MATEMATIQKI VESNIK 49 (1997), 177–185

UDK 517.984.5 originalni nauqni rad research paper

L^p-ESSENTIAL SPECTRAL THEORY OF ORDINARY

DIFFERENTIAL OPERATORS WITH ALMOST CONSTANT COEFFICIENTS

Valeri A. Erovenko

Abstract. In this paper investigation is conducted of various essential spectra of minimal, maximal and intermediate ordinary differential operators in scale of Lebesque spaces Lp(a, ∞), 1 ≤ p ≤ ∞, obtained by means of relatively small perturbations of differential operators with constant coefficients of order n by differential operators of the same order, which generalizes the results [1–3]. This makes it possible to prove the new analogons of the classical Weyl theorem of invariance of essential spectrum as well as to obtain the precise formulas for calculating essential spectra of various classes of ordinary differential operators in Lebesque spaces Lp. In contemporary mathematical literature a few assertions are known as Weyl’s theorem (see, for example, survey [4]). The classical Weyl theorem states that if A and B are self-adjoint and A − B is compact then σe(A) = σe(B), where σe is the essential spectrum of an operator. Generalization of Weyl theorem on various essential spectra for closed operators in Banach spaces and special classes of perturbations is dealt with in papers [5–7].

Let T be a closed linear operator densely defined on a complex Banach space. Essential spectra of an operator T could be defined as complements in a complex plane C of sets defined by various Fredholm properties of family of operators T −λI:

σ_{ek} (T ) := C \ Δ_k(T ), k = 1, 2, 3, 4, 5,

σ^+_{e2}(T ) := C \ Φ^+(T ) and σ^−_{e2}(T ) := C \ Φ^−(T ),

where Δ_1(T ) := {λ ∈ C : R(T − λI) = R(T − λI)}, Φ^+(T ) := {λ ∈ Δ_1(T ) : nul(T − λI) < ∞}, Φ^−(T ) := {λ ∈ Δ_1(T ) : def(T − λI) < ∞}, Δ_2(T ) := Φ^+(T ) ∪ Φ^−(T ) = s − Φ(T ), Δ_3(T ) := Φ^+(T ) ∩ Φ^−(T ) = Φ(T ), Δ_4(T ) := {λ ∈ Δ_3(T ) : ind(T − λI) = 0}, Δ_5(T ) := {λ ∈ Δ_4(T ) : a deleted neighbourhood of λ lies in the resolvent set ρ(T )}.

Each of the sets σ_{ek} (T ), k = 1, 5, σ^+_{e2}(T ) and σ^−_{e2}(T ) has been reffered to as the essential spectrum of T accoding to (1) Goldberg, (2) Kato, (2^+) Wolf, (2^−) Gustafson-Weidmann, (3) Fredholm, (4) Weyl or Schechter, (5) Browder. It is clear

AMS Subject Classification: 47 A 10, 47 A 53, 47 E 05 Submitted to the 4th Symposium on Mathematical Analysis and Its Applications, Aran -delovac 1997. 177 that σ_{ek} (T ) ⊆ σ_{el}(T ) for k ≤ l and σ_{e2}(T ) ⊆ σ^±_{e2}(T ) ⊆ σ_{e3}(T ), where the inclusion might be proper. The essential spectra σ_{ek} (T ), k = 1, 2, 2^±, 3, 4, 5, can be described by other equivalent means [8–11].

The basis of the theory of the essential spectrum σ_{e1} for ordinary differential operators in L^p spaces is due to Rota [12]. Balslev and Gamelin [13] investigated the Fredholm essential spectrum σ_{e3} of ordinary differential operators in spaces L^p, 1 < p < ∞, and generalization of these results for σ_{e1} in L^p, 1 ≤ p ≤ ∞, is dealt with in Goldberg’s monograph [14].

