MATEMATIQKI VESNIK

50 (1998), 11–16

UDK 515.122.2

originalni nauqni rad

research paper

INVARIANCE OF FUZZY PROPERTIES

Francisco Gallego Lupiañez

Abstract. In this paper we study the invariance and the inverse invariance under fuzzy closed, fuzzy open, and various kinds of fuzzy perfect maps, of different properties of fuzzy topological spaces.

1. Introduction and definitions

In this paper we study the invariance and the inverse invariance under fuzzy closed, fuzzy open and various types of fuzzy perfect maps, of different properties of fuzzy topological space in the Chang’s sense.

Next, we list the definitions which we will use in this paper.

Definition 1. [9] A fuzzy topological space (X, T ) is weakly induced by a topological space (X, T_0) if:

(a) T_0 = [T ], where [T ] = { A ⊂ X | χ_A ∈ T } and (b) every μ ∈ T is a lower semicontinuous function from (X, T_0) into [0, 1].

Definition 2. [6] A fuzzy extension of a topological property of (X, [T ]) is said to be good, when it is possessed by (X, T ) if, and only if, the original property is possessed by (X, [T ]).

Definition 3. [10] Let μ_1, μ_2 be two fuzzy sets in X. μ_1 is said to be quasi-coincident with μ_2, denoted by μ_1 q μ_2, if there exists x ∈ X such that μ_1(x) > μ^′_2(x) where μ^′_2 is the fuzzy complement of μ_2.

Definition 4. [1] Let f be a map from X to Y . Let μ be a fuzzy set in Y , then the inverse of μ, written as f^{−1}(μ), is defined by f^{−1}(μ)(x) = μ(f(x)) for all x in X. Conversely, if μ is a fuzzy set in X, the image of μ, written as f(μ), is a fuzzy set in Y given by f(μ)(y) = { sup_{x∈f} −1_{(y)}{μ(x)}, if f^{−1}(y) ≠ ∅, 0, otherwise.

AMS Subject Classification: 54 A 40, 04 A 72 Keywords and phrases: topology; categories; good extensions; fuzzy closed, fuzzy open and fuzzy perfect maps; invariance. 11

Definition 5. [6] Let T op be the category of all the topological spaces and the continuous maps and let CF T be the category of the fuzzy topological spaces in the Chang’s sense and the F -continuous maps. We will denote by ω : T op → CF T the functor which associates to any topological space (X, T ) the fuzzy space (X, ωT ) where ωT is the totality of all lower semicontinuous maps of (X, T ) to the unit interval, and by j : CF T → T op the functor which associates to a fuzzy topological space the topological space such that its open sets have their characteristic maps in the fuzzy topology.

Definition 6. [15] A map f from a fuzzy topological space (X, T ) to a fuzzy topological space (Y, S) is fuzzy closed (resp. fuzzy open) if f(μ) is fuzzy closed (resp. fuzzy open) in (Y, S), for each fuzzy closed (resp. fuzzy open) set μ in X.

Definition 7. [1] A family of fuzzy sets {μ_j | j ∈ J} is a cover of a fuzzy set μ if μ 6 ⋁ {μ_j | j ∈ J}. A subcover of {μ_j | j ∈ J} is its subfamily which is also a cover. A fuzzy topological space is compact in the Chang’s sense, if each open cover has a finite subcover.

Definition 8. [5] A fuzzy set μ in (X, T ) is fuzzy compact in the Lowen’s sense, if for each family of fuzy open sets {μ_j | j ∈ J} such that μ 6 ⋁ {μ_j | j ∈ J} and for all ε > 0 there exists a finite subfamily {μ_j | j ∈ J_0} such that μ − ε 6 ⋁ {μ_j | j ∈ J_0}. Definition 9. [4] A collection U of fuzzy sets in (X, T ) is called a q-cover of a fuzzy set μ if for each x ∈ supp μ, x_{μ(x)} q ⋁ U∈U U. If each member of U is fuzzy open, then U is called an open q-cover. A fuzzy set μ in a fuzzy topological space (X, T ) is called q-compact if for every open q-cover U of μ, there exists a finite subcollection U_0 of U such that sup{(1 − ⋁ U∈U0 U)(x) | x ∈ supp μ} < μ(x) for every x ∈ supp μ.

