_h

Q(t) .

(10)

Note that, put Cn,η = Bh − � In,η ∪ (Bh−η − In) � , we have

Rn,η = � B_h −I_{n,η} ϕn,η dμ � B_h−I_{n,η} ϕn,η dλ = μ � Bh−η − In � + � C_{n,η} ϕn,η dμ λ � Bh−η − In � + � C_{n,η} ϕn,η dλ . (11)

If we let η → 0, we get Bh−η − In ↗ B0h − In In,η ↗ In and hence Cn,η ↘ ∂ Bh = {t0 − h, t0 + h} .

As a consequence, we have (see e.g. [14]) lim η→0 μ(Bh−η − In) = μ(Bh − In ) lim η→0 λ(Bh−η − In) = λ(Bh − In ) lim η→0 |μ|(Cn,η) = lim η→0 λ(Cn,η) = 0

(12)

76 P. Brandi – A. Salvadori

and hence (12′) lim η→0 � C_{n,η}

ϕn,η dμ = lim η→0 � C_{n,η}

ϕn,η dλ = 0 .

From (11), (12) and (12′), we obtain lim η→0 Rn,η = μ(Bh − In) λ(Bh − In ) = μa(Bh − In ) + μs (Bh − In ) λ(Bh − In) . (13)

Note that since λ(In) = n� i=1 2ri ≤ 2 n n� i=1 1 2i < 2 n we have lim n→+∞

λ(In) = lim

n→+∞

μa(In ) = 0 .

(14)

Moreover

|μs (Bh − In)| ≤ |μs |(Bh − In ) ≤ |μs |(Sμ − In) = � n>n |μs |({sn})

and, recalling that μ has bounded variation (14′) lim

n→+∞

|μs (Bh − In )| ≤ lim

n→+∞ � n>n |μs |({sn}) = 0 .

Finally, from (13), (14) and (14′) we conclude that lim n→+∞ lim η→0 Rn,η = μa(Bh) 2h that, by virtue of (10), proves (9).

Step 2. Let us prove now part (a). We recall that dμa dλ (t0) = lim h→0 μa(Bh) 2h (15)

By virtue of step 1, for every fixed h > 0 such that Bh ⊂ I , we have

μa(Bh) 2h ∈ cl co � t∈B_h

Q(t) ⊂ cl co � t∈B_h

Q(t) λ–a.e. 0 < h < h

and hence, by letting h → 0, and taking (15) into account, we get dμa dλ (t0) ∈ cl co � t∈B_h

Q(t) .

By virtue of the arbitrariness of h > 0 and in force of assumption (Q), we conclude that dμa dλ (t0) ∈ � h>0 cl co � t∈B_h

Q(t) = Q(t0) .

On measure differential inclusions 77

Step 3. For the proof of part (b) let us note that dμs d|μs |

(t0) = μs ({t0})

|μs |({t0})

(16)

since μs ({t0}) = � {t_0} dμs = � {t_0} dμ_s d|μ_s | d|μs | = dμ_s d|μ_s | (t0) |μs |({t0}).

Let h > 0 be fixed in such a way that Bh = B(t0, h) ⊂ I . For every 0 < η < h we consider the continuous function defined by

ϕη(t) = � � � 1 t ∈ B η_2

0 t ∈ I − Bη linear otherwise.

Note that (see e.g. [14])

μs ({t0}) = lim η→0 μ(B η_2 ) = lim η→0 μ(Bη).

(17)

Moreover we have

μ(B η_2 ) = � B_η

ϕη dμ = � I ϕη dμ − � B_η−B η_2

ϕη dμ

= � I ϕη dμ � I ϕη dλ · � I ϕη dλ − � B_η−B η_2

ϕη dμ .

(18)

By assumption we know that � I ϕη dμ � I ϕη dλ

∈ cl co � t∈B_η

Q(t) ⊂ cl co � t∈B_h

Q(t)

let us put Qh := cl co � t∈B_h

Q(t) .

Since lim η→0 � I ϕη dμ = 0, by virtue of P4 we get

lim η→0 � I ϕη dμ � I ϕη dλ · � I ϕη dλ ∈ [Qh ]∞ .