Let us consider a formal differential expression

τ := n∑ k=0 a_k(t)D^k, a ≤ t < ∞, −∞ < a < ∞, (1) where a_k(t) are complex valued functions such that a_k(t) ∈ C^k[a, ∞), a_n(t) ≠ 0, 1/a_n, a_k ∈ L^∞(a, ∞), 0 ≤ k ≤ n, and D := d/dt. Denote by T (τ, p, [a, ∞)) a maximal operator corresponding to (τ, p, [a, ∞)) which is defined on L^p(a, ∞) as follows: D[T (τ, p, [a, ∞))] := {f : f^{(n−1)} ∈ AC_{loc}[a, ∞); f, τf ∈ L^p(a, ∞)}, where AC_{loc}[a, ∞) is the set of complex valued functions f, absolutely continuous on each compact subinterval from [a, ∞) and T (τ, p, [a, ∞))f := τf for f ∈ D[T (τ, p, [a, ∞))]. We denote by T_0(τ, p, [a, ∞)) a minimal operator defined on L^p(a, ∞) for 1 ≤ p < ∞ as closure of restriction of the maximal operator T (τ, p, [a, ∞)) on the set of functions from D[T (τ, p, [a, ∞))], having compact support in (a, ∞), and for 1 < p ≤ ∞ defined by a Banach conjugate T^′(τ^∗, p^′, [a, ∞)), where τ^∗ is the formally conjugated differential operation τ^∗g := ∑_n k=0(−1)^kD^k(a_kg), and 1/p + 1/p^′ = 1 if 1 < p < ∞; p^′ = ∞ if p = 1; p^′ = 1 if p = ∞. Various properties of essential spectra of minimal and maximal ordinary differential operators are investigated in [15–17].

Theorem 1. Let S(τ, p, [a, ∞)), −∞ < a < ∞, be a closed linear differential operator in L^p(a, ∞), 1 ≤ p ≤ ∞, which is an extension of minimal operator T_0(τ, p, [a, ∞)) and a restriction of maximal operator T (τ, p, [a, ∞)) generated by differential operation τ (1) with smooth coefficients a_k(t), 1/a_n ∈ L^∞(a, ∞), 0 ≤ k ≤ n, T_0(τ, p, [a, ∞)) ⊆ S(τ, p, [a, ∞)) ⊆ T (τ, p, [a, ∞)). Then for any b ∈ (a, ∞) and five versions of essential spectra of differential operators S(τ, p, [a, ∞)) and S(τ, p, [b, ∞)) the following equalities hold: σ_{ek} [S(τ, p, [a, ∞))] = σ_{ek} [S(τ, p, [b, ∞))], k = 1, 2, 2^±, 3. (2) For Weyl essential spectrum σ_{e4} of minimal and maximal differential operators the following equalities hold: σ_{e4}[T_0(τ, p, [a, ∞))] = σ_{e4}[T_0(τ, p, [b, ∞))], σ_{e4}[T (τ, p, [a, ∞))] = σ_{e4}[T (τ, p, [b, ∞))]. (3)

Proof. We will consider some key points of the proof. To check the formulas (2) it suffices to consider an equality for Fredholm essential spectrum σ_{e3} as essential spectra σ_{ek}, k = 1, 2, 3, and σ^±_{e2} coincide for minimal T_0(τ, p, [a, ∞)) and maximal T (τ, p, [a, ∞)) operators [15]. The operator T_{0b}(τ, p, [a, ∞)) for which D[T_{0b}(τ, p, [a, ∞))] := {f : f^{(n−1)} ∈ AC_{loc}[a, ∞); f^{(j)}(a) = f^{(j)}(b) = 0, j = 0, n − 1; f, τf ∈ L^p(a, ∞)} and T_{0b}(τ, p, [a, ∞)) := τf, in the direct sum of Banach spaces L^p(a, ∞) = L^p(a, b) ⊕ L^p(b, ∞) can be written as a decomposition T_{0b}(τ, p, [a, ∞)) = T_0(τ, p, [a, b]) ⊕ T_0(τ, p, [b, ∞)). This presentation implies the equality for Fredholm essential spectra σ_{e3}[T_{0b}(τ, p, [a, ∞))] = σ_{e3}[T_0(τ, p, [a, b])] ∪ σ_{e3}[T_0(τ, p, [b, ∞))]. (4) Since σ_{e3}[T_0(τ, p, [a, b])] = ∅ and minimal operator T_0(τ, p, [a, ∞)) is an ndimensional extension of the operator T_{0b}(τ, p, [a, ∞)), the equality (4) implies σ_{e3}[T_0(τ, p, [a, ∞))] = σ_{e3}[T_0(τ, p, [b, ∞))].

