Rend. Sem. Mat. Univ. Pol. Torino Vol. 56, 4 (1998)

L. Pandolfi^∗

ON THE SOLUTIONS OF THE DISSIPATION INEQUALITY

Abstract.

We present some recent results on the existence of solutions to the Dissipation Inequality.

1. Introduction

In this review paper we outline recent results on the properties of the Dissipation Inequality, shortly (DI). The (DI) is the following inequality in the unknown operator P:

(DI) 2ℜe ⟨Ax, P(x + Du)⟩ + F(x + Du, u) ≥ 0 .

Here A is the generator of a C0-semigroup eAt on a Hilbert space X and D ∈ L(U, X) where U is a second Hilbert space; F(x, u) is a continuous quadratic form on X × U,

F(x, u) = ⟨x, Qx⟩ + 2ℜe ⟨Sx, u⟩ + ⟨u, Ru⟩ .

Positivity of F(x, u) is not assumed.

We require that P = P∗ ∈ L(X).

We note that the unknown P appears linearly in the (DI), which is also called Linear Operator Inequality for this reason.

The (DI) has a central role in control theory. We shortly outline the reason by noting the following special cases:

• The case D = 0, S = 0, R = 0. In this case, (DI) takes the form of a Lyapunov type inequality, 2ℜe ⟨Ax, Px⟩ ≥ −⟨x, Qx⟩ .

• If Q = 0 and R = 0 (but S ≠ 0) and if B = −AD ∈ L(U, X) we get the problem

2ℜe ⟨Ax, Px⟩ ≥ 0 B∗ P = −S . (1) This problem is known as Lur’e Problem and it is important for example in stability theory, network theory and operator theory.

• The case S = 0, R = I and Q = −I is encountered in scattering theory while the case S = 0, Q ≥ 0 and coercive R corresponds to the standard regulator problem of control theory.

* Paper written with financial support of the Italian MINISTERO DELLA RICERCA SCIENTIFICA E TECNOLOGICA within the program of GNAFA–CNR. 123

124 L. Pandolfi

We associate to (DI) the following quadratic regulator problem “with stability”: we consider the control system

ẋ = A(x − Du) . (2) We call a pair (x(·), u(·)) an evolution of system (2) with initial datum x0 when x(·) is a (mild) solution to (2) with input u(·) and x(0) = x0.

We associate to control system (2) the quadratic cost

J (x0; u) =

� +∞ 0 F(x(t), u(t)) dt . (3) The relevant problem is the following one: we want to characterize the condition V (x0) > −∞ for each x0 where V (x0) is the infimum of (3) over the class of those square integrable evolutions which have initial datum x0. (The term “with stability” refers to the fact that we only consider the square integrable evolutions of the system).

Of course, Eq. (2) has no meaning in general. One case in which it makes sense is the case that B = −AD is a bounded operator (distributed control action). In this case the problem has been essentially studied in [7] but for one crucial aspect that we describe below.

More in general, large classes of boundary control systems can be put in the form (2), as shown in [6], where two main classes have been singled out, the first one which corresponds to “hyperbolic” systems and the second one which corresponds to “parabolic” systems.

We illustrate the two classes introduced in [6]:

• The class that models in particular most control problems for the heat equation: the semigroup eAt is holomorphic (we assume exponentially stable for simplicity) and imD = im[−A−1 B] ⊆ dom(−A)γ̃ , γ̃ < 1.

• The class that models in particular most control problems for string and membrane equations: eAt is a C0-semigroup, A−1 B ∈ L(X) and � T 0 ‖B∗eA^∗t x‖2 dt ≤ kT ‖x‖2 . (4) It is sufficient to assume that the previous inequality holds for one value of T since then it holds for every T .

As we said, for simplicity of exposition, we assume exponential stability. The simplification which is obtained when the semigroup is exponentially stable is that the class of the controls is L2(0, +∞; U), independent of x0. However, this condition can be removed.

The crucial result in the case of distributed control action is as follows (see [14] for the finite dimensional theory and [7] for distributed systems with distributed control action):

THEOREM 1. If AD ∈ L(U, X), then V (x0) is finite for every x0 if and only if there exists a solution to (DI) and in this case V (x0) is a continuous quadratic form on X: V (x0) = ⟨x0, Px0⟩. The operator P of the quadratic form is the maximal solution to (DI).