(19)

Furthermore, by virtue of (17) we have � � � � � � B_η−B η_2

ϕη dμ � � � � � ≤ |μ|(Bη) − |μ|(B η_2 ) η→0 longrightarrow 0

(20)

thus, from (18) and taking (17), (19) and (20) into account, we obtain

μ({t0}) ∈ [Qh]∞ for every h > 0such that Bh = B(t0, h) ⊂ I .

Finally, recalling P5 we deduce that

μ({t0}) ∈ � h>0 [Qh]∞ = � � h>0 Qh � ∞ = Q∞(t0)

and taking (16) into account, since Q∞(t0) is a cone, the assertion follows.

78 P. Brandi – A. Salvadori

DEFINITION 4. Let μ be a given measure. We will say that a property P holds (λ, μs)– a.e. if property P is satisfied for every point t with the exception perhaps of a set N with λ(N) + μs (N) = 0.

From Theorem 2 the following result can be deduced. THEOREM 3. Assume that (i) Q has properties (Q) λ–a.e. (ii) Q∞ has properties (Q) μs–a.e.

Then every measure μ which is a solution of (LW) (λ, μs )–a.e. is also a solution of (S).

As we will observe in Section 6, the present equivalence result [among the three formulations (S), (W), (LW)] improves the equivalence between strong and weak formulation proved by Stewart, by means of a transfinite process in [23].

It is easy to see that Theorem 3 admits the following generalization.

THEOREM 4. Let Qh : I → C(Rm ), h ≥ 0 be a net of multifunctions and let μ be a Borel measure. Assume that (i) Q0(t0) = � h>0 Qh(t0) λ–a.e.;

(ii) [Q0]∞(t0) = � h>0 [Qh]∞(t0) μs –a.e.;

(iii) for (λ, μs )–a.e. t0 there exists h = h(t0) > 0 such that for every 0 < h < h � B_h ϕ dμ � B_h ϕ dλ

∈ Qh(t0)

for every ϕ ∈ C0 such that Supp ϕ ⊂ Bh. Then μ is a solution of (S).

Proof. Let t0 ∈ I be fixed in such a way that all the assumptions hold. Following the proof of step 1 in Theorem 3, from assumption (iii) we deduce that μa(Bh) 2h ∈ Qh (t0) and hence from assumption (i) (as in step 2) we get dμa dλ (t0) ∈ � h>0 Qh (t0) = Q0(t0) .

Finally, analogously to the proof of step 3, from asumptions (iii) and (ii) we obtain μ({t0}) ∈ � h>0 [Qh]∞(t0) = Q∞(t0)

On measure differential inclusions 79

and since Q∞(t0) is a cone, we get dμs d|μs |

(t0) = μ({t0}) |μ|({t0})

∈ Q∞(t0) .

4. The main closure theorem

Let I ⊂ R be a closed interval and let Qk : I → C(Rm ), k ≥ 0, be a sequence of multifunctions.

We introduce first the following definition.

DEFINITION 5. We will say that (Qk )k≥0 satisfies condition (QK) at a point t0 ∈ E provided

(QK) Q0(t0) = � h>0 � n∈N cl � k≥n cl co � t∈B_h

Qk (t) .

We are able now to state and prove our main closure result.

THEOREM 5. Let Qk : I → C(Rm ), k ≥ 0 be a sequence of multifunctions and let (μk )k≥0 be a sequence of Borel measures such that

(i) (Qk )k≥0 satisfies (QK) condition (λ, μ0,s)–a.e.; (ii) μk w∗–converges to μ0;

(iii)

� dμ_{k,a} dλ (t) ∈ Qk (t) λ–a.e.

dμ_{k,s} d|μ_{k,s} | (t) ∈ [Qk ]∞(t) μk,s –a.e.

Then the following inclusion holds � dμ_{0,a} dλ (t) ∈ Q0(t) λ–a.e.

dμ_{0,s} d|μ_{0,s} | (t) ∈ [Q0]∞(t) μ0,s–a.e.

Proof. We prove this result as an application of Theorem 4 to the net

Qh(t) = � n∈N cl � k≥n cl co � τ ∈B(t,h)

Qk (τ ) .