To prove the equality (3) we will introduce an additional operator A_b(τ, p, [a, b]) defined on L^p(a, b) for which D[A_b(τ, p, [a, b])] := {f : f^{(n−1)} ∈ AC_{loc}[a, b]; f^{(j)}(b) = 0, j = 0, n − 1} and A_b(τ, p, [a, b])f := τf. We define in the direct sum of Banach spaces L^p(a, ∞) = L^p(a, b) ⊕ L^p(b, ∞) an operator T_b(τ, p, [a, ∞)) := A_b(τ, p, [a, b]) ⊕ T_0(τ, p, [b, ∞)). The identical operator I is A_b-compact since the bounded inverse A^{−1}_b is compact and from ρ(A_b) ≠ ∅ we have σ_{e4}[A_b(τ, p, [a, b])] = ∅. Therefore the following equality holds σ_{e4}[T_b(τ, p, [a, ∞))] = σ_{e4}[T_0(τ, p, [b, ∞))]. (5) We would like to note that the operator T_b(τ, p, [a, ∞)) is an n-dimensional extension of the operator T_{0b}(τ, p, [a, ∞)). On the other hand, the minimal operator T_0(τ, p, [a, ∞)) is an n-dimentional extension of the operator T_{0b}(τ, p, [a, ∞)) and hence ind[T_b(τ, p, [a, ∞)) − λI] = ind[T_0(τ, p, [a, ∞)) − λI]. Therefore, the correlation (5) implies the equality (3) for Weyl essential spectrum of minimal operators. The theorem is proved.

We denote by B(ν, p, [a, ∞)) (respectively B_0(ν, p, [a, ∞))) for −∞ < a < ∞ a maximal (minimal) differential operator generated in L^p(a, ∞), 1 ≤ p < ∞, by the formal differential operation

ν := n−1∑ k=0 b_k(t)D^k , a ≤ t < ∞, (6) where complex valued functions b_k ∈ C^k[a, ∞), 0 ≤ k ≤ n − 1, and by T (τ + ν, p, [a, ∞)) (respectively T_0(τ + ν, p, [a, ∞))) a maximal (minimal) operator generated in L^p(a, ∞), −∞ < a < ∞, 1 ≤ p < ∞, by the formal differential operation τ + ν, where τ and ν is defined by the formulas (1) and (6). The opera- tors B(ν, p, [a, ∞)), B_0(ν, p, [a, ∞)) and T (τ + ν, p, [a, ∞)), T_0(τ + ν, p, [a, ∞)) are defined likewise the maximal and minimal differential operator generated by the operation τ.

Theorem 2. The maximal differential operator B(ν, p, [a, ∞)) (the minimal differential operator B_0(ν, p, [a, ∞))) generated by ν (6) in L^p(a, ∞) is T (τ, p, [a, ∞))-bounded (respectively T_0(τ, p, [a, ∞))-bounded) for the differential operation τ (1), −∞ < a < ∞ and 1 ≤ p < ∞ if b_k ∈ L^p_{loc}(a, ∞) and sup m≤s<∞ ∫_{s+1} s |b_k(t)|^pdt → 0 as m → ∞, 0 ≤ k ≤ n − 1. (7) In case of fairly large a ∈ (0, ∞) for maximal and minimal differential operators considered the following equalities hold T (τ + ν, p, [a, ∞)) = T (τ, p, [a, ∞)) + B(ν, p, [a, ∞)), (8) T_0(τ + ν, p, [a, ∞)) = T_0(τ, p, [a, ∞)) + B_0(ν, p, [a, ∞)), (9) and a relative bound of differential operators B(ν, p, [a, ∞)) and B_0(ν, p, [a, ∞)) is strictly less than unity.

Proof. Denote for simplicity T (τ + ν) := T (τ + ν, p, [a, ∞)), T (τ) := T (τ, p, [a, ∞)) and B(ν) := B(ν, p, [a, ∞)). We will prove the equality (8) for maximal operators. It suffices to check the equality for domains D[T (τ + ν)] = D[T (τ)]. The condition (7) of the theorem implies that ∀ε > 0 there is a number a ∈ (0, ∞) such that

∫_{s+1} s |b_k(t)|^p dt < ε^p for [s, s + 1] ⊂ [a, ∞), 0 ≤ k ≤ n − 1. (10) The estimates (10) for coefficients of the perturbating differential operation ν (6) imply the relative boundedness of the operator B(ν) in comparison with T (τ).

