Rend. Sem. Mat. Univ. Pol. Torino Vol. 56, 4 (1998)

M. Bardi^∗ – S. Bottacin

ON THE DIRICHLET PROBLEM FOR NONLINEAR DEGENERATE ELLIPTIC EQUATIONS AND APPLICATIONS TO OPTIMAL CONTROL

Abstract.

We construct a generalized viscosity solution of the Dirichlet problem for fully nonlinear degenerate elliptic equations in general domains by the Perron-Wiener- Brelot method. The result is designed for the Hamilton-Jacobi-Bellman-Isaacs equations of time-optimal stochastic control and differential games with discontinuous value function. We study several properties of the generalized solution, in particular its approximation via vanishing viscosity and regularization of the domain. The connection with optimal control is proved for a deterministic minimumtime problem and for the problem of maximizing the expected escape time of a degenerate diffusion process from an open set.

Introduction

The theory of viscosity solutions provides a general framework for studying the partial differential equations arising in the Dynamic Programming approach to deterministic and stochastic optimal control problems and differential games. This theory is designed for scalar fully nonlinear PDEs

F(x, u(x), Du(x), D2u(x)) = 0 in � , (1) where � is a general open subset of RN , with the monotonicity property

F(x, r, p, X) ≤ F(x, s, p, Y ) if r ≤ s and X − Y is positive semidefinite, (2) so it includes 1st order Hamilton-Jacobi equations and 2nd order PDEs that are degenerate elliptic or parabolic in a very general sense [18, 5].

The Hamilton-Jacobi-Bellman (briefly, HJB) equations in the theory of optimal control of diffusion processes are of the form sup α∈A Lαu = 0 , (3)

∗* Partially supported by M.U.R.S.T., projects “Problemi nonlineari nell’analisi e nelle applicazioni fisiche, chimiche e biologiche” and “Analisi e controllo di equazioni di evoluzione deterministiche e stocastiche”, and by the European Community, TMR Network “Viscosity solutions and their applications”. 13

14 M. Bardi – S. Bottacin

where α is the control variable and, for each α, Lα is a linear nondivergence form operator

Lαu := −aαij ∂2u ∂xi ∂x j

+ bαi ∂u ∂xi + cα u − f α, (4) where f and c are the running cost and the discount rate in the cost functional, b is the drift of the system, a = 12 σ σ T and σ is the variance of the noise affecting the system (see Section 3.2). These equations satisfy (2) if and only if

aαij (x)ξi ξ j ≥ 0 and cα (x) ≥ 0, for all x ∈ �, α ∈ A, ξ ∈ RN , (5) and these conditions are automatically satisfied by operators coming from control theory. In the case of deterministic systems we have aαij ≡ 0 and the PDE is of 1st order. In the theory of two-person zero-sum deterministic and stochastic differential games the Isaacs’ equation has the form sup α∈A inf β∈B Lα,βu = 0 , (6) where β is the control of the second player and Lα,β are linear operators of the form (4) and satisfying assumptions such as (5).

For many different problems it was proved that the value function is the unique continuous viscosity solution satisfying appropriate boundary conditions, see the books [22, 8, 4, 5] and the references therein. This has a number of useful consequences, because we have PDE methods available to tackle several problems, such as the numerical calculation of the value function, the synthesis of approximate optimal feedback controls, asymptotic problems (vanishing noise, penalization, risk-sensitive control, ergodic problems, singular perturbations . . . ). However, the theory is considerably less general for problems with discontinuous value function, because it is restricted to deterministic systems with a single controller, where the HJB equation is of first order with convex Hamiltonian in the p variables. The pioneering papers on this issue are due to Barles and Perthame [10] and Barron and Jensen [11], who use different definitions of noncontinuous viscosity solutions, see also [27, 28, 7, 39, 14], the surveys and comparisons of the different approaches in the books [8, 4, 5], and the references therein.

For cost functionals involving the exit time of the state from the set �, the value function is discontinuous if the noise vanishes near some part of the boundary and there is not enough controllability of the drift; other possible sources of discontinuities are the lack of smoothness of ∂�, even for nondegenerate noise, and the discontinuity or incompatibility of the boundary data, even if the drift is controllable (see [8, 4, 5] for examples). For these functionals the value should be the solution of the Dirichlet problem � F(x, u, Du, D2u) = 0 in � , u = g on ∂� , (7) where g(x) is the cost of exiting � at x and we assume g ∈ C(∂�). For 2nd order equations, or 1st order equations with nonconvex Hamiltonian, there are no local definitions of weak solution and weak boundary conditions that ensure existence and uniqueness of a possibly discontinuous solution. However a global definition of generalized solution of (7) can be given by the following variant of the classical Perron-Wiener-Brelot method in potential theory. We define

S := {w ∈ BU SC(�) subsolution of (1), w ≤ g on ∂�} Z := {W ∈ B L SC(�) supersolution of (1), W ≥ g on ∂�} ,

On the Dirichelet problem 15

where BU SC(�) (respectively, B L SC(�)) denote the sets of bounded upper (respectively, lower) semicontinuous functions on �, and we say that u : � → R is a generalized solution of (7) if

u(x) = sup w∈S w(x) = inf

W ∈Z

W (x) . (8) With respect to the classical Wiener’s definition of generalized solution of the Dirichlet problem for the Lapalce equation in general nonsmooth domains [45] (see also [16, 26]), we only replace sub- and superharmonic functions with viscosity sub- and supersolutions. In the classical theory the inequality supw∈S w ≤ infW ∈Z W comes from the maximum principle, here it comes from the Comparison Principle for viscosity sub- and supersolutions; this important result holds under some additional assumptions that are very reasonable for the HJB equations of control theory, see Section 1.1; for this topic we refer to Jensen [29] and Crandall, Ishii and Lions [18]. The main difference with the classical theory is that the PWB solution for the Laplace equation is harmonic in � and can be discontinuous only at boundary points where ∂� is very irregular, whereas here u can be discontinuous also in the interior and even if the boundary is smooth: this is because the very degenerate ellipticity (2) neither implies regularizing effects, nor it guarantees that the boundary data are attained continuously. Note that if a continuous viscosity solution of (7) exists it coincides with u, and both the sup and the inf in (8) are attained.

Perron’s method was extended to viscosity solutions by Ishii [27] (see Theorem 1), who used it to prove general existence results of continuous solutions. The PWB generalized solution of (7) of the form (8) was studied indipendently by the authors and Capuzzo-Dolcetta [4, 1] and by M. Ramaswamy and S. Ramaswamy [38] for some special cases of equations of the form (1), (2). In [4] this notion is called envelope solution and several properties are studied, in particular the equivalence with the generalized minimax solution of Subbotin [41, 42] and the connection with deterministic optimal control. The connection with pursuit-evasion games can be found in [41, 42] within the Krasovskii-Subbotin theory, and in our paper with Falcone [3] for the Fleming value; in [3] we also study the convergence of a numerical scheme.

The purposes of this paper are to extend the existence and basic properties of the PWB solution in [4, 1, 38] to more general operators, to prove some new continuity properties with respect to the data, in particular for the vanishing viscosity method and for approximations of the domain, and finally to show a connection with stochastic optimal control. For the sake of completeness we give all the proofs even if some of them follow the same argument as in the quoted references.

Let us now describe the contents of the paper in some detail. In Subsection 1.1 we recall some known definitions and results. In Subsection 1.2 we prove the existence theorem under an assumption on the boundary data g that is reminiscent of the compatibility conditions in the theory of 1st order Hamilton-Jacobi equations [34, 4]; this condition implies that the PWB solution is either the minimal supersolution or the maximal subsolution (i.e., either the inf or the sup in (8) is attained), and it is verified in time-optimal control problems. We recall that the classical Wiener Theorem asserts that for the Laplace equation any continuous boundary function g is resolutive (i.e., the PWB solution of the corresponding Dirichlet problem exists), and this was extended to some quasilinear nonuniformly elliptic equations, see the book of Heinonen, Kilpeläinen and Martio [25]. We do not know at the moment if this result can be extended to some class of fully nonlinear degenerate equations; however we prove in Subsection 2.1 that the set of resolutive boundary functions in our context is closed under uniform convergence as in the classical case (cfr. [26, 38]).

In Subsection 1.3 we show that the PWB solution is consistent with the notions of generalized solution by Subbotin [41, 42] and Ishii [27], and it satisfies the Dirichlet boundary condition

16 M. Bardi – S. Bottacin

in the weak viscosity sense [10, 28, 18, 8, 4]. Subsection 2.1 is devoted to the stability of the PWB solution with respect to the uniform convergence of the boundary data and the operator F. In Subsection 2.2 we consider merely local uniform perturbations of F, such as the vanishing viscosity, and prove a kind of stability provided the set � is simultaneously approximated from the interior.

In Subsection 2.3 we prove that for a nested sequence of open subsets �n of � such that � n �n = �, if un is the PWB solution of the Dirichlet problem in �n, the solution u of (7) satisfies

u(x) = lim n un(x) , x ∈ � . (9) This allows to approximate u with more regular solutions un when ∂� is not smooth and �n are chosen with smooth boundary. This approximation procedure goes back to Wiener [44] again, and it is standard in elliptic theory for nonsmooth domains where (9) is often used to define a generalized solution of (7), see e.g. [30, 23, 12, 33]. In Subsection 2.3 we characterize the boundary points where the data are attained continuously in terms of the existence of suitable local barriers.