By virtue of P5 assumption (i) assures that both assumptions (i) and (ii) in Theorem 4 hold.

Now, let t0 ∈ I be fixed in such a way that assumption (iii) holds and let ϕ ∈ C0 be given with Supp ϕ ⊂ Bh ∩ I . From Theorem 1 we deduce � Supp ϕ ϕ dμk � Supp ϕ ϕ dλ

∈ cl co � t∈Supp ϕ

Qk (t) k ∈ N

(21)

and from assumption (ii) we get � Supp ϕ ϕ dμ0 � Supp ϕ ϕ dλ

= lim

k→+∞ � Supp ϕ ϕ dμk � Supp ϕ ϕ dλ

∈ Qh(t0)

(22)

which gives assumption (iii) in Theorem 4.

80 P. Brandi – A. Salvadori

5. Further closure theorems for measure differential inclusions We present here some applications of the main result to remarkable classes of measure differential inclusions.

According to standard notations, we denote by L1 the space of summable functions u : I → Rm and by BV the space of the functions u ∈ L1 which are of bounded variation in the sense of Cesari [7], i.e. V (u) < +∞.

Let uk : I → Rm , k ≥ 0, be a given sequence in L1 and let Q : I × A ⊂ Rn+1 → C(Rm ) be a given multifunction.

DEFINITION 6. We say that the sequence (uk )k≥0 satisfies the property of local equioscillation at a point t0 ∈ I provided (LEO) lim h→0 lim sup k→∞ sup t∈B_h

|uk (t) − u0(t0)| = 0 .

It is easy to see that the following result holds.

PROPOSITION 2. If uk converges uniformly to a continuous function u0, then condition (LEO) holds everywhere in I .

In [10] an other sufficient condition for property (LEO) can be found (see the proof of Theorem 1).

PROPOSITION 3. If (uk )k≥0 is a sequence of BV functions such that (i) uk converges to u0 λ–a.e. in I; (ii) sup k∈N V (uk ) < +∞.

Then a subsequence (us_k )k≥0 satisfies condition (LEO) λ–a.e. in I.

Let us prove now a sufficient condition for property (QK).

THEOREM 6. Assume that the following conditions are satisfied at a point t0 ∈ I (i) Q satisfies property (Q);

(ii) (uk )k≥0 satisfies condition (LEO).

Then the sequence of multifunctions Qk : I → C(Rm ), k ≥ 0, defined by Qk (t) = Q(t, uk (t)) k ≥ 0 satisfies property (QK) at t0.

Proof. By virtue of assumption (ii), fixed ε > 0 a number 0 < hε < ε exists such that for every 0 < h < hε an integer kh exists with the property that for every k ≥ kh t ∈ Bh(t0) �⇒ |u0(t0) − uk (t)| < ε .

Then for every k ≥ kh cl co � t∈B_h

Q(t, uk (t)) ⊂ cl co � |t−t_0|≤ε,|x−u_0(t_0)|≤ε

Q(t, x) = Qε .

On measure differential inclusions 81

Fixed n ≥ kh cl � k≥n cl co � t∈B_h

Q(t, uk (t)) ⊂ Qε

and hence � n∈N cl � k≥n cl co � t∈B_h

Q(t, uk (t)) ⊂ Qε .

Finally, by virtue of assumption (i), we have � ε>0 � n∈N cl � k≥n cl co � t∈B_h

Q(t, uk (t)) ⊂ � ε>0 Qε = Q(t0, u0(t0))

which proves the assertion.

In force of this result, the following closure Theorem 5 can be deduced as an application of the main theorem.

THEOREM 7. Let Q : I × A ⊂ Rn+1 → C(Rm ) be a multifunction, let (μk )k≥0 be a sequence of Borel measures of bounded variations and let uk : I → A, k ≥ 0 be a sequence of BV functions which satisfy the conditions (i) Q has properties (Q) at every point (t, x) with the exception of a set of points whose tcoordinate lie on a set of (λ, μ0,s )–null measure;

(ii)

� dμ_{k,a}

dλ (t) ∈ Q(t, uk (t)) λ–a.e.

dμ_{k,s} d|μ_{k,s} | (t) ∈ Q∞(t, uk (t)) μk,s –a.e.

