MATEMATIQKI VESNIK

49 (1997), 173–176

UDK 517.984.4

originalni nauqni rad

research paper

QUASIHYPONORMAL OPERATORS AND THE CONTINUITY OF THE APPROXIMATE POINT SPECTRUM

Slaviša V. -Dor -dević

Abstract. Let H be a separable Hilbert space. We write σ(A) for the spectrum of A ∈ B(H), σa(A) and σea(A) for the approximate point and the essential approximate point spectrum of A. Operator A ∈ B(H) is quasihyponormal if ‖A�Ax‖ ≤ ‖A^2x‖ for all x ∈ H.

In this paper we show that the approximate point spectrum σa and the essential approximate point spectrum σea are continuous in the set of all quasihyponormal operators.

1. Introduction

Let H be a complex infinite-dimensional separable Hilbert space and let B(H) (K(H)) denote the Banach algebra of all bounded operators (the ideal of all compact operators) on H. If A ∈ B(H), then σ(A) denotes the spectrum of A and ρ(A) denotes the resolvent set of A. It is well-known that the following sets are semigroups of operators on H:

Φ_+(H) = {A ∈ B(H) : R(A) is closed and dim N (A) < ∞} Φ_−(H) = {A ∈ B(H) : R(A) is closed and dim H/R(A) < ∞} .

The semigroup of semi-Fredholm operators is Φ(H) = Φ_+(H) ∪ Φ_−(H). If A is semi-Fredholm and α(A) = dim N (A) and β(A) = dim H/R(A), then we define an index by i(A) = α(A) − β(A). We also consider set Φ^−_+(H) = {A ∈ Φ_+(H) : i(A) ≤ 0} .

For A ∈ B(H), the following definitions are well-known:

σ_a(A) = {λ ∈ C : inf_{x∈H , ‖x‖=1} ‖(A − λ)x‖ = 0 } − the approximate point spectrum,

σ_w(A) = {λ ∈ C : A − λ /∈ Φ_0(H)} − the Weyl spectrum , σ_{ea}(A) = {λ ∈ C : A − λ /∈ Φ^−_+(H)} − the essential approximate point spectrum σ_{ab}(A) = ∩{σ_a(A + K) : AK = KA, K ∈ K(H)} − the Browder essential approximate point spectrum

AMS Subject Classification: 47A10, 47A53 Communicated at the 4th Symposium on Mathematical Analysis and Its Applications, Aran -delovac 1997. 173

Let π_{00}(A) be the set of all λ ∈ C such that λ is an isolated point of σ(A) and 0 < dim N (A − λ) < ∞, let π_0(A) be the set of all normal eigenvalues of A, that is the set of all isolated points of σ(A) for which the corresponding spectral projection has finite-dimensional range. We say that A obeys Weyl’s theorem [3], [7], if σ_w (A) = σ(A) \ π_{00}(A) .

If (τ_n) is a sequence of compact subsets of C, then its limit inferior is

lim inf τ_n = {λ ∈ C : there are λ_n ∈ τ_n with λ_n → λ}

and its limit superior is

lim sup τ_n = {λ ∈ C : there are λ_{nk} ∈ τ_{nk} with λ_{nk} → λ} .

If lim inf τ_n = lim sup τ_n, then lim τ_n is defined by this common limit. A mapping p, defined on B(H), whose values are compact subsets of C, is said to be upper (lower) semi-continuous at A, provided that if A_n → A then lim sup p(A_n) ⊂ p(A) (p(A) ⊂ lim inf p(A_n)). If p is both upper and lower semi-continuous at A, then it is said to be continuous at A and in this case lim p(A_n) = p(A).

We say that A ∈ B(H) is quasihyponormal provided that ‖A^∗Ax‖ ≤ ‖A^2x‖ for all x ∈ H. In this paper we show that the essential approximate point spectrum, the Browder essential approximate point spectrum and the approximate point spectrum are continuous functions in the set of all quasihyponormal operators.

