MATEMATIQKI VESNIK

49 (1997), 143–150

UDK 517.988.6

originalni nauqni rad

research paper

PROPAGATION OF SINGULARITIES AND RELATED PROBLEMS OF SOLIDIFICATION

V. G. Danilov and G. A. Omel’yanov

Abstract. We discuss some methods for computing the dynamics and interaction of singularities in nonlinear media. We also consider a physical problem (of solidification in a binary alloy), which has some discontinuous limit solutions.

1. Problems of propagation and interaction of singularities

One of the most interesting application of the theory of generalized functions is the problem of propagation and interaction of singularities. Nonsmooth solutions of nonlinear equations are very important from the physical viewpoint, since they describe such actual phenomena as shock waves, typhoons, hurricanes, tsunami waves, and so on. There are at least three different approaches to these problems.

The first approach is to consider the quasilinear hyperbolic equation (or the system of equations) ∂u ∂t + ∂ ∂x f(u) = 0, u | | |_{t=0} = u^0(x), (1)

with nonsmooth initial data. It is assumed that there exists a solution such that the nonlinearity in (1) is defined in some sense. A similar problem for linear equations was considered by Courant, Ludwig, Maslov, and Babich [1–4]. At present, it is well known that in the linear case the singularities propagate along the characteristics. In the nonlinear case, we do not have such a general description, since the trajectories of singularities depend on the solution (and on the type of the singularities). For example, for the shock wave problem (u^0(x) = u^0_−(x) for x < ψ_0 and u^0(x) = u^0_+(x) for x > ψ_0, where ψ_0 = const and [u^0] | |_{x=ψ0} = u0_+(ψ_0 + 0) − u0_−(ψ_0 − 0) < 0), the

solution of the Hopf equation (f(u) = u^2/2) has the form u(x, t) = u_−(x, t) for x < ψ(t), u(x, t) = u_+(x, t) for x > ψ(t), (2) AMS Subject Classification: 46 F, 35 A 05, 35 K 57 Communicated at the 4th Symposium on Mathematical Analysis and Its Applications, Aran -delovac 1997

This research was partially supported by the Russian Foundation for Basic Research under grant N 96-01-10492 and by INTAS grant N 94-2118. 143 and the trajectory x = ψ(t) of the jump satisfies the Hugoniot condition

ψ̇ = 1 2 [u^2] | |_{x=ψ}/[u] | |_{x=ψ}. (3)

So, the problem is to find the trajectory of the singularity for sufficiently general equations. At present, there exist some methods for calculating the dynamics of singularities. The most suitable method was developed by Maslov [5,6]. The main idea of this method is to represent the solution (from a suitable subalgebra) in the form of an asymptotic expansion with respect to smoothness. For example, for the solution (2) in a neighborhood of the trajectory x = ψ(t), we have

u(x, t) = u^0_−(t) + (x − ψ)u^1_−(t) + · · · + θ(x − ψ)v^0(t) + (x − ψ)_+v^1(t) + · · · , (4)

where u^i_− = (i!)^{−1}∂^iu(x, t)/∂x^i | |_{x=ψ}, θ(τ) is the Heaviside function, τ_+ = τ for τ >

0, τ_+ = 0 for τ < 0, and v^i = (i!)^{−1}∂^i ( u_+(x, t) − u_−(x, t) )/ ∂x^i | |_{x=ψ}. Substituting

(4) into equation (1), we obtain a chain of necessary conditions for the existence of a solution of the form (4). These so-called Hugoniot-type conditions ((3) is the first of them) allow us to calculate the dynamics of the singularity. This scheme has been successfully used for solving the shock wave problem (the gas dynamics system) [5,7] and the typhoon problem (the shallow water system) [8], however this scheme is not general. So, to consider an arbitrary singularity (for example, the so-called εδ-singularity: u^0(x) is smooth for x ≠ ψ_0 and u | |_{t=0} = u^0(ψ_0) + A_0 at the point x = ψ_0), we have to take the second approach. Namely, we need to consider equation (1) completed by a regularized initial value: ∂ ∂t u_ε + ∂ ∂x f(u_ε) = 0, u_ε | | t=0 = u^0(x, ε), (5)

where u^0(x, ε) tends to u^0(x) as ε → 0 in some sense.