(iii) μk w∗–converges to μ0; (iv) supk∈N V (uk ) < +∞;

(v) uk converges to u0 pointwise λ–a.e. and satisfies condition (LEO) at μ0,s –a.e. Then the following inclusion holds � dμ_{0,a} dλ (t) ∈ Q(t, u0(t)) λ–a.e.

dμ_{0,s} d|μ_{0,s} | (t) ∈ Q∞(t, u0(t)) μ0,s–a.e.

REMARK 1. We recall that the distributional derivative of a BV function u is a Borel measure of bounded variation [17] that we will denote by μu.

Moreover u admits an “essential derivative” u′ (i.e. computed by usual incremental quotients disregarding the values taken by u on a suitable Lebesgue null set) which coincides with

dμ_{u,a}

dλ [25].

Note that Theorem 7 is an extension and a generalization of the main closure theorem in [10] (Theorem 1) given for a differential inclusion of the type

u′(t) ∈ Q(t, u(t)) λ–a.e. in I .

To this purpose, we recall that if (uk )k≥0, is a sequence of equi–BV functions, then a subsequence of distributional derivatives w∗–converges.

The following closure theorem can be considered as a particular case of Theorem 7.

82 P. Brandi – A. Salvadori

THEOREM 8. Let Q : I × E → C(Rm ), with E subset of a Banach space, be a multifunction, let (μk )k≥0 be a sequence of Borel measures of bounded variations and let (ak )k≥0 be a sequence in E. Assume that the following conditions are satisfied

(i) Q has properties (Q) at every point (t, x) with the exception of a set of points whose tcoordinate lie on a set of (λ, μ0,s )–null measure;

(ii)

� dμ_{k,a}

dλ (t) ∈ Q(t, ak ) λ–a.e.

dμ_{k,s} d|μ_{k,s} | (t) ∈ Q∞(t, ak ) μk,s –a.e.

(iii) μk w∗–converges to μ0; (iv) (ak )k converges to a0.

Then the following inclusion holds � dμ_{0,a}

dλ (t) ∈ Q(t, a0) λ–a.e.

dμ_{0,s} d|μ_{0,s} | (t) ∈ Q∞(t, a0) μ0,s–a.e.

As we will prove in Section 6, this last result is an extension of closure Theorem 3 in [10].

As an application of Theorem 7 also the following result can be proved.

THEOREM 9. Let Q : I × Rn × Rp → C(Rm ), be a multifunction, let f : I × Rn × Rq → Rn be a function and let (uk , vk ) : I → Rn × Rq , k ≥ 0, be a sequence of functions. Assume that

(i) Q satisfies property (Q) at every point (t, x, y) with the exception of a set of points whose t-coordinate lie on a set of (λ, μv_0,s)–null measure;

(ii) f is a Carathéodory function and

| f (t, u, v)| ≤ ψ1(t) + ψ2(t) |u| + ψ3(t) |v| with ψi ∈ L1 i = 1, 2, 3;

(iii) � v′k (t) ∈ Q(t, uk (t)) − f (t, uk (t), vk (t)) λ–a.e.

dμ_{vk ,s} d|μ_{vk ,s} | (t) ∈ Q∞(t, uk (t)) μv^k ,s –a.e.

(iv) supk∈N V (vk ) < +∞ and (vk )k converges to v0 λ–a.e.; (v) (uk )k converges uniformly to a continuous function u0.

Then the following inclusion holds � v′0(t) ∈ Q(t, u0(t)) − f (t, u0(t), v0(t)) λ–a.e.

dμ_{v0,s} d|μ_{v0,s} | (t) ∈ Q∞(t, u0) μv0,s –a.e.

Proof. If we consider the sequence of Borel measures defined by

νk ([a, b]) = � b a [v′k (t) + f (t, uk (t), vk (t))] dλ [a, b] ⊂ I k ≥ 0

it is easy to see that

dνk,s = dμv_k ,s dνk,a dλ (t) = v′k (t) + f (t, uk (t), vk (t)) λ–a.e.

It is easy to verify that assumptions assure that (νk )k≥0 is a sequence of BV measure which w∗–converges and the result is an immediate application of Theorem 7.