The last section is devoted to two applications of the previous theory to optimal control. The first (Subsection 3.1) is the classical minimum time problem for deterministic nonlinear systems with a closed target. In this case the lower semicontinuous envelope of the value function is the PWB solution of the homogeneous Dirichlet problem for the Bellman equation. The proof we give here is different from the one in [7, 4] and simpler. The second application (Subsection 3.2) is about the problem of maximizing the expected discounted time that a controlled degenerate diffusion process spends in �. Here we prove that the value function itself is the PWB solution of the appropriate problem. In both cases g ≡ 0 is a subsolution of the Dirichlet problem, which implies that the PWB solution is also the minimal supersolution.

It is worth to mention some recent papers using related methods. The thesis of Bettini [13] studies upper and lower semicontinuous solutions of the Cauchy problem for degenerate parabolic and 1st order equations with applications to finite horizon differential games. Our paper [2] extends some results of the present one to boundary value problems where the data are prescribed only on a suitable part of ∂�. The first author, Goatin and Ishii [6] study the boundary value problem for (1) with Dirichlet conditions in the viscosity sense; they construct a PWB-type generalized solution that is also the limit of approximations of � from the outside, instead of the inside. This solution is in general different from ours and it is related to control problems involving the exit time from �, instead of �.

1. Generalized solutions of the Dirichlet problem

1.1. Preliminaries

Let F be a continuous function

F : � × R × RN × S(N) → R ,

where � is an open subset of RN , S(N) is the set of symmetric N × N matrices equipped with its usual order, and assume that F satisfies (2). Consider the partial differential equation

F(x, u(x), Du(x), D2u(x)) = 0 in � ,

(10)

On the Dirichelet problem 17

where u : � → R, Du denotes the gradient of u and D2u denotes the Hessian matrix of second derivatives of u. From now on subsolutions, supersolutions and solutions of this equation will be understood in the viscosity sense; we refer to [18, 5] for the definitions. For a general subset E of RN we indicate with U SC(E), respectively L SC(E), the set of all functions E → R upper, respectively lower, semicontinuous, and with BU SC(E), B L SC(E) the subsets of functions that are also bounded.

DEFINITION 1. We will say that equation (10) satisfies the Comparison Principle if for all subsolutions w ∈ BU SC(�) and supersolutions W ∈ B L SC(�) of (10) such that w ≤ W on ∂�, the inequality w ≤ W holds in �.

We refer to [29, 18] for the strategy of proof of some comparison principles, examples and references. Many results of this type for first order equations can be found in [8, 4].

The main examples we are interested in are the Isaacs equations: sup α inf β Lα,β u(x) = 0

(11) and inf β sup α Lα,β u(x) = 0 ,

(12)

where

Lα,β u(x) = −aα,βij (x) ∂2u ∂xi ∂x j

+ bα,βi (x) ∂u ∂xi + cα,β (x)u − f α,β (x) .

Here F is

F(x, r, p, X) = sup α inf β {−trace (aα,β (x)X) + bα,β (x) · p + cα,β (x)r − f α,β (x)} .

If, for all x ∈ �, aα,β (x) = 12 σ α,β (x)(σ α,β (x))T , where σ α,β (x) is a matrix of order N × M, T denotes the transpose matrix, σ α,β, bα,β , cα,β , f α,β are bounded and uniformly continuous in �, uniformly with respect to α, β, then F is continuous, and it is proper if in addition cα,β ≥ 0 for all α, β.

Isaacs equations satisfy the Comparison Principle if � is bounded and there are positive constants K1, K2, and C such that

F(x, t, p, X) − F(x, s, q, Y ) ≤ max{K1trace (Y − X), K1(t − s)} + K2| p − q| ,

(13)

for all Y ≤ X and t ≤ s,

‖σ α,β (x) − σ α,β (y)‖ ≤ C|x − y|, for all x, y ∈ � and all α, β

(14) |bα,β (x) − bα,β (y)| ≤ C|x − y|, for all x, y ∈ � and all α, β ,

(15)

see Corollary 5.11 in [29]. In particular condition (13) is satisfied if and only if

max{λα,β (x), cα,β (x)} ≥ K > 0 for all x ∈ �, α ∈ A, β ∈ B ,

where λα,β (x) is the smallest eigenvalue of Aα,β (x). Note that this class of equations contains as special cases the Hamilton-Jacobi-Bellman equations of optimal stochastic control (3) and linear degenerate elliptic equations with Lipschitz coefficients.

18 M. Bardi – S. Bottacin

Given a function u : � → [−∞, +∞], we indicate with u∗ and u∗, respectively, the upper and the lower semicontinuous envelope of u, that is, u∗(x) := lim r↘0 sup{u(y) : y ∈ �, |y − x| ≤ r} ,

u∗(x) := lim r↘0 inf{u(y) : y ∈ �, |y − x| ≤ r} .

PROPOSITION 1. Let S (respectively Z) be a set of functions such that for all w ∈ S (respectively W ∈ Z) w∗ is a subsolution (respectively W∗ is a supersolution) of (10). Define the function u(x) := sup w∈S w(x), x ∈ �, (respectively u(x) := inf

W ∈Z

W (x)) .

If u is locally bounded, then u∗ is a subsolution (respectively u∗ is a supersolution) of (10).

The proof of Proposition 1 is an easy variant of Lemma 4.2 in [18].

PROPOSITION 2. Let wn ∈ BU SC(�) be a sequence of subsolutions (respectively Wn ∈ B L SC(�) a sequence of supersolutions) of (10), such that wn(x) ↘ u(x) for all x ∈ � (respectively Wn(x) ↗ u(x)) and u is a locally bounded function. Then u is a subsolution (respectively supersolution) of (10).

For the proof see, for instance, [4]. We recall that, for a generale subset E of RN and x̂ ∈ E, the second order superdifferential of u at x̂ is the subset J 2,+E u(x̂) of RN × S(N) given by the pairs ( p, X) such that

u(x) ≤ u(x̂) + p · (x − x̂) + 1 2 X (x − x̂) · (x − x̂) + o(|x − x̂|2)

for E ∋ x → x̂. The opposite inequality defines the second order subdifferential of u at x̂, J 2,−E u(x̂).

LEMMA 1. Let u∗ be a subsolution of (10). If u∗ fails to be a supersolution at some point x̂ ∈ �, i.e. there exist ( p, X) ∈ J 2,−� u∗(x̂) such that F(x̂, u∗(x̂), p, X) < 0 , then for all k > 0 small enough, there exists Uk : � → R such that U ∗k is subsolution of (10) and � Uk (x) ≥ u(x), sup�(Uk − u) > 0 , Uk (x) = u(x) for all x ∈ � such that |x − x̂| ≥ k .

The proof is an easy variant of Lemma 4.4 in [18]. The last result of this subsection is Ishii’s extension of Perron’s method to viscosity solutions [27].

THEOREM 1. Assume there exists a subsolution u1 and a supersolution u2 of (10) such that u1 ≤ u2, and consider the functions U(x) := sup{w(x) : u1 ≤ w ≤ u2, w∗ subsolution of (10)} , W (x) := inf{w(x) : u1 ≤ w ≤ u2, w∗ supersolution of (10)} .

Then U ∗, W ∗ are subsolutions of (10) and U∗, W∗ are supersolutions of (10).

On the Dirichelet problem 19

1.2. Existence of solutions by the PWB method In this section we present a notion of weak solution for the boundary value problem � F(x, u, Du, D2u) = 0 in � , u = g on ∂� ,

(16) where F satisfies the assumptions of Subsection 1.1 and g : ∂� → R is continuous. We recall that S, Z are the sets of all subsolutions and all supersolutions of (16) defined in the Introduction.

DEFINITION 2. The function defined by H g(x) := sup w∈S w(x) , is the lower envelope viscosity solution, or Perron-Wiener-Brelot lower solution, of (16). We will refer to it as the lower e-solution. The function defined by H g(x) := inf

W ∈Z

W (x) , is the upper envelope viscosity solution, or PWB upper solution, of (16), briefly upper e-solution. If H g = H g, then Hg := H g = H g is the envelope viscosity solution or PWB solution of (16), briefly e-solution. In this case the data g are called resolutive.

Observe that H g ≤ H g by the Comparison Principle, so the e-solution exists if the inequality ≥ holds as well. Next we prove the existence theorem for e-solutions, which is the main result of this section. We will need the following notion of global barrier, that is much weaker than the classical one.

DEFINITION 3. We say that w is a lower (respectively, upper) barrier at a point x ∈ ∂� if w ∈ S (respectively, w ∈ Z) and lim y→x w(y) = g(x) .

THEOREM 2. Assume that the Comparison Principle holds, and that S, Z are nonempty. i) If there exists a lower barrier at all points x ∈ ∂�, then Hg = minW ∈Z W is the e-solution of (16).

ii) If there exists an upper barrier at all points x ∈ ∂�, then Hg = maxw∈S w is the e-solution of (16).

Proof. Let w be the lower barrier at x ∈ ∂�, then by definition w ≤ H g. Thus (H g)∗(x) = lim infy→x H g(y) ≥ lim infy→x w(y) = g(x) .