The result just quoted can be extended to both the classes of boundary control systems introduced in [6], see [9, 11]. Rather than repeating the very long proof, it is possible to use a device, introduced in [10, 8], which associates to the boundary control system an “augmented” system, with distributed control action. From this distributed system it is possible to derive many properties of the (DI) of the original boundary control system. This device is illustrated in sect. 2.

With the same method it is possible to extend the next result:

On the solutions 125

THEOREM 2. If V (x0) > −∞, i.e. if (DI) is solvable, then

�(iω) = F(−iω(iωI − A)−1 Du + Du, u) ≥ 0 ∀ω ∈ R . (5) The function �(iω) was introduced in [12] and it is called the Popov function. As the number iω are considered “frequencies”, condition (5) is a special “frequency domain condition”.

At the level of the frequency domain condition we encounter a crucial difference between the class of “parabolic” and “hyperbolic” systems:

THEOREM 3. In the parabolic case if V (x0) > −∞, then R ≥ 0. Instead, in the “hyperbolic” case, we can have V (x0) > −∞ even if R = −αI , α > 0.

Proof. It is clear that �(iω) = F((iωI − A)−1 Bu, u) (B = −AD) and lim|ω|→+∞(iωI − A)−1 Bu = 0 because imD = im[−A−1 B] ⊆ dom(−A)γ (here we use exponential stability, but the proof can be adapted to the unstable case.) Hence, 0 ≤ lim|ω|→+∞ �(iω) = ⟨u, Ru⟩ for each u ∈ U. This proves that R ≥ 0.

Clearly an analogous proof cannot be repeated in the “hyperbolic” case; and the analogous result does not hold, as the following example shows:

the system is described by

xt = −xθ 0 < θ < 1, t > 0 x(t, 0) = u(t)

(this system is exponentially stable since the free evolution is zero for t > 1).

The functional F(x, u) is

F(x, u) = ‖x(·)‖2L_2(0,1) − α|u|2

so that J (x0; u) =

� +∞ 0 {‖x(t, ·)‖2L_2(0,1) − α|u(t)|2} dt .

If x(0, θ) ≡ 0 then x̂(z, θ) = e−zθ û(z) so that ⟨u, �(iω)u⟩ = [1 − α]|u|2 .

This is nonnegative for each α ≤ 1 in spite of the fact that R = −αI can be negative. Hence, in the hyperbolic boundary control case, the condition R ≥ 0 does not follows from the positivity of the Popov function.

It is clear that the frequency domain condition may hold even if the (DI) is not solvable, as the following example shows:

EXAMPLE 1. The example is an example of a scalar system,

ẋ = −x + 0u y = x .

It is clear that �(iω) ≥ 0, is nonnegative; but P B = C, i.e. P0 = 1, is not solvable.

126 L. Pandolfi

A problem that has been studied in a great deal of papers is the problem of finding additional conditions which imply solvability of the (DI) in the case that the frequency domain condition (5) holds. A special instance of this problem is the important Lur’e problem of stability theory.

This problem is a difficult problem which is not completely solved even for finite dimensional systems. Perhaps, the most complete result is in [2]: if a system is finite dimensional and �(iω) ≥ 0, then a sufficient condition for solvability of (DI) is the existence of a number ω0 such that det �(iω0) ≠ 0.

It is easy to construct examples which show that this condition is far from sufficient. In the context of hyperbolic systems, the following result is proved in [11].

THEOREM 4. Let condition (4) hold and let the system be exactly controllable. Under these conditions, if the Popov function is nonnegative then there exists a solution to (DI) and, moreover, the maximal solution P of (DI) is the strong limit of the decreasing sequence {Pn}, where Pn is the maximal solution of the (DI)

2ℜe ⟨Ax, P(x + Du)⟩ + F(x + Du, u) + 1 n {‖u‖2 + ‖x‖2} ≥ 0 . (6) The last statement is important because it turns out that Pn solves a Riccati equation, while there is no equation solved by P in general.