This approach is related to the construction of algebras of generalized functions developed by Ivanov, Colombeau, Egorov, Marti, Pilipovic̀, and others [9–14]. If u_ε(x, t) is an element of the algebra, one can calculate f(u_ε), substitute u_ε and f(u_ε) into equation (5), pass to the limit as ε → 0, and thus, obtain a chain of necessary conditions similar to (4). This scheme was developed by Biagioni, Oberguggenberger, Danilov and Shelkovich, and others [14–17]. In particular, in [15], both the trajectory of a εδ-singularity and the interaction of such singularities were calculated for general quasilinear hyperbolic equations of the first order. However, if we use this scheme, we have to take into account the following considerations.

Let u^0 be a shock wave and let u^0_ε be a regularization of u^0. Then, after some necessary calculations, we obtain the same Hugoniot condition (3) independently of the choice of the regularization u^0_ε [19]. At the same time, let u^0 be an εδ-singularity and let φ(x/ε)/ε be a family of δ-type functions, where ∫_∞ −∞ φ(τ) dτ = 1. Then the regularization of the initial value has the form u_ε | | |_{t=0} = u^0(x) + A0φ ( (x − ψ_0)/ε ) , (6) where u^0 = w−lim_{ε→0} u^0_ε(x, ε). The asymptotic solution of (1), (6) has the following self-similar form u = u_0(x, t) + A(t)φ ( (x − ψ(t))/ε ) + O(ε), where u_0 is the smooth solution of the Hopf equation with the initial value u^0. After some necessary calculations, we readily obtain the first Hugoniot-type condition

ψ̇ = u_0(ψ, t) + 1 2 A(t) ∫_∞ −∞ φ^2(τ) dτ. (7)

It is easy to see that the trajectory of the εδ-singularity depends on the choice of u^0(x, ε). In other words, the result depends on the choice of the algebra, and we arrive at the question: what algebra do we have to choose?

To answer this question, let us recall that the quasilinear hyperbolic equations give only the simplest model, whereas more realistic models of actual phenomena include some additional terms. Assuming that these terms are small in some sense, we obtain the equation ∂ ∂t u_ε + ∂ ∂x f(u_ε) = L_ε ( ε ∂ ∂x ) u, u_ε | |_{t=0} = u^0(x, ε), (8)

where the term on the right-hand side corresponds to the phenomenon considered. For example, for phenomena in media with small viscosity, L_ε(ε∂/∂x) = ε∂^2/∂x^2 and (8) is the Burgers equation. If we consider waves on a surface, then

L_ε(ε∂/∂x) = ε^2∂^3/∂x^3 (9)

and (8) is the KdV equation with small dispersion. Finally, if we consider interior waves in a liquid, then L_ε(ε∂/∂x) = F^{−1}_{ξ→x}a(εξ)F_{x→ξ} (10) (F is the Fourier transform, a(ζ) = ζ coth ζ − 1), and (8) is the so-called Whitham equation [18].

So, we can understand problem (8) in two ways: on the one hand, (8) is a more or less realistic model for the actual phenomenon. On the other hand, (8) is a regularization for problem (1). Problem (8) provides the third approach to the consideration of propagation of singularities: we look for a smooth solution of the regularized problem and then pass to the limit as ε → 0. This approach was developed by Hopf, Oleinik, Kruzhkov, Lax, Maslov and Omel’yanov, and others [19–21].

At the same time, from the viewpoint of the problem of singularity propagation, we do not need an arbitrary solution of (8), but we have to construct a solution whose property of being self-similar is preserved in time: lim_{ε→0} u_ε(x, t) has the same singularity as u^0(x). This means that we need to have some special initial value. In general, we do not know beforehand how to choose such an initial value. Thus, we arrive at a nonstandard problem of obtaining a solution of equation (8) such that it satisfies some prescribed limiting properties. The value of this solution at the initial instant of time gives the initial value both for (8) and for (5). In general, it is impossible to find the explicit solution of such problem, however, it is possible to construct an asymptotic solution. A suitable method has been developed by Maslov and Omel’yanov [20]. In particular, constructing the asymptotic solution, we obtain

u = u_0(x, t) + A(t) cosh^{−2}(μτ) + O(ε), τ = (x − ψ)/ε, μ = √ A/12, (11) ψ̇ = u_0(ψ, t) + A(t)/3, A(t) + 2u_0(ψ, t) = const, (12)