By Theorem 1 (H g)∗ is a supersolution of (10), so we can conclude that (H g)∗ ∈ Z. Then (H g)∗ ≥ H g ≥ H g, so H g = H g and H g ∈ Z.

20 M. Bardi – S. Bottacin

EXAMPLE 1. Consider the problem � −aij (x)ux_i x_j (x) + bi (x)ux_i (x) + c(x)u(x) = 0 in � , u(x) = g(x) on ∂� ,

(17)

with the matrix aij (x) such that a11(x) ≥ μ > 0 for all x ∈ �. In this case we can show that all continuous functions on ∂� are resolutive. The proof follows the classical one for the Laplace equation, the only hard point is checking the superposition principle for viscosity suband supersolutions. This can be done by the same methods and under the same assumptions as the Comparison Principle.

1.3. Consistency properties and examples

Next results give a characterization of the e-solution as pointwise limit of sequences of sub and supersolutions of (16). If the equation (10) is of first order, this property is essentially Subbotin’s definition of (generalized) minimax solution of (16) [41, 42].

THEOREM 3. Assume that the Comparison Principle holds, and that S, Z are nonempty.

i) If there exists u ∈ S continuous at each point of ∂� and such that u = g on ∂�, then there exists a sequence wn ∈ S such that wn ↗ Hg.

ii) If there exists u ∈ Z continuous at each point of ∂� and such that u = g on ∂�, then there exists a sequence Wn ∈ Z such that Wn ↘ Hg.

Proof. We give the proof only for i), the same proof works for ii). By Theorem 2 Hg = minW ∈Z W . Given ϵ > 0 the function

uϵ (x) := sup{w(x) : w ∈ S, w(x) = u(x) if dist (x, ∂�) < ϵ} ,

(18)

is bounded, and uδ ≤ uϵ for ϵ < δ. We define

V (x) := lim n→∞ (u1/n)∗(x) ,

and note that, by definition, Hg ≥ uϵ ≥ (uϵ )∗, and then Hg ≥ V . We claim that (uϵ)∗ is supersolution of (10) in the set

�ϵ := {x ∈ � : dist (x, ∂�) > ϵ} .

To prove this claim we assume by contradiction that (uϵ)∗ fails to be a supersolution at y ∈ �ϵ. Note that, by Proposition 1, (uϵ)∗ is a subsolution of (10). Then by Lemma 1, for all k > 0 small enough, there exists Uk such that U ∗k is subsolution of (10) and sup � (Uk − uϵ) > 0, Uk (x) = uϵ(x) if |x − y| ≥ k .

(19)

We fix k ≤ dist (y, ∂�) − ϵ, so that Uk (x) = uϵ(x) = u(x) for all x such that dist (x, ∂�) < ϵ. Then U ∗k (x) = u(x), so U ∗k ∈ S and by the definition of uϵ we obtain U ∗k ≤ uϵ. This gives a contradiction with (19) and proves the claim.

By Proposition 2 V is a supersolution of (10) in �. Moreover if x ∈ ∂�, for all ϵ > 0, (uϵ )∗(x) = g(x), because uϵ(x) = u(x) if dist (x, ∂�) < ϵ by definition, u is continuous and u = g on ∂�. Then V ≥ g on ∂�, and so V ∈ Z.

On the Dirichelet problem 21

To complete the proof we define wn := (u1/n)∗, and observe that this is a nondecreasing sequence in S whose pointwise limit is ≥ V by definition of V . On the other hand wn ≤ Hg by definition of Hg, and we have shown that Hg = V , so wn ↗ Hg.

COROLLARY 1. Assume the hypotheses of Theorem 3. Then Hg is the e-solution of (16 if and only if there exist two sequences of functions wn ∈ S, Wn ∈ Z, such that wn = Wn = g on ∂� and for all x ∈ � wn(x) → Hg(x), Wn(x) → Hg(x) as n → ∞ .

REMARK 1. It is easy to see from the proof of Theorem 3, that in case i), the e-solution Hg satisfies Hg(x) = sup ϵ uϵ(x) x ∈ � ,

where uϵ(x) := sup{w(x) : w ∈ S, w(x) = u(x) for x ∈ � \ �ϵ } ,

(20) and �ϵ, ϵ ∈]0, 1], is any family of open sets such that �ϵ ⊆ �, �ϵ ⊇ �δ for ϵ < δ and � ϵ �ϵ = �.

EXAMPLE 2. Consider the Isaacs equation (11) and assume the sufficient conditions for the Comparison Principle.

• If g ≡ 0 and f α,β (x) ≥ 0 for all x ∈ �, α ∈ A, β ∈ B , then u ≡ 0 is subsolution of the PDE, so the assumption i) of Theorem 3 is satisfied.

• If the domain � is bounded with smooth boundary and there exist α ∈ A and μ > 0 such that aα,βij (x)ξi ξ j ≥ μ|ξ|2 for all β ∈ B, x ∈ �, ξ ∈ RN , then there exists a classical solution u of � inf β∈B Lα,β u = 0 in � , u = g on ∂� , see e.g. Chapt. 17 of [24]. Then u is a supersolution of (11), so the hypothesis ii) of Theorem 3 is satisfied.

Next we compare e-solutions with Ishii’s definitions of non-continuous viscosity solution and of boundary conditions in viscosity sense. We recall that a function u ∈ BU SC(�) (respectively u ∈ B L SC(�)) is a viscosity subsolution (respectively a viscosity supersolution) of the boundary condition u = g or F(x, u, Du, D2u) = 0 on ∂� ,

(21)

22 M. Bardi – S. Bottacin

if for all x ∈ ∂� and ϕ ∈ C2(�) such that u−ϕ attains a local maximum (respectively minimum) at x, we have

(u − g)(x) ≤ 0 (resp. ≥ 0) or F(x, u(x), Dϕ(x), D2ϕ(x)) ≤ 0 (resp. ≥ 0) . An equivalent definition can be given by means of the semijets J 2,+� u(x), J 2,−� u(x) instead of the test functions, see [18].

PROPOSITION 3. If H g : � → R is the lower e-solution (respectively, H g is the upper e-solution) of (16), then H ∗g is a subsolution (respectively, H g∗ is a supersolution) of (10) and of the boundary condition (21).

Proof. If H g is the lower e-solution, then by Proposition 1, H ∗g is a subsolution of (10). It remains to check the boundary condition.

Fix an y ∈ ∂� such that H ∗g(y) > g(y), and ϕ ∈ C2(�) such that H ∗g − ϕ attains a local maximum at y. We can assume, without loss of generality, that H ∗g(y) = ϕ(y), (H ∗g − ϕ)(x) ≤ −|x − y|3 for all x ∈ � ∩ B(y, r) .

By definition of H ∗g, there exists a sequence of points xn → y such that (H g − ϕ)(xn) ≥ − 1 n for all n .

Moreover, since H g is the lower e-solution, there exists a sequence of functions wn ∈ S such that H g(xn) − 1 n < wn(xn) for all n .

Since the function wn − ϕ is upper semicontinuous, it attains a maximum at yn ∈ � ∩ B(y, r), such that, for n big enough, − 2 n < (wn − ϕ)(yn) ≤ −|yn − y|3.

So as n → ∞ yn → y, wn(yn) → ϕ(y) = H∗g(y) > g(y) .

Note that yn ∉ ∂�, because yn ∈ ∂� would imply wn(yn) ≤ g(yn), which gives a contradiction to the continuity of g at y. Therefore, since wn is a subsolution of (10), we have F(yn, wn(yn), Dϕ(yn), D2ϕ(yn)) ≤ 0 , and letting n → ∞ we get F(y, H ∗g(y), Dϕ(y), D2ϕ(y)) ≤ 0 , by the continuity of F.

On the Dirichelet problem 23

REMARK 2. By Proposition 3, if the e-solution Hg of (16) exists, it is a non-continuous viscosity solution of (10) (21) in the sense of Ishii [27]. These solutions, however, are not unique in general. An e-solution satisfies also the Dirichlet problem in the sense that it is a noncontinuous solution of (10) in Ishii’s sense and Hg(x) = g(x) for all x ∈ ∂�, but neither this property characterizes it. We refer to [4] for explicit examples and more details.

REMARK 3. Note that, by Proposition 3, if the e-solution Hg is continuous at all points of ∂�1 with �1 ⊂ �, we can apply the Comparison Principle to the upper and lower semicontinuous envelopes of Hg and obtain that it is continuous in �1. If the equation is uniformly elliptic in �1 we can also apply in �1 the local regularity theory for continuous viscosity solutions developed by Caffarelli [17] and Trudinger [43].

2. Properties of the generalized solutions

2.1. Continuous dependence under uniform convergence of the data

We begin this section by proving a result about continuous dependence of the e-solution on the boundary data of the Dirichlet Problem. It states that the set of resolutive data is closed with respect to uniform convergence. Throughout the paper we denote with → the uniform convergence.

THEOREM 4. Let F : � × R × RN × S(N) → R be continuous and proper, and let gn : ∂� → R be continuous. Assume that {gn}n is a sequence of resolutive data such that gn→g on ∂�. Then g is resolutive and Hg_n →Hg on �.

The proof of this theorem is very similar to the classical one for the Laplace equation [26]. We need the following result:

LEMMA 2. For all c > 0, H (g+c) ≤ H g + c and H (g+c) ≤ H g + c.