For functions f ∈ W^n_p (a, ∞) := {f : f^{(n−1)} ∈ AC_{loc}[a, ∞), f^{(i)} ∈ L^p[a, ∞), 0 ≤ i ≤ n}, 1 ≤ p < ∞, and 0 ≤ k ≤ n − 1 the following inequlity holds ‖b_kf^{(k)}‖^p ≤ C ( ‖f^{(k+1)}‖^p + ‖f^{(k)}‖^p ) sup s∈[a,∞) ∫_{s+1} s |b_k(t)|^p dt, (11) where ‖ · ‖_p is the norm in L^p(a, ∞) [17].

Under conditions on coefficients a_k(t) of the differential operation τ (1) there exists a constant K, which depends on p, n, the length of an interval I as well as the maximum of the numbers ‖1/a_n‖_{∞,I} and ‖a_k‖_{∞,I} , 0 ≤ k ≤ n − 1, such that for f ∈ D[T (τ, p, I)] the following inequality holds [14] ‖f^{(k)}‖^p_{,I} ≤ K ( ‖τf‖^p_{,I} + ‖f‖^p_{,I} ) , 0 ≤ k ≤ n, 1 ≤ p < ∞. (12) Due to the estimate (12) the inequalities (10) and (11) immediately imply that there are a constant M and ε = ε(a) > 0 such that for functions f ∈ D[T (τ)] and 1 ≤ p < ∞ the following inequality holds ‖νf‖_p ≤ n−1∑ k=0 ‖b_kf^{(k)}‖_p ≤ εM ( ‖τf‖_p + ‖f‖_p ) . (13)

If f ∈ D[T (τ)] then by definition τf ∈ L^p(a, ∞), therefore the inequality (13) implies νf ∈ L^p(a, ∞) whence f ∈ D[T (τ + ν)]. Thus we have proved the inclusion D[T (τ)] ⊆ D[T (τ + ν)]. Now we are going to prove the inverse inclusion D[T (τ + ν)] ⊆ D[T (τ)]. Let f ∈ D[T (τ + ν)]; then (τ + ν)f ∈ L^p(a, ∞) and f^{(k)}, 0 ≤ k ≤ n − 1, are continuous functions on each compact interval J ⊂ [a, ∞) of length not less than 1, therefore νf ∈ L^p(J), hence τf = (τ + ν)f − νf ∈ L^p(J). The inequality ‖τf‖_{p,J} ≤ ‖(τ + ν)f‖_{p,J} + ‖νf‖_{p,J} and the inequality (13), which also holds for the norm ‖·‖_{p,J} in space L^p(J), imply the estimate (for 0 < εM < 1) ‖νf‖_{p,J} ≤ εM 1 − εM ( ‖(τ + ν)f‖_p + ‖f‖_p ) . (14)

Since this inequality holds for any subinterval J ⊂ [a, ∞) we have νf ∈ L^p(a, ∞), hence τf = (τ + ν)f − νf ∈ L^p(a, ∞), i.e. f ∈ D[T (τ)], therefore D[T (τ + ν)] = D[T (τ)], whence the equality (8). The equality (9) can be proved like the similar assertion of theorem 1 of paper [17]. The theorem is proved.

Using theorem 2 and theorem on essential spectra of maximal and minimal ordinary differential operators with constant coefficients [16] one can find precise formulas for essential spectra of differential operators with almost constant coefficients, i.e. differential operators with variable coefficients tending to constant ones at infinity.