for the solitons of the KdV equation [20] and

u = u_0(x, t) + A(t){cosh^2(μτ) + σ(t) sinh^2(μτ)}^{−1} + O(ε), (13) ψ̇ = u_0(ψ, t) + 1 − δ coth δ, ln(δ/ sin δ) − δ coth δ + u_0(ψ, t) = 0, (14) σ = tan(δ/2), A = 2δσ, μ = δ/2, for the solitons of the Whitham equation [22]. The justification of the asymptotic solutions [21,22] allows us to pass to the limit as ε → 0 and to describe the propagation of εδ-singularities for the Hopf equation (1). One can easily see that, for the same limit equation (1), different ways of regularization ((9) and (10)) give different forms of the regularization of the solution and of the initial data ((11) and (13)), as well as different trajectories of propagation of this singularity ((12) and (14)).

The method [20] for constructing an asymptotic solution with localized “fast” variation allows us to calculate the propagation of singularities. However, the problem of interaction is more complicated. In fact, only the first steps in this direction have been taken [20] (see also [23] about similar problems). At the same time, by using algebraic constructions, it is relatively simple (for the approach (5)) to calculate the interaction of singularities [15].

So, returning to the question about the regularization of the initial data in (5) and considering the application of the algebraic construction, one can suggest the following method. By choosing the physical meaning of the constructed solution, we determine the way of regularization of the equation. Then, constructing a self-similar asymptotic solution, we find the method of regularization of the initial data and the trajectories of propagation of the corresponding singularities. Finally, using an appropriate algebraic construction, we can calculate the interaction of the singularities.

2. Problems of solidification

Now let us consider a preliminary model of form other than (8) ∂ ∂t (θ + φ) = Δθ, x ∈ Ω, t > 0, (15) ∂φ ∂t + Δ(ε^2Δφ + φ − φ^3 + εκθ) = 0.

This model describes the problem of first-kind phase transitions in a binary alloy [24]. Here Ω ⊂ R^n, n ≤ 3, is a bounded domain with smooth boundary, θ is the normalized temperature, the so-called function of order φ characterizes the concentration in the binary alloy, the values φ = +1 and φ = −1 correspond to the pure phases, whereas the value φ = 0 corresponds to the uniform mixture, κ > 0 is a constant, and ε is a small parameter. Equations (15) are completed by natural initial and boundary conditions. The main purpose is to describe the evolution of the alloy from small perturbations of the state of a uniform mixture to the final state of separate phases.

Using the Whitham method, one can construct an asymptotic almost periodic solution of system (15) φ = Φ_0(S(x, t)/ε, x, t) + O(ε), θ = θ_0(x, t) + O(ε) (16) that describes the evolution of the system from the state φ = 0, |φ| ≪ 1 to the state φ = O(1), |φ| = O(1). Here θ_0 is the smooth solution of the heat equation ∂θ_0 ∂t = Δθ_0 + ∂ ∂t Φ_0,

the bar denotes the weak limit as ε → 0,

Φ_0(τ, x, t) = γ − σρ sn^2(μτ | m) 1 − σsn^2(μτ | m) , μ = √ (β − ρ)(α − γ) 2 √ 2|∇S| , (17) m = (β − γ)(α − ρ) / (β − ρ)(α − γ), and ρ < γ < β < α are the roots (depending on the parameters c = c(x, t) and E = E(x, t)) of the equation −z^4 + 2z^2 − 4cz = 4E. The phase S of oscillations and the additional functions c and E satisfy the model equations ∂S ∂t = f_1 div(f_2∇S), ∂c ∂t + f_3 ∂E ∂t = f_4Δc, |∇S| = f_5, (18)

where the coefficients f_j depend on c and E. An analysis of formulas (17), (18) shows that this process is unstable and the oscillation amplitude A = β − γ and the energy E increase very fast. At the critical instant of time t^∗_1 such that α − β → 0 as t → t^∗, the oscillation solution (16) transforms (at the corresponding point x) into the soliton type solution [25] φ = φ_0(x, t) + χ(μτ) + O(ε), θ = θ_0(x, t) + O(ε). (19) Here τ = (t − ψ(x))/ε, χ(η, x) = −8Q^2{exp(η) + 8b exp(−η) + 8φ̌_0}^{−1}, μ = Q/|∇ψ|, φ̌_0 = φ_0(x, ψ(x)), Q = √ 3φ̌^2_0 − 1, b = 1 − φ̌^2_0,

and θ_0 and φ_0 ∈ (1/ √ 3, 1) are solutions of the equations ∂φ_0 ∂t = Δ(φ^3_0 − φ_0), ∂θ_0 ∂t = Δθ_0 − ∂φ_0 ∂t , (20)

completed by natural initial and boundary conditions.