The proof of Theorem 4 essentially reproduces the finite dimensional proof in [14]. Hence, the “hyperbolic” case is “easy” since the finite dimensional proof can be adapted. In contrast with this, the “parabolic” case requires new ideas and it is “difficult”. Consistent with this, only very partial results are available in this “parabolic” case, and under quite restrictive conditions. These results are outlined in sect. 3.

Before doing this we present, in the next section, the key idea that can be used in order to pass from a boundary control system to an “augmented” but distributed control system.

2. The augmented system

A general model for the analysis of boundary control systems was proposed by Fattorini ([4]). Let X be a Hilbert space and σ a linear closed densely defined operator, σ : X → X. A second operator τ is linear from X to a Hilbert space U.

We assume:

Assumption We have: dom σ ⊆ dom τ and τ is continuous on the Hilbert space dom σ with the graph norm.

The “boundary control system” is described by: � ẋ = σ x τ x = u x(0) = x0 (7)

where u(·) ∈ L2loc(0, +∞; U).

We must define the “strong solutions” x(·; x0, u) to system (7). Following [3] the function x(·) = x(·; x0, u) is a strong solution if there exists a sequence {xn(·)} of C1-functions such that

On the solutions 127

xn(t) ∈ dom σ for each t ≥ 0 and: � � � ẋn(·) − σ xn(·) → 0 in L2loc(0, +∞; X) xn(0) → x0 in X τ xn (·) → u(·) in L2loc(0, +∞; U) (8)

and • xn(·) converges uniformly to x(·) on compact intervals in [0, +∞).

In the special case that the sequence xn(·) is stationary, xn(·) = x(·), we shall say that x(·) is a classical solution to problem (7).

Assumption 1. Let us consider the “elliptic” problem σ x = u. We assume that it is “well posed”, i.e. that there exists an operator D ∈ L(U, X) such that

x = Du iff {σ x = 0 and τ x = u} .

Moreover we assume that the operator A defined by

domA = domσ ∩ kerτ Ax = σ x

generates a strongly continuous semigroup on X.

As we said already, for simplicity of exposition, we assume that the semigroup eAt is exponentially stable.

Now we recall the following arguments from [1]. Classical solutions to Eq. (7) solve

ẋ = A(x − Du) x(0) = x0 . (9) Let u(·) be an absolutely continuous control and ξ(t) = x(t) − Du(t). Then, ξ(·) is a classical solution to

ξ̇ = Aξ − Du̇ ξ0 = ξ(0) = x(0) − Du(0) (10)

and conversely.

As the operator A generates a C0-semigroup, it is possible to write a “variation of constants” formula for the solution ξ. “Integration by parts” produces a variation of constants formula, which contains unbounded operators, for the function x(·). This is the usual starting point for the study of large classes of boundary control systems. Instead, we “augment” system (9) and we consider the system: �˙ ξ = Aξ − Dv u̇ = v

(11)

Here we consider formally v(·) as a new “input”, see [10, 8].

Moreover, we note that it is possible to stabilize the previous system with the simple feedback v = −u, since eAt is exponentially stable.

The cost that we associate to (11) is the cost

J (x0; u) =

� +∞ 0 F(ξ(t) + Du(t), u(t)) dt .

(12)

128 L. Pandolfi

This cost does not depend explicitly on the new input v(·): it is a quadratic form of the state, which is now � = [ξ, u].

It is proved in [9] that the value function V(ξ0, u0) of the augmented system has the following property:

V(ξ0 + Du0, u0) = V (x0) .

We apply the stabilizing feedback v = −u and we write down the (DI) and the Popov function for the stabilized augmented system. The (DI) is

2ℜe ⟨A�, W �⟩ + ⟨�, Q�⟩ ≥ 0 ∀� ∈ domA , W D = 0 .

(13)

where A = � A −D 0 I � , � = � ξ u � , Q = � Q S∗ + Q D D∗ Q + S R + D∗ S∗ + S D + D∗ Q D � , D = � −D I � . The Popov function is:

P(iω) =

�(iω) 1 + ω2

(14)

It is clear that the transformations outlined above from the original to the augmented system do not affect the positivity of the Popov function and that if ωs �(iω) is bounded from below, then ωs+2 P(iω) is bounded from below.

