Rend. Sem. Mat. Univ. Pol. Torino Vol. 56, 4 (1998)

F. Bucci

THE NON-STANDARD LQR PROBLEM FOR BOUNDARY CONTROL SYSTEMS^†

Abstract.

An overview of recent results concerning the non-standard, finite horizon Linear Quadratic Regulator problem for a class of boundary control systems is provided.

1. Introduction

In the present paper we give an account of recent results concerning the regulator problem with non-coercive, quadratic cost functionals over a finite time interval, for a class of abstract linear systems in a Hilbert space X, of the form � x′(t) = Ax(t) + Bu(t), 0 ≤ τ < t < T x(τ ) = x0 ∈ X . (1) Here, A (free dynamics operator) is at least the generator of a strongly continuous semigroup on X, and B (input operator) is a linear operator subject to a suitable regularity assumption. The control function u is L2 in time, with values in a Hilbert space U. Through the abstract assumptions on the operators A and B, a class of partial differential equations, with boundary/point control, is identified. We shall mostly focus our attention on systems which satisfy condition (H2) = (8), see §1.2 below. It is known ([13]) that this condition amounts to a trace regularity property which is fulfilled by the solutions to a variety of hyperbolic (hyperbolic-like) partial differential equations.

With system (1), we associate the following cost functional

Jτ,T (x0; u) = � T τ F(x(t), u(t)) dt + ⟨PT x(T ), x(T )⟩ , (2) where F is a continuous quadratic form on X × U,

F(x, u) = ⟨Qx, x⟩ + ⟨Su, x⟩ + ⟨x, Su⟩ + ⟨Ru, u⟩ , (3) and x(t) = x(t; τ, x0, u) is the solution to system (1) due to u(·) ∈ L2(τ, T ; U). It is asked to provide conditions under which, for each x0 ∈ X, a constant cτ,T (x0) exists such that inf u∈L^2(τ,T ;U)

Jτ,T (x0; u) ≥ cτ,T (x0) . (4) †This research was supported by the Italian Ministero dell’Università e della Ricerca Scientifica e Tecnologica within the program of GNAFA–CNR. 105

106 F. Bucci

The special, important case, where

S = 0, Q, PT ≥ 0, R ≥ γ > 0 , (5) is now referred to as the classical (or, standard) LQR problem. We can say that this problem is now pretty well understood even for boundary control systems: the corresponding Riccati operator yields the synthesis of the optimal control (see [13]).

Functionals which do not display property (5) arise in different fields of systems/control theory. To name a few, the study of dissipative systems ([25]), where typical cases are

F(x, u) = |u|2 − |x|2 , F(x, u) = ⟨x, u⟩ ;

the analysis of second variations of nonlinear control problems; H∞ theory. It is worth recalling that the theory of infinite horizon linear quadratic control developed in [17], including the case of singular functionals, with R = 0, has more recently provided new insight in the study of the standard LQR problem for special classes of boundary control systems, see [21, 12].

In conclusion, the characterization of property (4), in a more general framework than the one defined by (5), is the object of the non-standard Linear Quadratic Regulator (LQR) problem.

Most results of the theory of the non-standard LQR problem for finite dimensional systems have been extended to the boundary control setting. We shall see that in particular, necessary conditions or sufficient conditions in order that (4) is satisfied can be provided, in term of non-negativity of suitable functionals. Unlike the infinite time horizon case, a gap still remains between necessary (non-negativity) conditions and sufficient (non-negativity) conditions, even when system (1) is exactly controllable. We shall examine this issue more in detail in §3.

The infinite dimensional problem reveals however new distinctive features. It is well known that in the finite dimensional case, the condition R ≥ 0 has long been recognized as necessary in order that (4) is fulfilled; this applies even to time-dependent systems, see [7]. This property extends to infinite dimensional systems, when PT = 0 (see [14, 6]). In contrast, in [6] an example is provided where, in spite of the fact that R is negative definite, the cost functional is coercive in L2(0, T ; U), so that (4) is obviously satisfied. Crucially in that example PT ≠ 0, while the dynamics is given by a first order hyperbolic equation in one dimension, with control acted on the boundary.