On measure differential inclusions 83

REMARK 2. Differential incusions of this type are adopted as a model for rigid body dynamics (see [20] for details). As we will observe in Section 6 the previous result improves the analogous theorem proved in [23] (Theorem 4).

6. On comparison with Stewart’s assumptions

This section is dedicated to a discussion on the comparison between our assumptions and that adopted by Stewart in [23].

Let Q : E → C(Rn ) be a given multifunction where E is a subset of a Banach space.

The main hypotheses adopted by Stewart in [23] on muntifunction Q are the closure of the graph (i.e. property (K)) and the following condition: for every t0 ∈ Ethere exist σ0 > 0and R0 > 0such that sup t∈B_σ inf x∈Q(t)

‖x‖ ≤ R0 .

(23)

We will prove here that these assumptions are stricly stronger than property (Q). As a consequence, the results of the present paper improve that given in [23].

PROPOSITION 4. Let Q be a multifunction with closed graph and let t0 ∈ E be fixed. Assume that for a given t0 ∈ E there exist σ0 > 0 and R0 > 0 such that sup t∈B_σ inf x∈Q(t)

‖x‖ ≤ R0

then multifunction Q satisfies property (Q) at t0.

Proof. By virtue of Lemma 5.1 in [23], fixed a number ε > 0, there exists δ = δ(t0, ε) > 0 such that t ∈ Bδ �⇒ Q(t) ⊂ Q(t0) + ε B(0, 1) + (Q∞(t0))ε where (Q∞(t0))ε denotes the ε–enlargement of the set Q∞(t0). Since the right-hand side is closed and convex cl co � t∈B_δ

Q(t) ⊂ Q(t0) + ε B(0, 1) + (Q∞(t0))ε

then Q∗(t0) := � δ>0 cl co � t∈B_δ

Q(t) ⊂ Q(t0) + ε B(0, 1) + (Q∞(t0))ε .

Now, fixed an integer n ∈ N and 0 < ε < 1n , we get

Q∗(t0) ⊂ Q(t0) + ε B(0, 1) + (Q∞(t0))ε ⊂ Q(t0) + ε B(0, 1) + (Q∞(t0)) 1_n

and letting ε → 0, we obtain Q∗(t0) ⊂ Q(t0) + (Q∞(t0)) 1_n .

(24)

Recalling that (see P3) Q(t0) + Q∞(t0) ⊂ Q(t0)

84 P. Brandi – A. Salvadori

we have

Q(t0) + (Q∞(t0)) 1_n ⊂ (Q(t0)) 1_n + (Q∞(t0)) 1_n ⊂ (Q(t0) + Q∞(t0)) 1_n ⊂ (Q(t0)) 2_n

and from (24) letting n → +∞ we get

Q∗(t0) ⊂ Q(t0)

which proves the assertion.

This result proves that even if Kuratowski condition (K) is weaker than Cesari’s property (Q) (see Section 2), together with hypothesis (23) it becomes a stronger assumption. The following example will show that assumption (23) and (K) are strictly stronger than property (Q). Finally, we recall that in BV setting property (Q) can not be replaced by condition (K), as it occurs in Sobolev’s setting (see [10], Remark 1).

EXAMPLE 1. Let us consider the function F : R+0 × R → R defined by

F(t, v) = � 1 t sin2 1t + |v| t ≠ 0 |v| t = 0

and the multifunction Q̃(t, ·) = epi F(t, ·) .

Of course assumption (ii) in Proposition 2 does not holds for Q̃ at the point t0 = 0. Moreover, in force of the Corollary to Theorem 3 in A.W.J. Stoddart [24], it can be easily proved that F is seminormal. Thus Q̃ satisfies condition (Q) at every point t ∈ R+0 (see P8).

References

[1] BAIOCCHI C., Ulteriori osservazioni sull’integrale di Bochner, Ann. Scuola Norm. Sup.

Pisa 18 (1964), 283–301.

[2] BRANDI P., SALVADORI A., Non-smooth solutions in plastic deformation, Atti Sem. Mat.

Fis. Univ. Modena 41 (1993), 483–490.