Definition 10. [4] A map f from a fuzzy topological space (X, T ) to a fuzzy topological space (Y, S) is called fuzzy perfect, in the Ghosh’s sense, if f is onto, fuzzy closed, F -continuous and f^{−1}(y_α) is q-compact, for each fuzzy point y_α in Y .

Definition 11. [12] A map f from a fuzzy topological space (X, T ) to a fuzzy topological space (Y, S) is called fuzzy perfect in the Srivastava and Lal’s sense, if f is onto, fuzzy closed, F -continuous and f^{−1}(y_α) is fuzzy compact in the Lowen’s sense, for each fuzzy point y_α in Y .

Definition 12. [2] A map f from a fuzzy topological space (X, T ) to a fuzzy topological space (Y, S) is called fuzzy perfect in the Christoph’s sense, if f is onto, fuzzy closed, F -continuous and f^{−1}(y_α) is compact in the Chang’s sense, for each fuzzy point y_α in Y .

2. Invariance theorems

Let (X, T ) and (Y, S) be two T_2 weakly induced fuzzy topological spaces [9] and f : (X, [T ]) → (Y, [S]) an onto map. We denote ω(f): (X, T ) → (Y, S) the map ω(f)(μ)(y) = sup_{t∈f} −1_{(y)}{μ(t)} for each fuzzy set μ in X.

Lemma 2.1. If the map ω(f): (X, T ) → (Y, S) is F -continuous, then the map f : (X, [T ]) → (Y, [S]) is continuous.

Proof. For every A ∈ [S], we have that χ_A ∈ S, then ω(f)^{−1}(χ_A) = χ_f −1_{(A)} ∈ T . Thus, f^{−1}(A) ∈ [T ].

Lemma 2.2. If the map ω(f): (X, T ) → (Y, S) is fuzzy closed (resp. fuzzy open), then the map f : (X, [T ]) → (Y, [S]) is closed (resp. open).

Proof. If C is closed in (X, [T ]), we have X \ C ∈ [T ], χ_{X\C} ∈ T and χ_C fuzzy closed in (X, T ). Then, if ω(f) is fuzzy closed, ω(f)(χ_C ) = χ_{f (C)} is fuzzy closed in (Y, S). Thus χ^′_{f (C)} is fuzzy open in (Y, S), Y \ f(C) ∈ [S] and finally f(C) is closed in (Y, [S]). If A is open in (X, [T ]), we have χ_A ∈ T . Then, if ω(f) is fuzzy open, ω(f)(χ_A) = χ_{f (A)} is fuzzy open in (Y, S) and f(A) ∈ [S].

Theorem 2.3. Let (X, T ), (Y, S) be two weakly induced fuzzy topological spaces and ω(f): (X, T ) → (Y, S) be F -continuous (resp. F -continuous and closed fuzzy, or F -continuous and open fuzzy). If:

(a) (X, T ) verifies the fuzzy vrersion of a property (P) of topological spaces, (b) the property (P) is invariant under continuous (resp. continuous and closed, or continuous and open) maps,

(c) the fuzzy version of (P) is a good extension of (P), then (Y, S) verifies the fuzzy version of (P).

Proof. The map f : (X, [T ]) → (Y, [S]) is continuous (resp. continuous and closed, or continuous and open) by Lemmas 2.1 and 2.2. Then, from the hypothesis, it follows that (Y, S) verifies the fuzzy version of (P).

Corollaries 2.4. 1. T_1 fuzzy topological spaces [14] are invariant by closed fuzzy maps.

2. S-paracompactness, S^∗-paracompactness [7], fuzzy paracompactness and ∗-fuzzy paracompactness [3] are invariant by closed fuzzy maps.

3. All the good extensions of compactness are invariant by F -continuous maps. 4. All the good extensions of connectedness are invariant by F -continuous maps.

Proposition 2.5. If the map ω(f): (X, T ) → (Y, S) verifies that ω(f)^{−1}(y_α) is q-compact for every fuzzy point y_α in Y , then f^{−1}(y) is compact for every y ∈ Y .