Let us consider a formal differential operation of the type

μ := τ + ν = n∑ k=0 a_kD^k + n−1∑ k=0 b_k(t)D^k, a ≤ t < ∞, (15) where a_k are complex numbers, τ is a differential operation of type (1) with constant coefficients and b_k(t) are complex valued functions such that b_k ∈ C^k(a, ∞), k = 0, n. Theorem 3. Let the coefficients b_k(t), 0 ≤ k ≤ n − 1 in the differential operation μ (15) satisfy the integral conditions (7). Then for essential spectra of minimal T_0(μ, p, [a, ∞)), maximal T (μ, p, [a, ∞)) operators generated by μ (15) in L^p(a, ∞), −∞ < a < ∞, 1 ≤ p < ∞, and for the closed differential operator S(μ, p, [a, ∞)), which is an extension of minimal and a restriction of maximal operators, as well as for similar operators defined by the differential operations τ (1) with constant coefficients and ν (6), the following equalities hold, which are the generalizations of Weyl theorem: σ_{ek}[S(μ, p, [a, ∞))] = σ_{ek} [S(τ, p, [a, ∞)) + S(ν, p, [a, ∞))] = σ_{ek} [S(τ, p, [a, ∞))], k = 1, 2, 2^±, 3, σ_{ek} [T_0(μ, p, [a, ∞))] = σ_{ek} [T_0(τ, p, [a, ∞)) + T_0(ν, p, [a, ∞))] = σ_{ek} [T_0(τ, p, [a, ∞))], k = 4, 5, σ_{ek} [T (μ, p, [a, ∞))] = σ_{ek} [T (τ, p, [a, ∞)) + T (ν, p, [a, ∞))] = σ_{ek} [T (τ, p, [a, ∞))], k = 4, 5.

Proof. Denote by T (μ) := T (μ, p, [a, ∞)), T_0(μ) := T_0(μ, p, [a, ∞)) and by T (τ + ν), T (τ), B(ν) (respectively T_0(τ + ν), T_0(τ), B_0(ν)) the maximal (minimal) operators defined while proving theorem 2.

Note that the inequality (12) for norms of derivatives also holds for a differential operation τ − λ, λ ∈ C. Therefore for functions f ∈ D[T (τ)] = D[T (τ + ν)] in corresponding Lebesque spaces L^p(a, ∞), 1 ≤ p < ∞, the inequalities (13) and (14) imply that there exists such a ∈ (0, ∞) and, due to the conditions (7) on coefficients b_k, such fairly small ε = ε(a), 0 < ε < 1, for which the following inequalities hold ‖νf‖_p ≤ ε ( ‖(τ − λ)f‖_p + ‖f‖_p ) , ‖νf‖_p ≤ ε ( ‖(τ + ν − λ)f‖_p + ‖f‖_p ) . These estimates as well as the following equalities for maximal operators T (τ + ν) − λI = (T (τ) − λI) + B(ν) (see formula (8)) and T (τ) − λI = (T (τ) + B(ν) − λI) − B(ν) = (T (τ + ν) − λI) − B(ν) imply that the operator T (τ + ν) − λI can be considered as a relatively small perturbation of the operator T (τ) − λI and vice versa. Hence applying the theorem of stability of the index of closed semi-Fredholm operators [11] we have λ ∈ Φ^+(T (τ)) if and only if λ ∈ Φ^+(T (τ) + B(ν)) and for indices the following equality holds ind(T (τ) − λI) = ind(T (τ) + B(ν) − λI) = ind(T (τ +ν)−λI). Therefore for essential spectra of the maximal operator T (τ +ν) the following equalities hold

σ_{ek} [T (τ + ν)] = σ_{ek}[T (τ)], k = 1, 4, σ^±_{e2}[T (τ + ν)] = σ^±_{e2}[T (τ)]. (16)

Arguing in the same way, using the equality (9) for the minimal operators T_0(τ) and B_0(ν), one can show that for essential spectra of the minimal operator T_0(τ +ν) the corresponding equalities hold

σ_{ek} [T_0(τ + ν)] = σ_{ek} [T_0(τ)], k = 1, 4, σ^±_{e2}[T_0(τ + ν)] = σ^±_{e2}[T_0(τ)]. (17)

The theorem is proved.

Corollary 1. Essential spectra of differential operators generated by the operation μ (15) and defined in theorem 3 can be calculated by the formulas: σ_{ek} [S(μ, p, [a, ∞))] = σ^±_{e2}[S(μ, p, [a, ∞))] = {P (λ) : Reλ = 0}, k = 1, 3, (18) σ_{ek} [T_0(μ, p, [a, ∞))] = σ[T_0(μ, p, [a, ∞))] = {P (λ) : Reλ ≥ 0}, k = 4, 5, (19) σ_{ek} [T (μ, p, [a, ∞))] = σ[T (μ, p, [a, ∞))] = {P (λ) : Reλ ≤ 0}, k = 4, 5, (20) where P is a polynomial corresponding the differential operation with constant coefficients τ (1)

P (t) := n∑ k=0 a_kt^k.