Proof. Let

Sc := {w ∈ BU SC(�) : w is subsolution of (10), w ≤ g + c on ∂�} .

Fix u ∈ Sc, and consider the function v(x) = u(x) − c. Since F is proper it is easy to see that v ∈ S. Then

H (g+c) := sup

u∈S_c

u ≤ sup v∈S v + c := H g + c .

of Theorem 4. Fix ϵ > 0, the uniform convergence implies ∃m : ∀n ≥ m: gn − ϵ ≤ g ≤ gn + ϵ. Since gn is resolutive by Lemma 2, we get

Hg_n − ϵ ≤ H (g_n −ϵ) ≤ H g ≤ H (g_n +ϵ) ≤ Hg_n + ϵ .

Therefore Hg_n →H g. The proof that Hg_n →H g, is similar.

24 M. Bardi – S. Bottacin

Next result proves the continuous dependence of e-solutions with respect to the data of the Dirichlet Problem, assuming that the equations Fn are strictly decreasing in r, uniformly in n.

THEOREM 5. Let Fn : � × R × RN × S(N) → R is continuous and proper, g : ∂� → R is continuous. Suppose that ∀n, ∀δ > 0 ∃ϵ such that

Fn(x, r − δ, p, X) + ϵ ≤ Fn(x, r, p, X)

for all (x, r, p, X) ∈ � × R × RN × S(N), and Fn→F on � × R × RN × S(N). Suppose g is resolutive for the problems � Fn(x, u, Du, D2u) = 0 in � , u = g on ∂� .

(22)

Suppose gn : ∂� → R is continuous, gn→g on ∂� and gn is resolutive for the problem � Fn(x, u, Du, D2u) = 0 in � , u = gn on ∂� .

(23)

Then g is resolutive for (16) and H ng_n →Hg, where H ng_n is the e-solution of (23).

Proof. Step 1. For fixed δ > 0 we want to show that there exists m such that for all n ≥ m: |H ng − H g| ≤ δ, where H ng is the e-solution of (22).

We claim that there exists m such that H ng − δ ≤ H g and H g ≤ Hng + δ for all n ≥ m. Then

H ng − δ ≤ H g ≤ H g ≤ H ng + δ = H ng + δ .

This proves in particular H ng →H g and H ng →H g, and then H g = H g, so g is resolutive for (16).

It remains to prove the claim. Let

Sng := {v subsolution of Fn = 0 in �, v ≤ g on ∂�} .

Fix v ∈ Sng , and consider the function u = v − δ. By hypothesis there exists an ϵ such that Fn(x, u(x), p, X) + ϵ ≤ Fn(x, v(x), p, X), for all ( p, X) ∈ J 2,+� u(x). Then using uniform convergence of Fn at F we get

F(x, u(x), p, X) ≤ Fn(x, u(x), p, X) + ϵ ≤ Fn(x, v(x), p, X) ≤ 0 ,

so v is a subsolution of the equation Fn = 0 because J 2,+� v(x) = J 2,+� u(x).

We have shown that for all v ∈ Sng there exists u ∈ S such that v = u + δ, and this proves the claim.

Step 2. Using the argument of proof of Theorem 4 with the problem � Fm (x, u, Du, D2u) = 0 in � , u = gn on ∂� ,

(24)

we see that fixing δ > 0, there exists p such that for all n ≥ p: |H mg_n − Hmg | ≤ δ for all m.

Step 3. Using again arguments of proof of Theorem 4, we see that fixing δ > 0 there exists q such that for all n, m ≥ q: |H mg_n − Hmg_m | ≤ δ.

On the Dirichelet problem 25

Step 4. Now take δ > 0, then there exists p such that for all n, m ≥ p:

|H mg_m − H g| ≤ |H mg_m − H mg_n | + |H mg_n − H mg | + |H mg − H g| ≤ 3δ .

Similarly |H mg_m − H g| ≤ 3δ. But H mg_m = H mg_m , and this complete the proof.

2.2. Continuous dependence under local uniform convergence of the operator

In this subsection we study the continuous dependence of e-solutions with respect to perturbations of the operator, depending on a parameter h, that are not uniform over all � × R × RN × S(N) as they were in Theorem 5, but only on compact subsets of � × R × RN × S(N). A typical example we have in mind is the vanishing viscosity approximation, but similar arguments work for discrete approximation schemes, see [3]. We are able to pass to the limit under merely local perturbations of the operator by approximating � with a nested family of open sets �ϵ, solving the problem in each �ϵ, and then letting ϵ, h go to 0 “with h linked to ϵ” in the following sense.

DEFINITION 4. Let vϵh , u : Y → R, for ϵ > 0, h > 0, Y ⊆ RN . We say that vϵh converges to u as (ϵ, h) ↘ (0, 0) with h linked to ϵ at the point x, and write lim (ϵ,h)↘(0,0) h≤h(ϵ)

vϵh (x) = u(x)

(25)

if for all γ > 0, there exist a function h̃ :]0, +∞[→]0, +∞[ and ϵ > 0 such that |vϵh (y) − u(x)| ≤ γ, for all y ∈ Y : |x − y| ≤ h̃(ϵ)

for all ϵ ≤ ϵ, h ≤ h̃(ϵ).

To justify this definition we note that:

i) it implies that for any x and ϵn ↘ 0 there is a sequence hn ↘ 0 such that vϵ^nh_n (xn) → u(x) for any sequence xn such that |x − xn| ≤ hn, e.g. xn = x for all n, and the same holds for any sequence h′n ≥ hn;

ii) if limh↘0 vϵh(x) exists for all small ϵ and its limit as ϵ ↘ 0 exists, then it coincides with the limit of Definition 4, that is, lim (ϵ,h)↘(0,0) h≤h(ϵ)

vϵh (x) = lim ϵ↘0 lim h↘0 vϵh(x) .

REMARK 4. If the convergence of Definition 4 occurs on a compact set K where the limit u is continuous, then (25) can be replaced, for all x ∈ K and redefining h̃ if necessary, with |vϵh (y) − u(y)| ≤ 2γ, for all y ∈ K : |x − y| ≤ h̃(ϵ) , and by a standard compactness argument we obtain the uniform convergence in the following sense:

DEFINITION 5. Let K be a subset of RN and vϵh, u : K → R for all ϵ, h > 0. We say that vϵh converge uniformly on K to u as (ϵ, h) ↘ (0, 0) with h linked to ϵ if for any γ > 0 there are ϵ > 0 and h̃ :]0, +∞[→]0, +∞[ such that sup K |vϵh − u| ≤ γ

26 M. Bardi – S. Bottacin

for all ϵ ≤ ϵ, h ≤ h̃(ϵ).

The main result of this subsection is the following. Recall that a family of functions vϵh : � → R is locally uniformly bounded if for each compact set K ⊆ � there exists a constant CK such that supK |vϵh | ≤ CK for all h, ϵ > 0. In the proof we use the weak limits in the viscosity sense and the stability of viscosity solutions and of the Dirichlet boundary condition in viscosity sense (21) with respect to such limits.

THEOREM 6. Assume the Comparison Principle holds, Z ≠ ∅ and let u be a continuous subsolution of (16) such that u = g on ∂�. For any ϵ ∈]0, 1], let �ϵ be an open set such that �ϵ ⊆ �, and for h ∈]0, 1] let vϵh be a non-continuous viscosity solution of the problem � Fh (x, u, Du, D2u) = 0 in �ϵ , u(x) = u(x) or Fh(x, u, Du, D2u) = 0 on ∂�ϵ ,

(26)

where Fh : �ϵ × R × RN × S(N) → R is continuous and proper. Suppose {vϵh} is locally uniformly bounded, vϵh ≥ u in �, and extend vϵh := u in � \ �ϵ. Finally assume that Fh converges uniformly to F on any compact subset of � × R × RN × S(N) as h ↘ 0, and �ϵ ⊇ �δ if ϵ < δ, � 0<ϵ≤1 �ϵ = �.

Then vϵh converges to the e-solution Hg of (16) with h linked to ϵ, that is, (25) holds for all x ∈ �; moreover the convergence is uniform (as in Def. 5) on any compact subset of � where Hg is continuous.

Proof. Note that the hypotheses of Theorem 3 are satisfied, so the e-solution Hg exists. Consider the weak limits

vϵ (x) := lim inf h↘0 ∗v ϵ h (x) := sup δ>0 inf{vϵh (y) : |x − y| < δ, 0 < h < δ} ,

vϵ (x) := lim sup h↘0 ∗vϵh (x) := inf δ>0 sup{vϵh(y) : |x − y| < δ, 0 < h < δ} .

By a standard result in the theory of viscosity solutions, see [10, 18, 8, 4], vϵ and vϵ are respectively supersolution and subsolution of � F(x, u, Du, D2u) = 0 in �ϵ , u(x) = u(x) or F(x, u, Du, D2u) = 0 on ∂�ϵ .

(27)

We claim that vϵ is also a subsolution of (16). Indeed vϵh ≡ u in � \ �ϵ, so vϵ ≡ u in the interior of � \ �ϵ and then in this set it is a subsolution. In �ϵ we have already seen that vϵ = (vϵ)∗ is a subsolution. It remains to check what happens on ∂�ϵ. Given x̂ ∈ ∂�ϵ, we must prove that for all ( p, X) ∈ J 2,+� vϵ(x̂) we have

Fh(x̂, vϵ(x̂), p, X) ≤ 0 .