In the next section we apply the previous arguments to the case that the operator A generates a holomorphic semigroup and imD ⊆ (dom(−A)γ ), γ < 1.

3. “Parabolic” case: from the Frequency domain condition to the (DI)

We already said that in the parabolic case only partial results are available. In particular, available results require that the control be scalar so that S is an element of X. This we shall assume in this section. We assume moreover that the operator A has only point spectrum with simple eigenvalues zk and the eigenvectors vk form a complete set in X. Just for simplicity we assume that the eigenvalues are real (hence negative). Moreover, we assume that we already wrote the system in the form of a distributed (augmented and stabilized) control system. Hence we look for conditions under which there exists a solution W to (13).

We note that D ∈ X × U and that P(iω) is a scalar function: it is the restriction to the imaginary axis of the analytic function

P(z) = −D(z I + A∗)−1Q(z I − A)−1D .

The function P(z) is analytic in a strip which contains the imaginary axis in its interior. We assume that P(iω) ≥ 0 and we want to give additional conditions under which (13) is solvable. In fact, we give conditions for the existence of a solution to the following more restricted problem: to find an operator W and a vector q ∈ (domA)′ such that

2ℜe ⟨A�, W �⟩ + ⟨�, Q�⟩ = |⟨⟨�, q⟩⟩‖2 ∀� ∈ domA .

(15)

The symbol ⟨⟨·, ·⟩⟩ denotes the pairing of (domA)′ and domA.

On the solutions 129

The previous equation suggests a form for the solution W :

⟨�, W �⟩ =

� +∞ 0 ⟨eAt �, QeAt �⟩ dt −

� +∞ 0 |⟨⟨�, eAt q⟩⟩‖2 dt .

(16)

However, it is clear that in general the operator W so defined will not be continuous, unless q enjoys further regularity. We use known properties of the fractional powers of the generators of holomorphic semigroups and we see that W is bounded if q ∈ [dom(−Aα )]′ with α < 1/2.

It is possible to prove that if a solution W to (15) exists then there exists a factorization

P(iω) = m∗(iω)m(iω)

and m(iω) does not have zeros in the right half plane. This observation suggests a method for the solution of Eq. (15), which relies on the computation of a factorization of P(iω). The factorization of functions which takes nonnegative values is a classical problem in analysis. The key result is the following one:

LEMMA 1. If P(iω) ≥ 0 and if | ln P(iω)|/(1 + ω2) is integrable, then there exists a function m(z) with the following properties:

• m(z) is holomorphic and bounded in ℜe z > 0; • P(iω) = m(−iω)m(iω);

• let z = x + iy, x > 0. The following equality holds:

ln |m(z)| = 1 2π � +∞ −∞ ln P(iω) x x2 + (ω − y)2 dω ∀z = x + iy, x > 0 .

(17)

See [13, p. 121], [5, p. 67].

A function which is holomorphic and bounded in the right half plane and which satisfies (17) is called an outer function.

The previous arguments show that an outer factor of P(z) exists when P(iω) ≥ 0 and when P(iω) decays for |ω| → +∞ of the order 1/|ω|β , β < 1. Let us assume this condition (which will be strengthened below). Under this condition P(z) can be factorized and, moreover,

ln |m(z)| = 1 2π � +∞ −∞ ln P(iω) x x2 + (ω − y)2 dω ≤ 1 2π � +∞ −∞ ln M 1 + ω2 x x2 + (ω − y)2 dω = ln | 1 1 + z2 | . This estimates implies in particular that the integrals

� +∞ −∞ |m(x+iy)|2 dy are uniformly bounded in x > 0. Paley Wiener theorem (see [5]) implies that

m(iω) =

� +∞ 0 e−iωt m̌(t) dt, m̌(·) ∈ L2(0, +∞) .

The function m̌(t) being square integrable, we can write the integral � +∞ 0 eA^∗ sqm̌(t) dt

130 L. Pandolfi

and we can try to solve the following equation for q: � +∞ 0 eA^∗s qm̌(t) dt = −s =

� +∞ 0 eA^∗t QeAt D dt .

(18)

This equation is suggested by certain necessary conditions for the solvability of (1) which are not discussed here.

We note that

s ∈ dom(−A)1−ϵ for each ϵ > 0 .