Finally, we note that over an infinite horizon, the non-negativity condition which is necessary (and sufficient, under controllability of system (1)) for boundedness from below of the cost, is in fact equivalent to a suitable frequency domain inequality, (15) in §2, whose validity can be easily checked. In contrast, when T is finite, there is a lack of a frequency domain interpretation of the conditions provided.

The plan of the paper is the following. In §1.1 we provide a brief outline of the literature concerning the non-standard, finite horizon LQR problem for infinite dimensional systems. In §1.2 we introduce the abstract assumptions which characterize the class of dynamics of interest. In §2 we derive necessary conditions in order that (4) is satisfied, whereas §3 contains the statement of sufficient conditions. Most results of §2 and §3 are extracted from [6].

1.1. Literature

In this section we would like to provide a broad outline of contributions to the non-standard, finite horizon LQR problem for infinite dimensional systems. For a review of the richest literature on the same problem over an infinite horizon, we refer to [20]. We just recall that most recent extensions to the boundary control setting are given in [11], [14, Ch. 9], [18, 22, 23, 24].

The non-standard LQR problem 107

Application to stability of holomorphic semigroup systems with boundary input is obtained, e.g., in [4].

The LQR problem with non-coercive functionals over a finite time interval has been the object of research starting around the 1970s. The most noticeable contribution to the study of this problem has been given, in our opinion, in [19]. For a comprehensive account of the theory developed in a finite dimensional context, and an extensive list of references, we refer to the monography [7].

The first paper which deals with the non-standard LQR problem over a finite time interval in infinite dimensions is, to our knowledge, [27]. The author considers dynamics of the form (1), which model distributed systems, with distributed control. Partial results are provided in order to characterize (4), without constraints on the form (3), except for S = 0. Moreover, the issue of the existence (and uniqueness) of an optimal control is considered, under the additional assumption that R is coercive.

A paper which deals with minimization of possible non-convex and non-coercive functionals, in a context which is more general than ours, is [1]. Necessary conditions or sufficient conditions for the existence of minimizers are stated therein, which involve a suitable ‘recession functional’ associated with the original functional.

In [9], the analysis is again restricted to cost functionals for which R = I , S = 0 (Q, PT are allowed indefinite). Since R is coercive, the issue of the existence of solutions to the Riccati equation associated with the control problem is investigated. A new feature of the non-standard problem is pointed out, that the existence of an optimal control is not equivalent to the existence of a solution to the Riccati equation on [0, T ].

The study of the LQR problem with general cost functionals, still in the case of distributed systems with distributed control, has been carried out in [5]. Extensions of most finite dimensional results of [19] are provided. The application of the Bellman optimality principle to the infimization problem leads to introduce a crucial integral operator inequality, the so called ‘Dissipation Inequality’,

⟨P(a)x(a), x(a)⟩ ≤ ⟨P(b)x(b), x(b)⟩ + � b a F(x(s), u(s)) ds , τ ≤ a < b ≤ T ,

whose solvability is equivalent to (4). Moreover, in [5] the regularity properties of the value function

V (τ ; x0) = inf

u∈L^2(τ,T ;U)

Jτ,T (x0; u) (6) of the infimization problem are investigated, and new results are provided in this direction. In particular, it is showed that – unlike the standard case – the function τ → V (τ ; x0) is in general only upper semicontinuous on [0, T ], and that lack of continuity in the interior of [0, T ] may occurr, for instance, in the case of delay systems.

We remark that in all the aforementioned papers [27, 9, 5], among necessary conditions for finiteness of (6), a basic non-negativity condition is provided, namely (13) below, which in turn implies R ≥ 0. On the other hand, sufficient conditions are so far given in a form which requires coercivity of the operator R.