(28)

1st Case: vϵ(x̂) > u(x̂). Since vϵ satisfies the boundary condition on ∂�ϵ of problem (27), then for all ( p, X) ∈ J 2,+�_ϵ vϵ(x̂) (28) holds. Then the same inequality holds for all ( p, X) ∈ J 2,+� vϵ(x̂) as well, because J 2,+� vϵ(x̂) ⊆ J 2,+�_ϵ vϵ (x̂).

2nd Case: vϵ(x̂) = u(x̂). Fix ( p, X) ∈ J 2,+� vϵ(x̂), by definition

vϵ(x) ≤ vϵ(x̂) + p · (x − x̂) + 1 2 X (x − x̂) · (x − x̂) + o(|x − x̂|2)

On the Dirichelet problem 27

for all x → x̂. Since vϵ ≥ u and vϵ(x̂) = u(x̂), we get

u(x) ≤ u(x̂) + p · (x − x̂) + 1 2 X (x − x̂) · (x − x̂) + o(|x − x̂|2) ,

that is ( p, X) ∈ J 2,+� u(x̂). Now, since u is a subsolution, we conclude

F(x̂, vϵ(x̂), p, X) = F(x̂, u(x̂), p, X) ≤ 0 .

We now claim that

uϵ ≤ vϵ ≤ vϵ ≤ Hg in � ,

(29)

where uϵ is defined by (20). Indeed, since vϵ is a supersolution in �ϵ and vϵ ≥ u, by the Comparison Principle vϵ ≥ w in �ϵ for any w ∈ S such that w = u on ∂�ϵ. Moreover vϵ ≡ u on �\�ϵ, so we get vϵ ≥ uϵ in �. To prove the last inequality we note that Hg is a supersolution of (16) by Theorem 3, which implies vϵ ≤ Hg by Comparison Principle.

Now fix x ∈ �, ϵ > 0, γ > 0 and note that, by definition of lower weak limit, there exists h = h(x, ϵ, γ ) > 0 such that

vϵ(x) − γ ≤ vϵh (y)

for all h ≤ h and y ∈ � ∩ B(x, h). Similarly there exists k = k(x, ϵ, γ ) > 0 such that

vϵh (y) ≤ vϵ(x) + γ

for all h ≤ k and y ∈ � ∩ B(x, k). From Remark 1, we know that Hg = supϵ uϵ , so there exists ϵ such that

Hg(x) − γ ≤ uϵ(x), for all ϵ ≤ ϵ .

Then, using (29), we get

Hg(x) − 2γ ≤ vϵh(y) ≤ Hg(x) + γ

for all ϵ ≤ ϵ, h ≤ h̃ := min{h, k} and y ∈ � ∩ B(x, h̃), and this completes the proof.

REMARK 5. Theorem 6 applies in particular if vϵh are the solutions of the following vanishing viscosity approximation of (10) � −h�v + F(x, v, Dv, D2v) = 0 in �ϵ , v = u on ∂�ϵ .

(30)

Since F is degenerate elliptic, the PDE in (30) is uniformly elliptic for all h > 0. Therefore we can choose a family of nested �ϵ with smooth boundary and obtain that the approximating vϵh are much smoother than the e-solution of (16). Indeed (30) has a classical solution if, for instance, either F is smooth and F(x, ·, ·, ·) is convex, or the PDE (10 is a Hamilton-Jacobi- Bellman equation (3 where the linear operators Lα have smooth coefficients, see [21, 24, 31]. In the nonconvex case, under some structural assumptions, the continuity of the solution of (30) follows from a barrier argument (see, e.g., [5]), and then it is twice differentiable almost everywhere by a result in [43], see also [17].

28 M. Bardi – S. Bottacin

2.3. Continuous dependence under increasing approximation of the domain

In this subsection we prove the continuity of the e-solution of (16) with respect to approximations of the domain � from the interior. Note that, if vϵh = vϵ for all h in Theorem 6, then vϵ(x) → Hg(x) for all x ∈ � as ϵ ↘ 0. This is the case, for instance, if vϵ is the unique e-solution of � F(x, u, Du, D2u) = 0 in �ϵ , u = u on ∂�ϵ ,

by Proposition 3. The main result of this subsection extends this remark to more general approximations of � from the interior, where the condition �ϵ ⊆ � is dropped. We need first a monotonicity property of e-solutions with respect to the increasing of the domain.

LEMMA 3. Assume the Comparison Principle holds and let �1 ⊆ �2 ⊆ RN , H 1g , respectively H 2g , be the e-solution in �1, respectively �2, of the problem � F(x, u, Du, D2u) = 0 in �i , u = g on ∂�i ,

(31)

with g : �2 → R continuous and subsolution of (31) with i = 2. If we define

H̃ 1g (x) = � H 1g (x) if x ∈ �1 g(x) if x ∈ �2 \ �1 ,

then H 2g ≥ H̃ 1g in �2.

Proof. By definition of e-solution H 2g ≥ g in �2, so H 2g is also supersolution of (31) in �1. Therefore H 2g ≥ H 1g in �1 because H 1g is the smallest supersolution in �1, and this completes the proof.

THEOREM 7. Assume that the hypotheses of Theorem 3 i) hold with u continuous and � bounded. Let {�n} be a sequence of open subsets of �, such that �n ⊆ �n+1 and � n �n = �.

Let un be the e-solution of the problem � F(x, u, Du, D2u) = 0 in �n , u = u on ∂�n .

(32)

If we extend un := u in � \ �n, then un(x) ↗ Hg(x) for all x ∈ �, where Hg is the e-solution of (16).

Proof. Note that for all n there exists an ϵn > 0 such that �ϵ_n = {x ∈ � : dist (x, ∂�) ≥ ϵn} ⊆ �n. Consider the e-solution uϵ_n of problem � F(x, u, Du, D2u) = 0 in �ϵ_n , u = u on ∂�ϵ_n .

If we set uϵ_n ≡ u in �\�ϵ_n , by Theorem 6 we get uϵ_n → Hg in �, as remarked at the beginning of this subsection. Finally by Lemma 3 we have Hg ≥ un ≥ uϵ_n in �, and so un → Hg in �.

On the Dirichelet problem 29

REMARK 6. If ∂� is not smooth and F is uniformly elliptic Theorem 7 can be used as an approximation result by choosing �n with smooth boundary. In fact, under some structural assumptions, the solution un of (32) turns out to be continuous by a barrier argument (see, e.g., [5]), and then it is twice differentiable almost everywhere by a result in [43], see also [17]. If, in addition, F is smooth and F(x, ·, ·, ·) is convex, or the PDE (10) is a HJB equation (3) where the linear operators Lα have smooth coefficients, then un is of class C2, see [21, 24, 31, 17] and the references therein. The Lipschitz continuity of un holds also if F is not uniformly elliptic but it is coercive in the p variables.

2.4. Continuity at the boundary

In this section we study the behavior of the e-solution at boundary points and characterize the points where the boundary data are attained continuously by means of barriers.

PROPOSITION 4. Assume that hypothesis i) (respectively ii)) of Theorem 2 holds. Then the e-solution Hg of (16) takes up the boundary data g continuously at x0 ∈ ∂�, i.e. limx→x_0 Hg(x) = g(x0), if and only if there is an upper (respectively lower) barrier at x0 (see Definition 3).

Proof. The necessity is obvious because Theorem 2 i) implies that Hg ∈ Z, so Hg is an upper barrier at x if it attains continuously the data at x.

Now we assume W is an upper barrier at x. Then W ≥ Hg, because W ∈ Z and Hg is the minimal element of Z. Therefore

g(x) ≤ Hg(x) ≤ lim inf y→x Hg(y) ≤ lim sup y→x Hg(y) ≤ lim y→x W (y) = g(x) ,

so limy→x Hg(y) = g(x) = Hg(x).

In the classical theory of linear elliptic equations, local barriers suffice to characterize boundary continuity of weak solutions. Similar results can be proved in our fully nonlinear context. Here we limit ourselves to a simple result on the Dirichlet problem with homogeneous boundary data for the Isaacs equation � � � sup α inf β {−aα,βij ux_i x_j + bα,βi ux_i + cα,β u − f α,β } = 0 in � ,

u = 0 on ∂� .

(33)

DEFINITION 6. We say that W ∈ B L SC(B(x0, r) ∩ �) with r > 0 is an upper local barrier for problem (33) at x0 ∈ ∂� if

i) W ≥ 0 is a supersolution of the PDE in (33) in B(x0, r) ∩ �,

ii) W (x0) = 0, W (x) ≥ μ > 0 for all |x − x0| = r,

iii) W is continuous at x0.

PROPOSITION 5. Assume the Comparison Principle holds for (33), f α,β ≥ 0 for all α, β, and let Hg be the e-solution of problem (33). Then Hg takes up the boundary data continuously at x0 ∈ ∂� if and only if there exists an upper local barrier W at x0.

