MATEMATIQKI VESNIK

49 (1997), 151–152

UDK 517.983.2

originalni nauqni rad

research paper

NORM INEQUALITY FOR THE CLASS OF SELF-ADJOINT ABSOLUTE VALUE GENERALIZED DERIVATIONS

Danko R. Jocić

Abstract. We prove that for all 0 ≤ α ≤ 2/3 ‖|A|ffX − X|B|ff‖ ≤ 2^2�ff‖X‖^1�ff‖AX − XB‖ff, for all bounded Hilbert space operators A = A�, B = B� and X, as well as ‖|A|ff − |B|ff‖ ≤ 2^2�ff‖A − B‖ff, for arbitrary bounded A and B.

Let H be a complex, infinite dimensional Hilbert space, B(H) the algebra of all bounded linear operators on H and let ‖ · ‖ stands for the norm in B(H). The following theorem compares a class of the absolute value generalized derivations on B(H), induced by a pair of self-adjoint operators.

Theorem 1. For all 0 ≤ α ≤ 2/3 we have ‖|A|ffX − X|B|ff‖ ≤ 2^2�ff‖X‖^1�ff‖AX − XB‖ff, for bounded Hilbert space operators A = A�, B = B� and X.

Proof. Let A = U|A| and B = V |B| be polar decompositions of A and B, with unitary U = U� and V = V �, |A| = √ A�_{A and |B| =}^√_B�_{B. Thus} ‖|A|ffX − X|B|ff‖ = ‖U|A| ff_2 ( U|A| ff_2 X − XV |B| ff_2 ) + ( U|A| ff_2 X − XV |B| ff_2 ) V |B| ff_2 ‖ ≤2‖U|A| ff_2 X − XV |B| ff_2 ‖^1

�ff_1�ff=_2 × ‖ ‖ ‖ ‖ |A|^1� ff_2 ( U|A| ff_2 X − XV |B| ff_2 ) + ( U|A| ff_2 X − XV |B| ff_2 ) |B|^1� ff_2 2 ‖ ‖ ‖ ‖ ff=2_1� ff=2 , (1) AMS Subject Classification: 47 A 30, 47 B 05, 47 B 10, 47 B 15 Keywords and phrases: singular values, three line theorem for operators, unitarily invariant norms

Communicated at the 4th Symposium on Mathematical Analysis and Its Applications, Aran -delovac 1997. 151

152 D. Jocić

by Corollary 2.2 of [2] applied to U|A| ff_2 X −XV |B| ff_2 instead of X and r =^2�ffff ≥ 2.

As α/2 ≤ 1/3, then an application of Theorem 3.1 of [1] for p = 2/α ≥ 3 shows that ‖U|A| ff_2 X − XV |B| ff_2 ‖ ≤ ‖2X‖^1� ff_2 ‖AX − XB‖ ff_2 . (2) Also, we have ‖|A|^1� ff_2 (U|A| ff_2 X − XV |B| ff_2 ) + (U|A| ff_2 X − XV |B| ff_2 )|B|^1� ff_2 ‖/2 = ‖AX − XB + (U|A| ff_2 X|B|^1� ff_2 − |A|^1� ff_2 XV |B| ff_2 )‖/2 ≤ ‖AX − XB‖, (3)

by Lemma 3.2 of [1] applied for p = 1 and s = ff_2 . Now, according to (2) and (3), (1) finally gives ‖|A|ffX − X|B|ff‖ ≤ 2‖2X‖^{(1}� ff_{2 )} 1�ff_1�ff=_2 ‖AX − XB‖ ff_2 1�ff_1�ff=_{2 +} ff=2_1�ff=_2 = 2^2�ff‖X‖^1�ff‖AX − XB‖ff. (4) This theorem also enables us to derive the following perturbation result for a class of the absolute value map in B(H).

Theorem 2. For all 0 ≤ α ≤ 2/3 we have ‖|A|ff − |B|ff‖ ≤ 2^2�ff‖A − B‖ff, (5) for arbitrary bounded Hilbert space operators A and B.

Proof. Define C = [ 0 A� A 0 ] and D = [ 0 B� B 0 ] as operators acting on H⊕H.

A straightforward calculation shows that C = C�, D = D�, |C|ff = [ |A|ff 0 0 |A�|ff ] and |D|ff = [ |B|ff 0 0 |B�|ff ] . Also ‖C − D‖ = max{‖A − B‖, ‖A� − B�‖} = ‖A − B‖ and ‖|A|ff − |B|ff‖ ≤ max{‖|A|ff − |B|ff‖, ‖|A�|ff − |B�|ff‖} = ‖|C|ff − |D|ff‖. An application of the preceeding theorem to self-adjoint C and D and X = I gives ‖|A|ff − |B|ff‖ ≤ ‖|C|ff − |D|ff‖ ≤ 2^2�ff‖C − D‖ff = 2^2�ff‖A − B‖ff, completing the proof.

REFERENCES

[1] Danko R. Jocić, Norm inequalities for self-adjoint derivations, J. Functional Analysis 145 (1997), 24–34.

[2] Danko R. Jocić, Cauchy-Schwartz and means inequalities for elementary operators into norm ideals, (to appear in the Proc. Amer. Math. Soc.)

(received 22.09.1997.)

University of Belgrade, Faculty of Mathematics, Studentski trg 16, P.P. 550, 11000 Belgrade, Yugoslavia

E-mail: Danko@rlab.matf.bg.ac.yu and jocic@matf.bg.ac.yu