Proof. In theorem 2 of paper [16] the precise formulas for finding all essential spectra of maximal and minimal differential operators with constant coefficients were obtained. Therefore the equalities (16), (17) and theorem 3 imply the corresponding assertions in case of formal differential operation μ = τ = ν (15) for essential spectra σ_{ek} , k = 1, 5, and σ^±_{e2} of minimal T_0(μ) and maximal T (μ) perturbated differential operators in Lebesque spaces L^p(a, ∞) and corresponding a ∈ (0, ∞). The remaining equalities for intermediate differential operators S(μ, p, [a, ∞)) follow from theorem 1 of paper [15]. Finally the formulas (18)– (20) of all essential spectra of considered differential operators in Lebesque spaces L^p(a, ∞), 1 ≤ p < ∞, for any a ∈ (−∞, ∞) follow from theorem 1. The corollary is proved.

Let us consider a differential operation μ of more general type, namely, as a perturbation of τ by a differential operation of the same order n, i.e.

μ := n∑ k=0 (a_k + b_k(t))D^k, a ≤ t < ∞, (21)

where a_k are complex numbers and complex valued functions of real argument b_k ∈ C^k(a, ∞), for k = 0, n.

Corollary 2. Let for coefficients of the differential operation μ (21) the following conditions hold b_n, 1/(a_n + b_n) ∈ L^∞(a, ∞) and coefficients b_k(t), 0 ≤ k ≤ n, satisfy conditions of tending to 0 at infinity (7). Then for the minimal T_0(μ, p, [a, ∞)), maximal T (μ, p, [a, ∞)) and intermediate S(μ, p, [a, ∞)) differential operators generated in L^p(a, ∞), −∞ < a < ∞, 1 ≤ p < ∞, by the differential operation μ (21) the following generalizations of the classical Weyl theorem hold: σ_{ek} [S(μ, p, [a, ∞))] = σ_{ek} [S(τ, p, [a, ∞))], k = 1, 2, 2^±, 3, σ_{ek} [T_0(μ, p, [a, ∞))] = σ_{ek} [T_0(τ, p, [a, ∞))], k = 4, 5, σ_{ek} [T (μ, p, [a, ∞))] = σ_{ek} [T (τ, p, [a, ∞))], k = 4, 5. Besides, for differential operators defined by the operations μ (21) the formulas for essential spectra (18)–(20) hold.

Proof. Since theorem 2 holds for the differential operation τ (1) with variable coefficients, considering the conditions on the coefficients b_k(t), 0 ≤ k ≤ n, (7) it suffices to investigate the particular case of the differential operation μ (21) with the coefficients b_k(t) = 0, 0 ≤ k ≤ n − 1, the operation of the type

μ := τ + b_n(t)D^n = (a_n + b_n(t))D^n + n−1∑ k=0 a_kD^k. (22)

In other words to prove the assertion of the theorem for differential operators with μ (22) and then to consider the general differential operation μ (21) as a relatively small perturbation of the differential operation (22). To do so it suffices to present the differential operation μ (22) in the form μ − λ = ( 1 + b_n(t) a_n ) (τ − λ) − n−1∑ k=0 b_n(t) a_n a_kD^k + b_n(t) a_n λ.

Corollary 3. For essential spectra of minimal T_0(μ, ∞, [a, ∞)), maximal T (μ, ∞, [a, ∞)) and intermediate S(μ, ∞, [a, ∞)) differential operators generated by the formal differential operation μ (21) in space L^∞(a, ∞), −∞ < a < ∞, with coefficients satisfying the conditions of corollary 2 and with their derivatives satisfying sup m≤s<∞ ∫_{s+1} s |b^{(i)}_k (t)|^pdt → 0 as m → ∞, 0 ≤ i ≤ k, 0 ≤ k ≤ n, the formulas (18)–(20) hold for differential operators in case p = ∞.

To prove this assertion it suffices to apply corollary 2 to differential operators generated in space L^1(a, ∞) by the formal conjugated differential operation

(μ)^∗f := n∑ k=0 (−1)^kD^k ( (a_k + b_k(t))f ) , and then using the formulas of duality (see, for instance, [14,15]) proceed to differential operators defined by the operation μ (21) in space L^∞(a, ∞).