30 M. Bardi – S. Bottacin

Proof. We recall that Hg exists because the function u ≡ 0 is a lower barrier for all points x ∈ ∂� by the fact that f α,β ≥ 0, and so we can apply Theorem 2. Consider a supersolution w of (33). We claim that the function V defined by

V (x) = � ρW (x) ∧ w(x) if x ∈ B(x0, r) ∩ � , w(x) if x ∈ � \ B(x0, r) ,

is an upper barrier at x0 for ρ > 0 large enough. It is easy to check that ρW is a supersolution of (33) in B(x0, r) ∩ �, so V is a supersolution in B(x0, r) ∩ � (by Proposition 1) and in � \ B(x0, r). Since w is bounded, by property ii) in Definition 6, we can fix ρ and ϵ > 0 such that V (x) = w(x) for all x ∈ � satisfying r − ϵ < |x − x0| ≤ r. Then V is supersolution even on ∂ B(x0, r) ∩ �. Moreover it is obvious that V ≥ 0 on ∂� and V (x0) = 0. We have proved that V is supersolution of (33) in �.

It remains to prove that limx→x_0 V (x) = 0. Since the constant 0 is a subsolution of (33) and w is a supersolution, we have w ≥ 0. Then we reach the conclusion by ii) and iii) of Definition 6.

EXAMPLE 3. We construct an upper local barrier for (33) under the assumptions of Proposition 5 and supposing in addition

∂� is C2 in a neighbourhood of x0 ∈ ∂� ,

there exists an α∗ such that for all β either

aα^∗,βij (x0)ni (x0)n j (x0) ≥ c > 0

(34) or −aα^∗,βij (x0)dx_i x_j (x0) + bα^∗,βi (x0)ni (x0) ≥ c > 0

(35)

where n denotes the exterior normal to � and d is the signed distance from ∂�

d(x) = � dist (x, ∂�) if x ∈ � , −dist (x, ∂�) if x ∈ RN \ � .

Assumptions (34) and (35) are the natural counterpart for Isaacs equation in (33) of the conditions for boundary regularity of solutions to linear equations in Chapt. 1 of [37]. We claim that

W (x) = 1 − e−δ(d(x)+λ|x−x^0|^2)

is an upper local barrier at x0 for a suitable choice of δ, λ > 0. Indeed it is easy to compute

−aα,βij (x0)Wx_i x_j (x0) + bα,βi (x0)Wx_i (x0) + cα,β (x0)W (x0) − f α,β (x0) =

−δaα,βij (x0)dx_i x_j (x0) + δ2aα,βij (x0)dx_i (x0)dx_j (x0) + δbα,βi (x0)dx_i (x0)

−2δλTr [aα,β (x0)] − f α,β (x0) .

Next we choose α∗ as above and assume first (34). In this case, since the coefficients are bounded and continuous and d is C2, we can make W a supersolution of the PDE in (33) in a neighborhood of x0 by taking δ large enough. If, instead, (35) holds, we choose first λ small and then δ large to get the same conclusion.

On the Dirichelet problem 31

3. Applications to Optimal Control

3.1. A deterministic minimum-time problem

Our first example of application of the previous theory is the time-optimal control of nonlinear deterministic systems with a closed and nonempty target � ⊂ RN . For this minimum-time problem we prove that the lower semicontinuous envelope of the value function is the e-solution of the associated Dirichlet problem for the Bellman equation. This result can be also found in [7] and [4], but we give here a different and simpler proof. Consider the system � y′(t) = f (y(t), a(t)) t > 0 , y(0) = x ,

(36)

where a ∈ A := {a : [0, ∞) → A measurable} is the set of admissible controls, with

A a compact space, f : RN × A → RN continuous ∃L > 0 such that ( f (x, a) − f (y, a)) · (x − y) ≤ L|x − y|2 ,

(37)

for all x, y ∈ RN , a ∈ A. Under these assumptions, for any a ∈ A there exists a unique trajectory of the system (36) defined for all t, that we denote yx (t, a) or yx (t). We also define the minimum time for the system to reach the target using the control a ∈ A:

tx (a) := � inf{t ≥ 0 : yx (t, a) ∈ �} , if {t ≥ 0 : yx (t, a) ∈ �} ≠ ∅ , +∞ otherwise .

The value function for this problem, named minimum time function, is

T (x) = inf a∈A tx (a), x ∈ RN .

Consider now the Kruzkov transformation of the minimum time

v(x) := � 1 − e−T (x) , if T (x) < ∞ , 1 , otherwise .

The new unknown v is itself the value function of a time-optimal control problem with a discount factor, and from its knowledge one recovers immediately the minimum time function T . We remark that in general v has no continuity properties without further assumptions; however, it is lower semicontinuous if f (x, A) is a convex set for all x, so in such a case v = v∗ (see, e.g., [7, 4]).

The Dirichlet problem associated to v by the Dynamic Programming method is � v + H(x, Dv) = 0 , in RN \ � , v = 0 , in ∂� ,

(38)

where

H(x, p) := max a∈A {− f (x, a) · p} − 1 .

A Comparison Principle for this problem can be found, for instance, in [4].

THEOREM 8. Assume (37). Then v∗ is the e-solution and the minimal supersolution of (38).

32 M. Bardi – S. Bottacin

Proof. Note that by (37) and the fact that w ≡ 0 is a subsolution of (38), the hypotheses of Theorem 3 are satisfied, so the e-solution exists and it is a supersolution. It is well known that v∗ is a supersolution of v + H(x, Dv) = 0 in RN \ �, see, e.g., [28, 8, 4]; moreover v∗ ≥ 0 on ∂�, so v∗ is a supersolution of (38). In order to prove that v∗ is the lower e-solution we construct a sequence of subsolutions of (38) converging to v∗.

Fix ϵ > 0, and consider the set

�ϵ := {x ∈ RN : dist (x, ∂�) ≤ ϵ} ,

let Tϵ be the minimum time function for the problem with target �ϵ, and vϵ its Kruzkov transformation. By standard results [28, 8, 4] vϵ is a non-continuous viscosity solution of � v + H(x, Dv) = 0 , in RN \ �ϵ , v = 0 or v + H(x, Dv) = 0 , in ∂�ϵ .

With the same argument we used in Theorem 6, we can see that v∗ϵ is a subsolution of (38). We define

u(x) := sup ϵ v∗ϵ (x)

and will prove that u = v∗.

By the Comparison Principle v∗ϵ ≤ v∗ for all ϵ > 0, then u(x) ≤ v∗(x). To prove the opposite inequality we observe it is obvious in � and assume by contradiction there exists a point x̂ ∉ � such that: sup ϵ vϵ (x̂) ≤ sup ϵ v∗ϵ (x̂) < v∗(x̂) .

(39)

Consider first the case v∗(x̂) < 1, that is, T∗(x̂) < +∞. Then there exists δ > 0 such that

T ∗ϵ (x̂) < T∗(x̂) − δ < +∞, for all ϵ > 0 .

(40)

By definition of minimum time, for all ϵ there is a control aϵ such that

tϵ̂x (aϵ ) ≤ Tϵ (x̂) + δ 2 < +∞ .

(41)

Let zϵ ∈ �ϵ be the point reached at time tϵ̂x (aϵ) by the trajectory starting from x̂, using control aϵ . By standard estimates on the trajectories, we have for all ϵ

|zϵ | = |yx̂ (tϵ̂x (aϵ))| ≤ � |x̂| + � 2MT (x̂) � eMT (x̂) ,

where M := L + sup{| f (0, a)| : a ∈ A}. So, for some R > 0, zϵ ∈ B(0, R) for all ϵ. Then we can find subsequences such that

zϵ_n → z ∈ ∂�, tn := tϵ^nx̂ (aϵ_n ) → t, as n → ∞ .

(42)

From this, (40) and (41) we get

t < T∗(x̂) − δ 2 . (43)

On the Dirichelet problem 33

Let yϵ_n be the solution of the system � y′ = f (y, aϵ_n ) t < tn , y(tx̂ (aϵ_n )) = z ,

that is, the trajectory moving backward from z using control aϵ_n , and set xn := yϵ_n (0). In order to prove that xn → x̂ we consider the solution yϵ_n of � y′ = f (y, aϵ_n ) t < tn , y(tn) = zϵ_n ,

that is, the trajectory moving backward from zϵ_n and using control aϵ_n . Note that yϵ_n (0) = x̂. By differentiating |yϵ_n − yϵ_n |2, using (37) and then integrating we get, for all t < tn,

|yϵ_n (t) − yϵ_n (t)|2 ≤ |zϵ_n − z|2 +

� t_n t 2L|yϵ_n (s) − yϵ_n (s)|2ds .

Then by Gronwall’s lemma, for all t < tn,

|yϵ_n (t) − yϵ_n (t)| ≤ |zϵ_n − z|eL(t^n −t) ,

which gives, for t = 0,

|x̂ − xn| ≤ |zϵ_n − z|eLt^n .

By letting n → ∞, we get that xn → x̂.

By definition of minimum time T (xn) ≤ tn, so letting n → ∞ we obtain T∗(x̂) ≤ t, which gives the desired contradiction with (43).

The remaining case is v∗(x̂) = 1. By (39) T ∗ϵ (x̂) ≤ K < +∞ for all ϵ. By using the previous argument we get (42) with t < +∞ and T∗(x̂) ≤ t. This is a contradiction with T∗(x̂) = +∞ and completes the proof.