Finally, more recently, extensions to the boundary control setting have been provided for a class of holomorphic semigroup systems ([14, Ch. 9], [26]), and for a class of ‘hyperbolic-like’ dynamics ([6]), respectively. We note that in [14] and [26] a greater emphasis is still placed on the non-singular case, since R is assumed coercive.

108 F. Bucci

1.2. Notations, basic assumptions and abstract classes of dynamics

As explained in the introduction, we consider systems of the form (1) in abstract spaces of infinite dimension. A familiarity with the representation of controlled infinite dimensional systems is assumed, compatible with, e.g., [2].

Most notation used in the paper is standard. We just point out that inner products in any Hilbert space are denoted by ⟨·, ·⟩; norms and operator norms are denoted by the symbols | · | and ‖ · ‖, respectively. The linear space of linear, bounded operators from X to Y is denoted by L(X, Y ) (L(X), if X = Y ).

Throughout the paper we shall make the following standing assumptions on the state equation (1) and the cost functional (2):

(i) A : D(A) ⊂ X → X is the generator of a strongly continuous (s.c.) semigroup eAt on X, t > 0;

(ii) B ∈ L(U, (D(A∗))′); equivalently,

A−γ B ∈ L(U, X) for some constant γ ∈ [0, 1] . (7) (iii) Q, PT ∈ L(X), S ∈ L(U, X), R ∈ L(U); Q, PT , R are selfadjoint.

REMARK 1. Assumptions (i)-(ii) identify dynamics which model distributed systems with distributed/boundary/point control. More specifically, the case of distributed control leads to a bounded input operator B, namely γ = 0 in (ii), whereas γ > 0 refers to the more challenging case of boundary/point control.

In order to characterize two main classes of partial differential equations problems of interest, roughly the ‘parabolic’ class and the ‘hyperbolic’ class, we follow [13] and introduce two distinct abstract conditions:

(H1) the s.c. semigroup eAt is analytic on X, t > 0, and the constant γ appearing in (7) is strictly < 1;

(H2) there exists a positive constant kT such that � T 0 |B∗eA^∗ t x|2 dt ≤ kT |x|2 ∀x ∈ D(A∗) . (8) It is well known that under either (H1) or (H2), the (input-solution) operator

Lτ : u → (Lτ u)(t) := � t τ eA(t−s) Bu(s) rmds , (9) is continuous from L2(τ, T ; U) to L2(τ, T ; X). Consequently, system (1) admits a unique mild solution on (τ, T ) given by

x(t) = eA(t−τ )x0 + (Lτ u)(t) ,

(10)

which is (at least) L2 in time. For a detailed analysis of examples of partial differential equations with boundary/point control which fall into either class, we refer to [13].

Let us recall that (H2) is in fact equivalent to ([8])

Lτ continuous : L2(τ, T ; U) → C(τ, T ; X) ,

(11)

The non-standard LQR problem 109

and that the following estimate holds true, for a positive constant Cτ,T and for any u(·) in L2(τ, T ; U):

|(Lτ u)(t)| ≤ Cτ,T |u|L2(τ,T ;U) ∀t ∈ [τ, T ]

(12)

Therefore, for any initial datum x0 ∈ X, the unique mild solution x(·; τ, x0, u) to equation (1), given by (10), is continuous on [τ, T ], in particular at t = T . Thus, the term ⟨x(T ), PT x(T )⟩ makes sense for every control u(·) ∈ L2(τ, T ; U).

REMARK 2. We note that (H2), hence (11), follows as well from (H1), when γ ∈ [0, 1/2[. Instead, when (H1) holds with γ ∈ [1/2, 1[, counterexamples can be given to continuity of solutions at t = T , see [15, p. 202]. In that case, unless smoothing properties of PT are required, the class of admissible controls need to be restricted. Comprehensive surveys of the theory of the standard LQR problem for systems subject to (H1) are provided in [13] and [3]. Partial results for the corresponding non-standard regulator can be found in [14, Ch. 9].

In the present paper we shall mainly consider systems of the form (1) which satisfy assumption (H2). This model covers many partial differential equations with boundary/point control, including, e.g., second order hyperbolic equations, Euler–Bernoulli and Kirchoff equations, the Schrödinger equation (see [13]).