[3] BRANDI P., SALVADORI A., A variational approach to problems of plastic deformation, Developments in Partial Differential Equations and Applications to Mathematical Physics, G. Buttazzo, G. P. Galdi and L. Zanghirati Ed., Plenum Press (l992), 219–226.

[4] BRANDI P., SALVADORI A., On the lower semicontinuity in BV setting, J. Convex Analysis 1 (1994), 151–172.

[5] BRANDI P., SALVADORI A., Closure theorems in BV setting, Progress in Partial Differential Equations: the Metz survay 4, Chipot and Shafrir Ed., 345 (1996), 42–52, Longman Ed. [6] BRANDI P., SALVADORI A., YANG W. H., A nonlinear variational approach to plasticity and beyond, Proceedings of HMM 99 - Second International Symposium on Hysteresis Modeling and Micromagnetics, Perugia 7-9.6.1999.

[7] CESARI L., Sulle funzioni a variazione limitata, Ann. Scuola Nor. Sup. Pisa 5 (1936), 299–313.

On measure differential inclusions 85

[8] CESARI L., Optimization Theory and Applications, Springer Verlag 1983. [9] CESARI L., BRANDI P., SALVADORI A., Discontinuous solutions in problems of optimization, Ann. Scuola Norm. Sup. Pisa 15 (1988), 219–237.

[10] CESARI L., BRANDI P., SALVADORI A., Existence theorems concerning simple integrals of the calculus of variations for discontinuous solutions, Arch. Rat. Mech. Anal. 98 (1987), 307–328.

[11] CESARI L., BRANDI P., SALVADORI A., Existence theorems for multiple integrals of the calculus of variations for discontinuous solutions, Ann. Mat. Pura Appl. 152 (1988), 95– 121.

[12] CESARI L., BRANDI P., SALVADORI A., Seminormality conditions in calculus of variations for BV solutions, Ann. Mat. Pura Appl. 162 (1992), 299–317.

[13] CESARI L., YANG W. H., Serrin’s integrals and second order problems of plasticity, Proc.

Royal Soc. Edimburg 117 (1991), 193–201.

[14] DINCULEANU N., Vector Measures, Pergamon Press 1967. [15] HALMOS P. R., Measure Theory, Springer Verlag 1974.

[16] HIRIART-URRUTY B. J., LEMARÉCHAL C., Convex Analysis and Minimization Algorithms, Springer Verlag 1993.

[17] KRICKEBERG K., Distributionen, Funktionen beschränkter Variation und Lebesguescher Inhalt nichtparametrischer Flächen, Ann. Mat. Pura Appl. 44 (1957), 105–133.

[18] MONTEIRO MARQUES M., Perturbation semi-continues superiorment de problems d’evolution dans les spaces de Hilbert, Seminaire d’Analyse Convexe, Montpellier 1984, exposé n. 2.

[19] MONTEIRO MARQUES M., Rafle par un convexe semi-continues inferieurement d’interieur non vide en dimension finie, Seminaire d’Analyse Convexe, Montpellier 1984, exposé n. 6.

[20] MONTEIRO MARQUES M., Differential Inclusions in Nonsmooth Mechanical Problems:

Shocks and Dry Friction, Birkäuser Verlag 1993.

[21] MOREAU J. J., Une formulation du contact a frottement sec; application au calcul numerique, C. R. Acad. Sci. Paris 302 (1986), 799–801.

[22] MOREAU J. J., Unilateral contact and dry friction in finite freedom dynamics, Nonsmooth mechanics and Applications, J. J. Moreau and P. D. Panagiotopoulos Ed., Springer Verlag 1988.

[23] STEWART D. E., Asymptotic cones and measure differential inclusions, preprint. [24] STODDART A. W. J., Semicontinuity of integrals, Trans. Amer. Math. Soc. 122 (1966), 120–135.

[25] ZIEMER W., Weakly Differentiable Functions, Springer-Verlag 1989.

AMS Subject Classification: ???.

Primo BRANDI, Anna SALVADORI Department of Mathematics University of Perugia Via L. Vanvitelli 1 06123 Perugia, Italy e-mail: mateas@unipg.it

86 P. Brandi – A. Salvadori