2. General results

We say that A ∈ B(H) is quasihyponormal provided that ‖A^∗Ax‖ ≤ ‖A^2x‖ for all x ∈ H. In [6], V. A. Erovenko showed that the spectrum is a continuous function in the set of all quasihyponormal operators. In this paper we show that the essential approximate point spectrum, the Browder essential approximate point spectrum and the approximate point spectrum are continuous functions in the set of all quasihyponormal operators.

Theorem 2.1. If A^∗_n are quasihyponormal operators in B(H) and A_n → A, then lim_{n→∞} σ_{ea}(A_n) = σ_{ea}(A).

Proof. Since σ_{ea} is upper semi-continuous [4, Theorem 2.1], we have to show that σ_{ea}(A) ⊂ lim inf σ_{ea}(A_n). Suppose that σ_{ea} is not lower semi-continuous at A. Then exists ϵ > 0 and λ ∈ σ_{ea}(A) such that λ /∈ (σ_{ea}(A_n))_ϵ for every n ∈ N such that n > n_0. Hence, for n > n_0 we have that λ ∉ σ_{ea}(A_n). By [9] we have that A_n − λ ∈ Φ^−_+(H), i.e. i(A_n − λ) ≤ 0 and α(A_n − λ) < ∞.

Now we consider two cases:

Case I: Let λ ≠ 0 and let n ∈ N such that n > n_0. If x ∈ N (A^∗_n − λ), then A^∗_nx = λx and since A^∗_n is quasihypinormal operator we have that ‖A_nx‖ = ‖A_n( 1 λ A^∗_nx)‖ = 1 |λ| ‖A_nA^∗_nx‖ ≤ 1 |λ| ‖(A^∗_n)^2x‖ ≤ |λ|‖x‖ .

Quasihyponormal operators and approximate point spectrum 175

This fact implies that ((A_n − λ)x, (A_n − λ)x) ≤ 0, so x ∈ N (A_n − λ). It proves that β(A_n − λ) = α(A_n − λ)^∗ ≤ α(A_n − λ) i.e. i(A_n − λ) ≥ 0. Then by i(A_n − λ) ≥ 0 and A_n − λ ∈ Φ^−_+(H) we have that i(A_n − λ) = 0. Since A_n − λ → A − λ we have that i(A − λ) = 0, i.e. β(A − λ) = α(A − λ) < ∞. Hence, we have that α(A−λ) < ∞ and i(A−λ) ≤ 0, i.e. A−λ ∈ Φ^−_+(H) =⇒ λ /∈ σ_{ea}(A). This is a contradiction.

Case II: Let λ = 0 and let n ∈ N such that n > n_0. If x ∈ N ((A^∗_n)^2), then 0 = ‖(A^∗_n)^2x)‖ ≥ ‖A_nA^∗_nx‖ ≥ 0 =⇒ A_nA^∗_nx = 0 and now (A^∗_nx, A^∗_nx) = (x, A_nA^∗_nx) = (x, 0) = 0 i.e. x ∈ N (A^∗_n). Hence a(A^∗_n) = 1 and α(A^∗_n) < ∞, by [1, p. 57] we have that β(A_n) = α(A^∗_n) ≤ β(A^∗_n) = α(A_n) , i.e. i(A_n − λ) ≥ 0 and the proof continuous as previous case.

Theorem 2.2. If A^∗_n, A^∗ are quasihyponormal operators in B(H) and A_n → A, then lim_{n→∞} σ_{ab}(A_n) = σ_{ab}(A).

Proof. Suppose that λ ∈ σ_a(A) \ σ_{ea}(A). Then A − λ ∈ Φ^−_+(H) and 0 < α(A − λ) < ∞ [9]. If λ ≠ 0, since A^∗ is quasihyponormal, by the proof of Theorem 2.1 we get that α((A − λ)^∗) ≤ α(A − λ) < ∞. If λ = 0, then by the proof of Theorem 2.1. we get again α(A^∗) ≤ α(A) = β(A^∗) < ∞. Anyway, we get α((A − λ)^∗) ≤ α(A − λ) < ∞. Obviously, i(A − λ) = α(A − λ) − α((A − λ)^∗) ≥ 0. Since A − λ ∈ Φ^−_+(H), we get that 0 = i(A − λ) = i((A − λ)^∗), so λ /∈ σ_w(A^∗). It is well-known that quasihyponormal operators obey the Weyl’s theorem [3], [7], so λ ∈ π_{00}(A^∗) and λ is an isolated point of σ(A). Now, λ is isolated in σ_a(A) and by [9] we get that λ /∈ σ_{ab}(A). Hence, σ_{ea}(A) = σ_{ab}(A).