2. Necessary conditions

In this section we are concerned with necessary conditions in order that (4) is satisfied, with special regard to the role of condition R ≥ 0.

We begin with the statement of two basic necessary conditions, in the case of distributed systems with distributed control. For the sake of completeness, an outline of the proof is given; we refer to [5] for details. Condition (13) below is often referred to as the non-negativity condition.

THEOREM 1. Assume that B ∈ L(U, X) (equivalently, (H2) holds, with γ = 0). If there exist a 0 ≤ τ < T and an x0 ∈ X such that (4) is satisfied, then

Jτ,T (0; u) ≥ 0 ∀u ∈ L2(τ, T ; U) ,

(13)

which in turn implies

R ≥ 0 .

(14)

Sketch of the proof. For simplicity of exposition we assume that (4) is satisfied, with τ = 0. In order to show that this implies (13), one first derives a representation of the cost J0,T (x0; u) as a quadratic functional on L2(0, T ; U), when x0 is fixed, namely

J0,T (x0; u) = ⟨Mx0, x0⟩X + 2 Re ⟨N x0, u⟩L2(0,T ;U) + ⟨Ru, u⟩L2(0,T ;U) ,

with M, N and R suitable bounded operators. Readily ⟨Ru, u⟩ = J0,T (0; u), and condition (13) follows from general results pertaining to infimization of quadratic functionals (see [5]).

Next, we use the actual expression of the operator R and the regularity of the input-solution operator L0 defined by (9). Boundedness of the input operator B has here a crucial role. Proceeding by contradiction, (14) follows as a consequence of (13).

110 F. Bucci

REMARK 3. A counterpart of Theorem 1 can be stated in infinite horizon, namely when T = +∞ in (2) (set PT = 0). In this case, if the semigroup eAt is not exponentially stable, the cost is not necessarily finite for an arbitrary control u(·) ∈ L2(0, ∞; U). Consequently, the class of admissible controls need to be restricted. However, under stabilizability of the system (1), a non-negativity condition and (14) follow as well from (4). Even more, as remarked in the introduction, the non-negativity condition has a frequency domain counterpart ([17]), which in the stable case reads as �(iω) :=B∗(−iωI − A∗)−1 Q(iωI − A)−1 B + S∗(iωI − A)−1 B + B∗(−iωI − A∗)−1S + R ≥ 0 ∀ω ∈ R .

(15)

Theorem 1 can be extended to boundary control systems only in part.

THEOREM 2 ([6]). Assume (H2). Then the following statements hold true: (i) if there exists an x0 ∈ X such that (4) is satisfied, then (13) holds;

(ii) if PT = 0, then (13) implies (14); hence (14) is a necessary condition in order that (4) is satisfied.

(iii) if PT ≠ 0, then (14) is not necessary in order that (13) is satisfied.

Sketch of the proof. Item (i) can be shown by using essentially the same arguments as in the proof of Theorem 1, which still apply to the present case, due to assumption (H2). Similarly, when PT = 0, (ii) follows as well.

The following example ([6, Ex. 4.4]) illustrates the third item. Let us consider, for a fixed T ∈ (0, 1) and ϵ > 0, the cost functional

J0,T (x0(·); u) = � T 0 � 1 T |x(t, ξ)|2 dξ − ϵ|u(t)|2 � dt + � T 0 |x(T, ξ)|2 dξ ,

where x(t, ξ) solves the boundary value problem � � � xt (t, ξ) = −xξ (t, ξ) x(0, ξ) = x0(ξ) 0 < ξ < 1 x(t, 0) = u(t) 0 < t < T .

(16)

Note that here R = −ϵ I , PT = I .

The solution to (16), corresponding to x0 ≡ 0, is given by

x(t, ξ) = � 0 t < ξ u(t − ξ) t > ξ ,

(17)

so that

J0,T (x0 ≡ 0; u) = −ϵ � T 0 |u(t)|2 dt + � T 0 |u(T − ξ)|2 dξ

= (1 − ϵ) � T 0 |u(t)|2 dt .