3.2. Maximizing the mean escape time of a degenerate diffusion process

In this subsection we study a stochastic control problem having as a special case the problem of maximizing the expected discounted time spent by a controlled diffusion process in a given open set � ⊆ RN . A number of engineering applications of this problem are listed in [19], where, however, a different cost criterion is proposed and a nondegeneracy assumption is made on the diffusion matrix. We consider a probability space (�′, F, P) with a right-continuous increasing filtration of complete sub-σ fields {Ft }, a Brownian motion Bt in RM Ft -adapted, a compact set A, and call A the set of progressively measurable processes αt taking values in A. We are given bounded and continuous maps σ from RN × A into the set of N × M matrices and b : RN × A → RN satisfying (14), (15) and consider the controlled stochastic differential equation

(S DE) � d Xt = σ α^t (Xt )d Bt − bα^t (Xt )dt , t > 0 , X0 = x .

For any α. ∈ A (S DE) has a pathwise unique solution Xt which is Ft -progressively measurable and has continuous sample paths. We are given also two bounded and uniformly continuous

34 M. Bardi – S. Bottacin

maps f, c : RN × A → R, cα(x) ≥ c0 > 0 for all x, α, and consider the payoff functional

J (x, α.) := E � t_x (α_.) 0 f α^t (Xt )e−

�_t 0 c^{αs} (X_s ) dsdt � , where E denotes the expectation and

tx (α.) := inf{t ≥ 0 : Xt ∉ �} ,

where, as usual, tx (α.) = +∞ if Xt ∈ � for all t ≥ 0. We want to maximize this payoff, so we consider the value function

v(x) := sup

α_.∈A

J (x, α.) .

Note that for f = c ≡ 1 the problem becomes the maximization of the mean discounted time E(1 − e−t^x (α^.)) spent by the trajectories of (S DE) in �.

The Hamilton-Jacobi-Bellman operator and the Dirichlet problem associated to v by the Dynamic Programming method are

F(x, u, Du, D2u) := min α∈A {−aαij (x)ux_i x_j + bα(x) · Du + cα (x)u − f α(x)} ,

where the matrix (aij ) is 12 σ σ T , and � F(x, u, Du, D2u) = 0 in � , u = 0 on ∂� ,

(44)

see, for instance, [40, 35, 36, 22, 32] and the references therein. The proof that the value function satisfies the Hamilton-Jacobi-Bellman PDE is based on the Dynamic Programming Principle

v(x) = sup

α_.∈A E � θ∧t_x 0 f α^t (Xt )e−

�_t 0 c^{αs} (X_s ) dsdt + v(X θ∧t_x )e − �_{θ∧tx} 0 c^{αs} (X_s ) ds � , (45)

where tx = tx (α.), for all x ∈ � and all Ft -measurable stopping times θ. Although the DPP (45) is generally believed to be true under the current assumptions (see, e.g., [35]), we were able to find its proof in the literature only under some additional conditions, such as the convexity of the set

{(aα(x), bα (x), f α(x), cα(x)) : α ∈ A}

for all x ∈ �, see [20] (this is true, in particular, when relaxed controls are used), or the independence of the variance of the noise from the control [15], i.e., σ α(x) = σ (x) for all x, or the continuity of v [35]. As recalled in Subsection 1.1 a Comparison Principle for (44) can be found in [29], see also [18] and the references therein.

In order to prove that v is the e-solution of (44), we approximate � with a nested family of open sets with the properties

�ϵ ⊆ �, ϵ ∈]0, 1], �ϵ ⊇ �δ for ϵ < δ, � ϵ �ϵ = � .

(46)

For each ϵ > 0 we call vϵ the value function of the same control problem with tx replaced with

tϵx (α.) := inf{t ≥ 0 : Xt ∉ �ϵ}

On the Dirichelet problem 35

in the definition of the payoff J . In the next theorem we assume that each vϵ satisfies the DPP (45) with tx replaced with tϵx .

Finally, we make the additional assumption

f α(x) ≥ 0 for all x ∈ �, α ∈ A .

(47)

which ensures that u ≡ 0 is a subsolution of (44). The main result of this subsection is the following.

THEOREM 9. Under the previous assumptions the value function v is the e-solution and the minimal supersolution of (44), and

v = sup

0<ϵ≤1

vϵ = lim ϵ↘0 vϵ .

Proof. Note that vϵ is nondecreasing as ϵ ↘ 0, so limϵ↘0 vϵ exists and equals the sup. By Theorem 3 with g ≡ 0, u ≡ 0, there exists the e-solution H0 of (44). We consider the functions uϵ defined by (20) and claim that

u2ϵ ≤ (vϵ)∗ ≤ v∗ϵ ≤ H0 .

Then

H0 = sup

0<ϵ≤1

vϵ ,

(48)

because H0 = supϵ u2ϵ by Remark 1. We prove the claim in three steps.

Step 1. By standard methods [35, 9], the Dynamic Programming Principle for vϵ implies that vϵ is a non-continuous viscosity solution of the Hamilton-Jacobi-Bellman equation F = 0 in �ϵ and v∗ϵ is a viscosity subsolution of the boundary condition

u = 0 or F(x, u, Du, D2u) = 0 on ∂�ϵ ,

(49)

as defined in Subsection 1.3.

Step 2. Since (vϵ )∗ is a supersolution of the PDE F = 0 in �ϵ and (vϵ )∗ ≥ 0 on ∂�ϵ , the Comparison Principle implies (vϵ)∗ ≥ w for any subsolution w of (44) such that w = 0 on ∂�ϵ. Since ∂�ϵ ⊆ � \ �2ϵ by (46), we obtain u2ϵ ≤ vϵ∗ by the definition (20) of u2ϵ.

Step 3. We claim that v∗ϵ is a subsolution of (44). In fact we noted before that it is a subsolution of the PDE in �ϵ, and this is true also in � \ �ϵ where v∗ϵ ≡ 0 by (47), whereas the boundary condition is trivial. It remains to check the PDE at all points of ∂�ϵ. Given x̂ ∈ ∂�ϵ, we must prove that for all ϕ ∈ C2(�) such that v∗ϵ − ϕ attains a local maximum at x̂, we have

F(x̂, v∗ϵ (x̂), Dϕ(x̂), D2ϕ(x̂)) ≤ 0 .

(50)

1st Case: v∗ϵ (x̂) > 0. Since v∗ϵ satisfies (49), for all ϕ ∈ C2(�ϵ) such that v∗ϵ − ϕ attains a local maximum at x̂ (50) holds. Then the same inequality holds for all ϕ ∈ C2(�) as well.

2nd Case: v∗ϵ (x̂) = 0. Since v∗ϵ − ϕ attains a local maximum at x̂, for all x near x̂ we have

v∗ϵ (x) − v∗ϵ (x̂) ≤ ϕ(x) − ϕ(x̂) .

By Taylor’s formula for ϕ at x̂ and the fact that v∗ϵ (x) ≥ 0, we get

Dϕ(x̂) · (x − x̂) ≥ o(|x − x̂|) ,

36 M. Bardi – S. Bottacin

and this implies Dϕ(x̂) = 0. Then Taylor’s formula for ϕ gives also

(x − x̂) · D2ϕ(x̂)(x − x̂) ≥ o(|x − x̂|2) ,

and this implies D2ϕ(x̂) ≥ 0, as it is easy to check. Then

F(x̂, v∗ϵ (x̂), Dϕ(x̂), D2ϕ(x̂)) = F(x̂, 0, 0, D2ϕ(x̂)) ≤ 0

because aα ≥ 0 and f α ≥ 0 for all x and α. This completes the proof that v∗ϵ is a subsolution of (44). Now the Comparison Principle yields v∗ϵ ≤ H0, since H0 is a supersolution of (44).

It remains to prove that v = sup0<ϵ≤1 vϵ . To this purpose we take a sequence ϵn ↘ 0 and define

Jn(x, α.) := E � t^{ϵn}_x (α_.) 0 f α^t (Xt )e−

�_t 0 c^{αs} (X_s ) dsdt � . We claim that lim n Jn(x, α.) = sup n Jn(x, α.) = J (x, α.) for all α. and x .

The monotonicity of tϵ^nx follows from (46) and it implies the monotonicity of Jn by (47). Let

τ := sup n tϵ^nx (α.) ≤ tx (α.) ,

and note that tx (α.) = +∞ if τ = +∞. In the case τ < +∞, Xt ϵn_x ∈ ∂�ϵ_n implies Xτ ∈ ∂�, so τ = tx (α.) again. This and (47) yield the claim by the Lebesgue monotone convergence theorem. Then

v(x) = sup

α_. sup n Jn(x, α.) = sup n sup α_.

Jn(x, α.) = sup n vϵ_n = sup ϵ vϵ ,

so (48) gives v = H0 and completes the proof.

REMARK 7. From Theorem 9 it is easy to get a Verification theorem by taking the supersolutions of (44) as verification functions. We consider a presynthesis α(x), that is, a map α(·) : � → A, and say it is optimal at xo if J (xo, α(x^o)) = v(xo). Then Theorem 9 gives immediately the following sufficient condition of optimality: if there exists a verification function W such that W (xo) ≤ J (xo, α(x^o)), then α(·) is optimal at xo; moreover, a characterization of global optimality is the following: α(·) is optimal in � if and only if J (·, α(·)) is a verification function.