Now we have that

σ_{ab}(A) = σ_{ea}(A) ⊆ lim inf σ_{ea}(A_n) ⊆ lim inf σ_{ab}(A_n) .

Since σ_{ab} is always upper semi-continuous we have that lim_{n→∞} σ_{ab}(A_n) = σ_{ab}(A). Theorem 2.3. If A^∗_n, A^∗ are quasihyponormal operators in B(H) and A_n → A, then lim_{n→∞} σ_a(A_n) = σ_a(A).

Proof. Since σ_a is upper semi-continuous [2], we have to show that σ_a(A) ⊂ lim inf σ_a(A_n) .

Let λ_0 be in σ_a(A). If λ_0 ∈ σ_{ea}(A), then by Theorem 2.1. we have that λ_0 ∈ σ_{ea}(A) ⊂ lim inf σ_{ea}(A_n) ⊂ lim inf σ_a(A_n) .

176 S. V. -Dor -dević

Suppose that λ_0 ∈ σ_a(A) \ σ_{ea}(A). Now we have that λ_0 is an isolated point of σ(A) and by [8, Theorem IV 3.16] we have that λ_0 ∈ lim inf σ(A_n). There exists a sequence λ_n ∈ σ(A_n) such that λ_n → λ. If λ_n ∈ σ(A_n) \ σ_a(A_n), then we have that α(A_n −λ_n) = 0. Since A^∗_n are quasihyponormal and β(A_n −λ_n)^∗ = α(A_n −λ_n) < ∞ by the proof of Theorem 2.1. we have that

β(A_n − λ_n) = α(A_n − λ_n)^∗ ≤ β(A_n − λ_n)^∗ = α(A_n − λ_n) = 0 .

Then by conditions α(A_n − λ_n) = β(A_n − λ_n) = 0 and R(A_n − λ_n) is closed follows that λ_n /∈ σ(A_n). This is a contradiction and we get that λ_n ∈ σ_a(A_n) and λ ∈ lim inf σ_a(A_n).

REFERENCES

[1] S. R. Caradus, W. E. Pfaffenberger, B. Yood, Calkin Algebras and Algebras of Operators on Banach Spaces, Marcel Dekker, New York, 1974.

[2] J. B. Conway and B. B. Morrel, Operators that are points of spectral continuity II, Integral Equations Operator Theory 4 (1981), 459–503.

[3] L. A. Coburn, Weyl’s theorem for nonnormal operators, Michigan Math. J. 13 (1966), 285– 288.

[4] S. -Dor -dević, On continuity of the essential approximate point spectrum, Facta Math. Niš 10 (1995), 97–104.

[5] S. -Dor -dević, On the continuity of the Browder essential approximate point spectrum, Comment. Math. 36 (1996), 69–73.

[6] V. A. Erovenko, Neprerivnost spektra nekotorih klassov operatorov, Dok. An.

BSSR 30 (1986), 681–684.

[7] V. A. Erovenko, Teorema VeælØ o suwestvennom spektre dlØ k-paranormal~n¨ih op-

eratorov, Vesci Akademii navuk BSSR, Ser. Fiz–Mat. 5 (1986), 30–35. [8] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin 1966. [9] V. Rakočević, Approximate point spectrum and commuting compact perturbations, Glasgow Math. J. 28 (1986), 193–198.

(received 01.08.1997, in revised form 10.02.1998.)

University of Niš, Faculty of Philosophy, Department of Mathematics, Ćirila and Metodija 2, 18000 Niš, Yugoslavia E-mail : slavdj@archimed.filfak.ni.ac.yu