Therefore, if 0 < ϵ < 1, J0,T (0; u) is not only positive but even coercive in L2, which implies (4). Nevertheless, R < 0.

The non-standard LQR problem 111

A better result can be provided in the case of holomorphic semigroup systems, by using the smoothing properties of the operator Lτ . Somehow the ‘analytic case’ parallels the case when the input operator is bounded. See [14, Ch. 9, Theorem 3.1] for the proof.

THEOREM 3. Assume that (H1) holds, with γ < 1/2. Then (14) is a necessary condition in order that (4) is satisfied, even when PT ≠ 0.

3. Sufficient conditions

In this section we provide sufficient conditions in order that (4) is satisfied. Let us go back to the non-negativity conditions of Theorem 1. It can be easily shown that neither (14), nor (13), are, by themselves, sufficient to guarantee that the cost functional is bounded from below.

EXAMPLE 1. Let X = U = R, and set τ = 0, A = −1, B = 0 in (1); moreover, let F(x, u) = xu. Note that here R = 0. For any x0, the solution to (1) is given by x(t) = x0e−t , so that

J0,T (x0; u) = x0 � T 0 e−t u(t) dt

for any admissible control u. Therefore J0,T (0; u) ≡ 0, and (13) holds true, whereas it is readily verified that when x0 ≠ 0, infu J0,T (x0; u) = −∞ (if x0 > 0 take, for instance, the sequence uk (t) = −k on [0, T ]).

If T = +∞, the same example shows that Theorem 1 cannot be reversed without further assumptions. However it turns out that, over an infinite horizon, the necessary non-negativity condition (13) is also sufficient in order that (4) is satisfied, if system (1) is completely controllable. This property is well known in the finite dimensional case, since the early work [10].

Recently, the aforementioned result has been extended to boundary control systems, under the following assumptions:

(i′) A : D(A) ⊂ X → X is the generator of a s.c. group eAt on X, t ∈ R; (H2′) there exists a T > 0 and a constant kT > 0 such that � T 0 |B∗eA^∗ t x|2 dt ≤ kT |x|2 ∀x ∈ D(A∗) ;

(18)

(H3′) system (1) is completely controllable, namely for each pair x0, x1 ∈ X there is a T and an admissibile control v(·) such that x(T ; 0, x0, v) = x1.

For simplicity of exposition, we state the theorem below under the additional condition that eAt is exponentially stable.

THEOREM 4 ([22]). Assume (i′)–(H2′)–(H3′). If

J∞(0; u) ≥ 0 ∀u ∈ L2(0, ∞; U) ,

then for each x0 ∈ X there exists a constant c∞(x0) such that inf L^2(0,∞;U)

J∞(x0; u) ≥ c∞(x0) ∀u ∈ L2(0, ∞; U) .

112 F. Bucci

We now return to the finite time interval [0, T ] and introduce the assumption that the system is exactly controllable on a certain interval [0, r] (see, e.g., [3]):

(H3) there is an r > 0 such that, for each pair x0, x1 ∈ X, there exists an admissibile control v(·) ∈ L2(0, r; U) yielding x(r; 0, x0, v) = x1. Equivalently, ∃ r, cr > 0 : � r 0 |B∗eA^∗ t x|2 dt ≥ cr |x|2 ∀x ∈ D(A∗) .

(19)

On the basis of Theorem 4, one would be tempted to formulate the following claim.

CLAIM 5. Assume (i′)–(H2)–(H3). If J0,T (0; u) ≥ 0 ∀u ∈ L2(0, T ; U) , then (4) is satisfied for 0 ≤ τ ≤ T .

It turns out that this claim is false, as it can been shown by means of examples: see [7, 6]. A correct counterpart of Theorem 4 over a finite time interval has been given in [6]. THEOREM 6 ([6]). Assume (i′)–(H2)–(H3). If J0,T +r (0; u) ≥ 0 ∀u ∈ L2(0, T + r; U) ,

(20) then (4) is satisfied for 0 ≤ τ ≤ T .