REMARK 8. We can combine Theorem 9 with the results of Subsection 2.2 to approximate the value function v with smooth value functions. Consider a Brownian motion B̃t in RN Ft - adapted and replace the stochastic differential equation in (SDE) with

d Xt = σ α^t (Xt )d Bt − bα^t (Xt )dt + √ 2h d B̃t , t > 0 ,

for h > 0. For a family of nested open sets with the properties (46) consider the value function vϵh of the problem of maximizing the payoff functional J with tx replaced with tϵx . Assume for simplicity that aα , bα, cα, f α are smooth (otherwise we can approximate them by mollification). Then vϵh is the classical solution of (30), where F is the HJB operator of this subsection and u ≡ 0, by the results in [21, 24, 36, 31], and it is possible to synthesize an optimal Markov control policy for the problem with ϵ, h > 0 by standard methods (see, e.g., [22]). By Theorem 6 vϵh converges to v as ϵ, h ↘ 0 with h linked to ϵ.

On the Dirichelet problem 37

References

[1] BARDI M., BOTTACIN S., Discontinuous solution of degenerate elliptic boundary value problems, Preprint 22, Dip. di Matematica P. e A., Università di Padova, 1995.

[2] BARDI M., BOTTACIN S., Characteristic and irrelevant boundary points for viscosity solutons of nonlinear degenerate elliptic equations, Preprint 25, Dip. di Matematica P. e A., Università di Padova, 1998.

[3] BARDI M., BOTTACIN S., FALCONE M., Convergence of discrete schemes for discontinuous value functions of pursuit-evasion games, in “New Trends in Dynamic Games and Applications”, G .J. Olsder ed., Birkhäuser, Boston 1995, 273–304.

[4] BARDI M., CAPUZZO-DOLCETTA I., Optimal control and viscosity solutions of Hamilton- Jacobi-Bellman equations, Birkhäuser, Boston 1997.

[5] BARDI M., CRANDALL M., EVANS L. C., SONER H. M., SOUGANIDIS P. E., Viscosity solutions and applications, I. Capuzzo Dolcetta and P.-L. Lions eds., Springer Lecture Notes in Mathematics 1660, Berlin 1997.

[6] BARDI M., GOATIN P., ISHII H., A Dirichlet type problem for nonlinear degenerate elliptic equations arising in time-optimal stochastic control, Preprint 1, Dip. di Matematica P. e A., Università di Padova, 1998, to appear in Adv. Math. Sci. Appl.

[7] BARDI M., STAICU V., The Bellman equation for time-optimal control of noncontrollable, nonlinear systems, Acta Appl. Math. 31 (1993), 201–223.

[8] BARLES G., Solutions de viscosité des equations de Hamilton-Jacobi, Springer-Verlag, 1994.

[9] BARLES G., BURDEAU J., The Dirichlet problem for semilinear second-order degenerate elliptic equations and applications to stochastic exit time control problems, Comm. Partial Differential Equations 20 (1995), 129–178.

[10] BARLES G., PERTHAME B., Discontinuous solutions of deterministic optimal stopping time problems, RAIRO Modél. Math. Anal. Numér 21 (1987), 557–579.

[11] BARRON E. N., JENSEN R., Semicontinuous viscosity solutions of Hamilton-Isaacs equation with convex Hamiltonians, Comm. Partial Differential Equations 15 (1990), 1713– 1742.

[12] BERESTYCKI H., NIRENBERG L., VARADHAN S. R. S., The Principal Eigenvalue and Maximum Principle for Second-Order Elliptic Operators in General Domains, Comm. Pure App. Math. XLVII (1994), 47–92.

[13] BETTINI P., Problemi di Cauchy per equazioni paraboliche degeneri con dati discontinui e applicazioni al controllo e ai giochi differenziali, Thesis, Università di Padova, 1998.

[14] BLANC A.-PH., Deterministic exit time control problems with discontinuous exit costs, SIAM J. Control Optim. 35 (1997), 399–434.

[15] BORKAR V. S., Optimal control of diffusion processes, Pitman Research Notes in Mathematics Series 203, Longman, Harlow 1989.

[16] BRELOT M., Familles de Perron et problème de Dirichlet, Acta Litt. Sci. Szeged 9 (1939), 133–153.

[17] CAFFARELLI L. A., CABRÉ X., Fully nonlinear elliptic equations, Amer. Math. Soc., Providence, RI, 1995.

38 M. Bardi – S. Bottacin

[18] CRANDALL M. C., ISHII H., LIONS P. L., User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992), 1–67.

[19] DUPUIS P., MCENEANEY W. M., Risk-sensitive and robust escape criteria, SIAM J. Control Optim. 35 (1997), 2021–2049.

[20] EL KAROUI N., HU̇U̇ NGUYEN D., JEANBLANC-PICQUÉ M., Compactification methods in the control of degenerate diffusions: existence of an optimal control, Stochastics 20 (1987), 169–219.

[21] EVANS L. C., Classical solutions of the Hamilton-Jacobi-Bellman equation for uniformally elliptic operators, Trans. Amer. Math. Soc. 275 (1983), 245–255.

[22] FLEMING W. H., SONER H. M., Controlled Markov Process and Viscosity Solutions, Springer-Verlag, New York 1993.

[23] FREIDLIN M., Functional integration and partial differential equations, Princeton University Press, Princeton 1985.

[24] GILBARG D., TRUDINGER N. S., Elliptic Partial Differential Equations of Second Order, 2nd ed. Springer-Verlag, Berlin 1983.

[25] HEINONEN J., KILPELÄINEN T., MARTIO O., Nonlinear Potential Theory of Degenerate Elliptic Equations, Oxford Science Publications, Clarendon Press, Oxford 1993.

[26] HELMS L. L., Introduction to Potential Theory, Wiley-Interscience, New York 1969.

[27] ISHII H., Perron’s method for Hamilton-Jacobi equations, Duke Math. J. 55 (1987), 369– 384.

[28] ISHI H., A boundary value problem of the Dirichlet type for Hamilton-Jacobi equations, Ann. Scuola Norm. Sup. Pisa 16 (1986), 105–135.

[29] JENSEN R., Uniqueness criteria for viscosity solutions of fully nonlinear elliptic partial differential equations, Indiana Univ. Math. J. 38 (1989), 629–667.

[30] KELLOGG O. D., Foundations of Potential Theory, Verlag-Springer, Berlin 1929.

[31] KRYLOV N. V., Nonlinear Elliptic and Parabolic Equations of the Second Order, D. Reidel Publishing Company, Dordrecht 1987.

[32] KRYLOV N. V., Smoothness of the payoff function for a controllable process in a domain, Math. USSR-Izv. 34 (1990), 65–95.

[33] KRYLOV N. V., Lectures on elliptic and parabolic equations in Hölder spaces, Graduate Studies in Mathematics, 12, American Mathematical Society, Providence, RI, 1996.

[34] LIONS P. L., Generalized solutions of Hamilton-Jacobi equations, Pitman, Boston 1982.

[35] LIONS P. L., Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations. Part 1: The dynamic programming principle and applications, Part 2: Viscosity solutions and uniqueness, Comm. Partial. Differential Equations 8 (1983), 1101–1174 and 1229–1276.

[36] LIONS P.-L., Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations. III - Regularity of the optimal cost function, in “Nonlinear partial differential equations and applications”, Collège de France seminar, Vol. V (Paris 1981/1982), 95–205, Res. Notes in Math., 93, Pitman, Boston, Mass.-London 1983.

[37] OLEINIK O. A., RADKEVIC E. V., Second order equations with nonnegative characteristic form, Plenum Press, New York 1973.

On the Dirichelet problem 39

[38] RAMASWAMY M., RAMASWAMY S., Perron’s method and barrier functions for the viscosity solutions of the Dirichlet problem for some nonlinear partial differential equations, Z. Anal. Anwendungen 13 (1994), 199–207.

[39] SORAVIA P., Discontinuous viscosity solutions to Dirichlet problems for Hamilton-Jacobi equations with convex Hamiltonians, Comm. Partial Diff. Equations 18 (1993), 1493–1514.

[40] STROOCK D., VARADHAN S. R. S., On Degenerate Elliptic-Parabolic Operators of Second Order and Their Associated Diffusions, Comm. Pure App. Math. XXV (1972), 651– 713.

[41] SUBBOTIN A. I., Discontinuous solutions of a Dirichlet type boundary value problem for first order P.D.E., Russian Numer. Anal. Math. Modelling J. 8 (1993), 145–164.

[42] SUBBOTIN A. I., Generalized solutions of first order PDEs: The Dynamic Optimization Perspective, Birkhäuser, Boston 1995.

[43] TRUDINGER N. S., On the twice differentiability of viscosity solutions of nonlinear elliptic equations, Bull. Austral. Math. Soc. 39 (1989), 443–447.

[44] WIENER N., Certain notions in Potential Theory, J. Math. Phys. (M.I.T.) 3 (1924), 24–51.

[45] WIENER N., Note on a paper of O. Perron, J. Math. Phys. (M.I.T.) 4 (1925), 21–32.

AMS Subject Classification: ???.

Martino BARDI, Sandra BOTTACIN Dipartimento di Matematica P. e A. Università di Padova via Belzoni 7, I-35131 Padova, Italy

40 M. Bardi – S. Bottacin