Proof. For every open cover U of f^{−1}(y), we have that U^∗ = {χ_U | U ∈ U} is open q-cover of ω(f)^{−1}(y_α), where y_α is the fuzzy point in Y that takes the value α at its support y. Indeed: for each x ∈ supp ω(f)^{−1}(y_α), ω(f)^{−1}(y_α)(x) = y_α(f(x)) = α, then f(x) = y, x_{ω(f )}−1_{(y}ff_{)(x)} + χSU_{∈U U} (x) = α + 1 > 1, thus x_{ω(f )}−1_{(y}ff_{)(x)} q χSU_{∈U U} .

By the hypothesis, there exists a finite subcollection U^∗_0 of U^∗ such that sup{(1 − ⋁ χU ∈U^∗_0 χ^U )(x) | x ∈ supp ω(f)^{−1}(y^α)} < ω(f)^{−1}(y^α)(x), for every x ∈ supp ω(f)^{−1}(y_α) (or equivalently, x ∈ f^{−1}(y)). Then ( ⋁ χU ∈U^∗_0 χ^U )(x) + ω(f)^{−1}(y_α)(x) > 1 for every x ∈ f^{−1}(y) [4, Corollary 2.18], χSU_{∈U0 U} (x) + α > 1 for every x ∈ f^{−1}(y) (where U_0 ⊂ U is a finite subfamily), x ∈ ⋃ U∈U0 U for all

x ∈ f^{−1}(y) and, finally, U_0 covers f^{−1}(y). Thus f^{−1}(y) is compact.

Corollary 2.6. If the map ω(f): (X, T ) → (Y, S) is fuzzy perfect in the Ghosh’s sense, then the map f : (X, [T ]) → (Y, [S]) is perfect.

Proposition 2.7. If the map ω(f): (X, T ) → (Y, S) verifies that ω(f)^{−1}(y_α) is fuzzy compact in the Lowen’s sense for every fuzzy point y_α in Y , then f^{−1}(y) is compact for every y ∈ Y .

Proof. For every open cover U of f^{−1}(y), we have that U^∗ = {χ_U | U ∈ U} is open L-cover of ω(f)^{−1}(y_α), where y_α is the fuzzy point in Y that takes the value α at its support y. Indeed: for each x ∈ X,

ω(f)^{−1}(y_α)(x) = y_α(f(x)) = { α, if x ∈ f^{−1}(y), 0, if x /∈ f^{−1}(y),

then ω(f)^{−1}(y_α) 6 χSU_{∈U U} = ⋁ U∈U χ_U . By the hypothesis for all ξ, with α > ξ > 0, there exists a finite subfamily U_ξ ⊂ U such that {χ_U | U ∈ U} is L- cover of ω(f)^{−1}(y_α) − ξ. Then for every x ∈ f^{−1}(y), we have that χSU_{∈U U} (x) ¿ ω(f)^{−1}(y_α)(x) − ξ = y_α(f(x)) − ξ = α − ξ > 0. Thus, U_ξ covers f^{−1}(y).

Corollary 2.8. If the map ω(f): (X, T ) → (Y, S) is fuzzy perfect in the Srivastava and Lal’s sense, then the map f : (X, [T ]) → (Y, [S]) is perfect.

Proposition 2.9. If the map ω(f): (X, T ) → (Y, S) verifies that ω(f)^{−1}(y_α) is compact, in the Chang’s sense, for every fuzzy point y_α in Y , then f^{−1}(y) is compact for every y ∈ Y .

Proof. For every open cover U of f^{−1}(y), we have that U^∗ = {χ_U | U ∈ U} is open fuzzy cover of ω(f)^{−1}(y_α), where y_α is the fuzzy point in Y that takes the value α at y. By the hypothesis, there exists a finite subfamily U_0 ⊂ U such that {χ_U | U ∈ U_0} covers ω(f)^{−1}(y_α). Thus, also U_0 covers f^{−1}(y).

Corollary 2.10. If the map ω(f): (X, T ) → (Y, S) is fuzzy perfect in the Christoph’s sense, then the map f : (X, [T ]) → (Y, [S]) is perfect.