We point out that in fact a proof of Theorem 6 can be provided which does not make explicit use of assumption (i)′, see Theorem 7 below. Let us recall however that, when the input operator B is bounded, controllability of the pair (A, B) on [0, r], namely assumption (H3) above, implies that the semigroup eAt is right invertible, [16]. Therefore, the actual need of some kind of ‘group property’ in Theorem 6 is an issue which is left for further investigation.

THEOREM 7. Assume (H2)–(H3). If (20) holds, then (4) is satisfied for 0 ≤ τ ≤ T . Proof. Let x1 ∈ X be given. By (H3) there exists a control v(·) ∈ L2(0, r; U) steering the solution of (1) from x0 = 0 to x1 in time r, namely x(r; 0, 0, v) = x1. Obviously, v depends on x1: more precisely, it can be shown that, as a consequence of assumptions (H2) and (H3), a constant K exists such that |v|L2(0,r;U) ≤ K |x1| , see [6]. For arbitrary u ∈ L2(r, T + r; U), set now uv(t) = � v(t) 0 ≤ t ≤ r u(t) r < t ≤ T + r .

Readily uv(·) ∈ L2(0, T + r; U), and J0,T +r (0; uv) ≥ 0 due to (20). On the other hand, J0,T +r (0; uv) = � r 0 F(x(s; 0, 0, v), v(s)) ds + Jr,T +r (x1; u) ,

The non-standard LQR problem 113

where the first summand is a constant which depends only on x1. A straightforward computation shows that the second summand equals J0,T (x1; ur ), with ur (t) = u(t + r) an arbitrary admissible control on [0, T ]. In conclusion,

J0,T (x1; ur ) ≥ − � r 0 F(x(s; 0, 0, v), v(s)) ds =: c(x1) ,

and (4) holds for τ = 0. The case τ > 0 can be treated by using similar arguments.

REMARK 4. In conclusion, we have provided the sufficiency counterpart of item (i) of Theorem 2, under the additional condition that system (1) is exactly controllable in time r > 0. Apparently, in order that (4) is satisfied, the non-negativity condition need to be required on a larger interval than [0, T ], precisely on an interval of lenght T + r. This produces a gap between necessary conditions and sufficient conditions, which was already pointed out in finite dimensions ([7]).

Finally, we stress that the exact controllability assumption cannot be weakened to null controllability, as pointed out in [6, Ex. 4.5].

References

[1] BAIOCCHI C., BUTTAZZO G., GASTALDI F., TOMARELLI F., General existence theorems for unilateral problems in continuum mechanics, Arch. Ration. Mech. Anal. 100 (2) (1988), 149–189.

[2] BENSOUSSAN A., DA PRATO G., DELFOUR M. C., MITTER S. K., Representation and Control of Infinite Dimensional Systems, Vol. I, Birkhäuser, Boston 1992.

[3] BENSOUSSAN A., DA PRATO G., DELFOUR M. C., MITTER S. K., Representation and Control of Infinite Dimensional Systems, Vol. II, Birkhäuser, Boston 1993.

[4] BUCCI F., Frequency domain stability of nonlinear feedback systems with unbounded input operator, Dynamics of Continuous, Discrete and Impulsive Systems (to appear).

[5] BUCCI F., PANDOLFI L., The value function of the singular quadratic regulator problem with distributed control action, SIAM J. Control Optim. 36 (1) (1998), 115–136.

[6] BUCCI F., PANDOLFI L., The regulator problem with indefinite quadratic cost for boundary control systems: the finite horizon case, Politecnico di Torino, Dipartimento di Matematica, Preprint N. 22, 1998.

[7] CLEMENTS D. J., ANDERSON B. D. O., Singular optimal control: the linear-quadratic problem, Lect. Notes in Control Inf. Sci. No.5, Springer Verlag, Berlin 1978.