(19)

It turns out that equation (18) can always be formally solved, a solution being

qk = ⟨vk , q⟩ = −

⟨vk , s⟩ m(−z̄k )

since m(z) does not have zeros in the right half plane.

Moreover, we can prove that the operator W defined by (16) formally satisfies the condition W D = 0. Hence, this operator W will be the required solution of (15) if it is a bounded operator, i.e. if q ∈ [dom(−Aα)]′.

An analysis of formula (17) shows the following result:

THEOREM 5. The vector q belongs to (dom(−A∗)1/2−ϵ)′ for some ϵ > 0 if there exist numbers γ < 1 and M > 0 such that

|ω|γ �(iω) > M

for |ω| large.

Examples in which the condition of the theorem holds exist, see [9].

Let ζk = −zk ∈ R. The key observation in the proof of the theorem is the following equality, derived from (17):

log |ζ |^32 −ϵm(ζk ) = 1 2π � +∞ −∞ [log |ζk |3−2ϵ P(iζk s)] 1 1 + s2 ds = 1 2π � +∞ −∞ [log ζ 3−γ −2ϵ k 1 |s|γ ] 1 1 + s2 ds + 1 2π � +∞ −∞ [log ζk |s|γ P(iζk s)] 1 1 + s2 ds .

The first integral is bounded below if γ ≤ 3 − 2ϵ and the second one is bounded below in any case.

We recapitulate: the condition q ∈ (dom(−A∗)1/2−ϵ)′ holds if P(iω) decays at ∞ of order less than 3. We recall (14) and we get the result.

Acknowledgment. The author thanks the referee for the carefull reading of this paper.

On the solutions 131

References

[1] BALAKRISHNAN A. V., On a generalization of the Kalman-Yakubovich Lemma, Appl.

Math. Optim. 31 (1995), 177–187.

[2] CHURILOV A. N., On the solvability of matrix inequalities, Mat. Zametki 36 (1984), 725– 732.

[3] DESCH W., LASIECKA I., SCHAPPACHER W., Feedback boundary control problems for linear semigroups, Israel J. of Mathematics 51 (1985), 177–207.

[4] FATTORINI O., Boundary control systems, SIAM J. Control Optim. 6 (1968), 349–385. [5] GARNETT J. B., Bounded Analytic Functions, Academic Press, New York 1981.

[6] LASIECKA I., TRIGGIANI R., Differential and Algebraic Riccati Equations with Applications to Boundary/Point Control Problems: Continuous Theory and Approximation Theory, Lect. Notes in Control Inf. Sci. n. 164, Springer-Verlag, Berlin 1991.

[7] LOUIS J-CL., WEXLER D., The Hilbert space regulator problem and operator Riccati equation under stabilizability, Ann. Soc. Sci. Bruxelles Sér I 105 (1991), 137–165.

[8] PANDOLFI L., From singular to regular control systems, in “Control of Partial Differential Equations”, G. Da Prato and M. Tubaro Ed.s, M. Dekker, New York 1994, 153–165.

[9] PANDOLFI L., Dissipativity and the Lur’e Problem for parabolic boundary control systems, SIAM J. Control Optimization 36 (1998), 2061–2081.

[10] PANDOLFI L., The standard regulator problem for systems with input delays: an approach through singular control theory, Appl. Math. Optim. 31 (1995), 119–136.

[11] PANDOLFI L., The Kalman–Yakubovich–Popov Theorem for stabilizable hyperbolic boundary control systems, Integral Equations Operator Theory, to appear.

[12] POPOV V. M., Absolute stability of nonlinear systems of automatic control, Automat. Remote Control 22 (1961), 857–875.

[13] ROSENBLUM M., ROVNYAK J., Topics in Hardy classes and univalent functions, Birkäuser Verlag, Basel 1994.

[14] YAKUBOVICH V. A., The frequency theorem in control theory, Siberian Math. J. 14 (1973), 384–419.

AMS Subject Classification: ???.

L. PANDOLFI Politecnico di Torino Dipartimento di Matematica Corso Duca degli Abruzzi, 24 10129 Torino, Italy e-mail: lucipan@polito.it

132 L. Pandolfi