Theorem 2.11. Let (X, T ), (Y, S) be two weakly induced fuzzy topological spaces and ω(f): (X, T ) → (Y, S) be fuzzy perfect in the Ghosh’s sense (resp. in the Srivastava and Lal’s sense, or in the Christoph’s sense). If:

(a) (X, T ) verifies the fuzzy version of a property (P) of topological spaces, (b) the property (P) is invariant under perfect maps, (c) the fuzzy version of (P) is a good extension of (P), then (Y, S) verifies the fuzzy version of (P).

Proof. The map f : (X, [T ]) → (Y, [S]) is perfect by Corollaries 2.6, 2.8 and 2.10. Then the result is clear.

Corollaries 2.12. 1. Hausdorff fuzzy topological spaces [13] are invariant by fuzzy perfect maps in the various senses.

2. All the good extensions of paracompactness are invariant by fuzzy perfect maps in the various senses.

Theorem 2.13. Let (X, T ), (Y, S) be two weakly induced fuzzy topological spaces and ω(f): (X, T ) → (Y, S) be fuzzy perfect in the Ghosh’s sense (resp. in the Srivastava and Lal’s sense, or in the Christoph’s sense). If:

(a) (Y, S) verifies the fuzzy version of a property (P) of topological spaces, (b) the property (P) is inverse invariant under perfect maps, (c) the fuzzy version of (P) is a good extension of (P), then (X, T ) verifies the fuzzy version of (P).

Proof. The map f : (X, [T ]) → (Y, [S]) is perfect by Corollaries 2.6, 2.8 and 2.10. Then the result is clear.

Corollaries 2.14. 1. Hausdorff fuzzy topological spaces are inverse invariant by fuzzy perfect maps in the various senses.

2. All the good extensions of paracompactness are inverse invariant by fuzzy perfect maps in the various senses.

REFERENCES

[1] C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968), 182–190. [2] F. Y. Christoph, Quotient fuzzy topology and local compactness, J. Math. Anal. Appl. 57 (1977), 497–504.

[3] M. E. A. El-Monsef, F. M. Zeyada, S. N. El-Deeb, I. M. Hanafy, Good extensions of paracompactness, Math. Jap. 37 (1992), 195–200.

[4] B. Ghosh, Directed family of fuzzy sets and fuzzy perfect maps, Fuzzy Sets Systems 75 (1995), 93–101.

[5] R. Lowen, Fuzzy topological spaces and fuzzy compactness, J. Math. Anal. Appl. 56 (1976), 621–633.

[6] R. Lowen, A comparison of different compactness notions in fuzzy topological spaces, J.

Math. Anal. Appl. 64 (1978), 446–454.

[7] M. K. Luo, Paracompactness in fuzzy topological spaces, J. Math. Anal. Appl. 130 (1988), 55–77.

[8] F. G. Lupiañez, Fuzzy perfect maps and fuzzy paracompactness, Preprint. [9] H. W. Martin, Weakly induced fuzzy topological spaces, J. Math. Anal. Appl. 78 (1980), 634–639.

16 F. G. Lupiañez

[10] Pu P.-M., Liu Y.-M., Fuzzy Topology I. Neighborhood structure of a fuzzy point and Moore- Smith convergence, J. Math. Anal. Appl. 76 (1980), 571–599.

[11] A. P. Shostak, Two decades of fuzzy topology: basic ideas, notions, and results, Russian Math. Surveys 44 (6) (1989), 125–186.

[12] R. Srivastava, S. N. Lal, On fuzzy proper maps, Mat. Vesnik 38 (1986), 337–342. [13] R. Srivastava, S. N. Lal, A. K. Srivastava, Fuzzy Hausdorff topological spaces, J. Math. Anal.

Appl. 81 (1981), 497–506.

[14] R. Srivastava, S. N. Lal, A. K. Srivastava, Fuzzy T1-topological spaces, J. Math. Anal. Appl.

102 (1984), 442–448.

[15] C. K. Wong, Fuzzy topology: product and quotient theorems, J. Math. Anal. Appl. 45 (1974), 512–521.

(received 10.05.1997.)

Departamento de geometria y topologia, Facultad de Matematicas, Universidad complutense de Madrid, 28040-Madrid, Spain