Theorem 3 and corollary 1,2,3 generalize the results of [13,14] for Fredholm and Goldberg essential spectra of maximal operators in space L^p(0, ∞) as well as the results of [10,18] for various essential spectra of ordinary differential operators in Hilbert space. We would like to note books [19,20] on localization of essential spectrum of ordinary self-adjoint differential operators with variable coefficients.

In conclusion I wish to thank Professors K.Gustafson, W.D.Evans, V.Rakočević who acquainted me with their papers on the theory of essential spectra of linear operators.

REFERENCES

[1] Erovenko, V. A., Ob invariantnosti suwestvennyh spektorv obyknovennyh differencial~nyh operatorov v Lebegovyh prostranstvah, Dokl. AN Belarusi 39, 2 (1995), 26–30.

[2] Erovenko, V. A., Suwestvenye spektri lineænyh differencial~nyh operatorov s poqti postoØnymi kofffficientami, Dokl. AN Belarusi 40, 4 (1996), 39–43.

[3] Erovenko, V. A., Analogi klassiqeskoæ teoremi VeælØ ob invariantnosti suwestvennogo spektra, Dokl. AN Belarusi 42, (1998) (to appear).

[4] Gustafson, K., Weyl’s theorems, Proc. Oberwolfach Conf. on Linear Operators and Approximation, Basel, Int. Ser. Number Math. 20 (1972), 80–93.

[5] Gustafson, K., Weidmann, J., On the essential spectrum, J. Math. Anal. Appl. 25 (1969), 121–127.

[6] Schechter, M., On the essential spectrum of an arbitrary operator, J. Math. Anal. Appl. 13 (1966), 205–215.

[7] Williams, V., Closed Fredholm and semi-Fredholm operators, essential spectrum and perturbations, J. Funct. Anal. 20 (1975), 1–25.

[8] Rakočević, V., On the essential spectrum, Z. rad. Filoz. fak. Nišu, Ser. Mat. 6 (1992), 39–48. [9] Schechter, M. Spectra of Partial Differential Operators, North-Holland, Amsterdam 1971. [10] Edmunds, D. E., Evans, W. D., Spectral Theory and Differential Operators, Clarendon Press, Oxford 1987.

[11] Kato, T., Perturbation Theory for Linear Operators, 2nd ed., Springer-Verlag, Berlin 1976. [12] Rota, G. C., Extension theory of differential operators, Comm. Pure Appl. Math. 11 (1958), 23–65.

[13] Balslev, E., Gamelin, T. W., The essential spectrum of a class of ordinary differential operators, Pacific J. Math. 14 (1964), 755–776.

[14] Goldberg, S., Unbounded Linear Operators. Theory and Applications, McGraw-Hill, New York 1966.

[15] Erovenko, V. A., O Lp-suwestvennyh spektrah nekotoryh klassov nesamosoprØßennyh obyknovennyh differencial~nyh operatorov I. Operatory s dostatoqno gladkimi kofffficientami, Differenc. uravneniØ 32, 8 (1996), 1024–1034.

[16] Erovenko, V. A., O Lp-suwestvennyh spektrah nekotoryh klassov nesamosoprØßennyh obyknovennyh differencial~nyh operatorov II. Operatory s postoØnnymi kofffficientami i operatory �ælera, Differenc. uravneniØ 32, 9 (1996), 1162–1170.

[17] Erovenko, V. A., Primenenie abstraktnoæ teorii vozmuweniæ k issledovani¸ suwestvennyh spektrov obyknovennyh differencial~nyh operatorov v L^p, Differenc. uravneniØ 33, (1997) (to appear).

[18] Evans, W. D., Lewis R. T., Zettl, A., Non-selfadjoint operators and their essential spectra, Lect. Notes Math. 1032 (1982), 123–160.

[19] Glazman, I. M., Direct methods of qualitative spectral analysis of singular differential operators, Israel Prog. for Sci. Trans., Jerusalem 1965.

[20] Müller-Pfeiffer, E., Spectral Theory of Ordinary Differential Operators, John Wiley Sons, New York 1981.

(received 01.08.1997.)

Department of Mathematics and Mechanics, Belaruski State University, 220050 Minsk, Belarus