[8] FLANDOLI F., LASIECKA I., TRIGGIANI R., Algebraic Riccati equations with nonsmoothing observation arising in hyperbolic and Euler-Bernoulli boundary control problems, Ann. Mat. Pura Appl. 153 (1988), 307–382.

[9] JACOB B., Linear quadratic optimal control of time-varying systems with indefinite costs on Hilbert spaces: the finite horizon problem, J. Math. Syst. Estim. Control 5 (1995), 1–28.

[10] KALMAN R. E., Lyapunov functions for the problem of Lur’e in automatic control, Proc.

Nat. Acad. Sci. USA 49 (1963), 201–205.

[11] VAN KEULEN B., Equivalent conditions for the solvability of the nonstandard LQ-Problem for Pritchard-Salamon systems, SIAM J. Contr. Optim. 33 (1995), 1326–1356.

114 F. Bucci

[12] LASIECKA I., PANDOLFI L., TRIGGIANI R., A singular control approach to highly damped second-order abstract equations and applications, in: Control of Partial Differential Equations, (E. Casas Ed.), M. Dekker, New York 1995.

[13] LASIECKA I., TRIGGIANI R., Differential and Algebraic Riccati Equations with Applications to Boundary/Point Control Problems: Continuous Theory and Approximation Theory, Lect. Notes in Control Inf. Sci. No.164, Springer Verlag, Berlin 1991.

[14] LI X., YONG J., Optimal control theory for infinite dimensional systems, Birkhäuser, Basel 1995.

[15] LIONS J. L., Optimal control of systems governed by Partial Differential Equations, Springer Verlag, Berlin 1971.

[16] LOUIS J-CL., WEXLER D., On exact controllability in Hilbert spaces, J. Differ. Equations 49 (1983), 258–269.

[17] LOUIS J-CL., WEXLER D., The Hilbert space regulator problem and operator Riccati equation under stabilizability, Ann. Soc. Sci. Bruxelles, Ser.I, 105 (1991), 137–165.

[18] MCMILLAN C., Equivalent conditions for the solvability of non-standard LQ-problems with applications to partial differential equations with continuous input-output solution map, J. Math. Syst. Estim. Control 7 (3) (1997), 379–382 (short printed version); full electronic version 27 pages (retrieval code: 71413).

[19] MOLINARI B. P., Nonnegativity of a quadratic functional, SIAM J. Control 13 (1975), 92–806.

[20] PANDOLFI L., The Kalman–Yakubovich–Popov Theorem: an overview and new results for hyperbolic control systems, Nonlinear Anal. 30 (1997), 735–745.

[21] PANDOLFI L., The standard regulator problem for systems with input delays: an approach through singular control theory, Appl. Math. Optim. 31 (1995), 119–136.

[22] PANDOLFI L., The Kalman–Yakubovich–Popov Theorem for stabilizable hyperbolic boundary control systems, Integral Equations Operator Theory, to appear.

[23] PANDOLFI L., Dissipativity and the Lur’e problem for parabolic boundary control systems, SIAM J. Control Optim. 36 (1998), 2061–2081.

[24] WEISS M., WEISS G., Optimal control of stable weakly regular linear systems, Math.

Control Signal Systems 10, 287–330.

[25] WILLEMS J. C., Dissipative dynamical systems, Part I: General theory, Part II: Linear systems with quadratic supply rates, Arch. Ration. Mech. Anal. 45 (1972), 321–351 and 352–392.

[26] WU H., LI X., Linear quadratic problem with unbounded control in Hilbert spaces, Chin.

Sci. Bull. 43 (20) (1998), 1712–1717.

[27] YOU Y., Optimal control for linear system with quadratic indefinite criterion on Hilbert spaces, Chin. Ann. Math., Ser. B 4, (1983), 21–32.

AMS Subject Classification: 49N10, 49J20.

Francesca BUCCI Università degli Studi di Firenze Dipartimento di Matematica Applicata “G. Sansone” Via S. Marta 3, I–50139 Firenze, Italy e-mail: fbucci@dma.unifi.it