The function ψ describes the front Γ_t = {x, ψ(x) = t} of the solitary wave χ and satisfies the geometric problem

V_ν = 1 3 K(1 + G) + G ∂ ∂ν ln φ̌_0, ψ | |_{Γ0} = 0, (21)

where V_ν = 1/|∇ψ| is the normal velocity of Γ_t, K = div ν is the mean curvature of Γ_t, ν = ∇ψ/|∇ψ|, ∂/∂ν = ⟨ν, ∇⟩, G = IQ^2/2(Q − I), and I = √ 2φ̌_0 ln{( √ 2φ̌_0 + Q)/ √ b}. The self-similar asymptotic solution (19) was constructed (by the method developed in [26]) and justified in [25]. It is also proved that problems (20) and (21) are well posed and solution (19) is stable, that is, this solution exists during the time T independent of ε. However, the mean value |φ| = |φ_0| also increases and the second process of bifurcation starts at a critical time t^∗_2 such that |φ_0| → 1 as t → t^∗_2. During this time interval, the soliton-type solution (19) transforms into the tanh-type solution [27]

φ = tanh(μτ) + O(ε), θ = θ_0(x) + O(ε), (22)

where θ_0 is a function harmonic in Ω, μ = 1/ √ 2|∇ψ|, τ = (t − ψ(x))/ε, and the function ψ describes the free boundary Γ_t = {x, ψ(x) = t} between the domains Ω^±_t occupied by “pure” phases (that is φ = ±1 in Ω^±_t ). The function ψ(x) and auxiliary functions Φ^±_1 are the solution of the Mullins–Sekerka problem

ΔΦ^±_1 = 0, x ∈ Ω^±_t , t > 0, (23)

[Φ^±_1 ] | | Γ_t

= 0, [ ∂Φ±_1 ∂ν ]| |_{Γt} = Vν , K =^{3√}_2 Φ^±_1 | | Γ_t , ψ | | Γ0 = 0.

The asymptotic solution (22) is also stable and justified [27]. So, asymptotic solutions (16), (19), and (22) describe three different stages of solidification in a binary alloy. An analysis of formulas (17)–(19) provides a formal description of the bifurcations from one state to another. However, the problem of explicit description of these bifurcations is open at present.

At the same time, from the limit viewpoint as ε → 0, the constructed solutions are singular: solution (22) corresponds to a shock wave, (19) corresponds to the εδ-type of singularities, and (17) can be treated in terms of an oscillating wave front. In turn, the model problems (18), and (20), (21), and (23) are Hugoniot-type conditions for these singularities. One can conjecture that such singular solutions can be derived by algebraic methods for the limiting equations corresponding to (15). It also looks reasonable that these methods may be fruitful for the description of interactions and bifurcations.

REFERENCES

[1] R. Courant, Partial Differential Equations, Interscience, New York and London, 1962. [2] V. P. Maslov, Perturbation Theory and Asymptotic Methods, Dunod, Paris, 1972.

[3] D. A. Ludwig, Uniform asymptotic expansion of the field scattered by a convex object at high frequencies, Comm. Pure Appl. Math., 20 (1967), 103–138.

[4] V. M. Babich and V. S. Buldyrev, Asymptotic Methods in Short-Wave Diffraction Problems.

Methods of Canonical Problems, Nauka, Moscow, 1972. (In Russian.)

[5] V. P. Maslov, Propagation of shock waves in an isoentropic nonviscous gas, Itogi Nauki i Tekhniki, VINITI Moscow, 1977 (In Russian.)

[6] V. P. Maslov, Three algebras corresponding to nonsmooth solutions of systems with quasilinear hyperbolic equations, Russ. Math. Surv., 35, 2 (1980), 252–253.

[7] R. Ravindran and P. Prasard, A new theory of shock dynamics, Appl. Math. Lett., 3, 2 (1990), 107–109.

[8] V. V. Bulatov, Yu. V. Vladimirov, V. G. Danilov and S. Yu. Dobrokhotov, Propagation of a pointwise algebraic singularity for two-dimensional nonlinear equations of hydrodynamics, Mat. Zametki, 55, 3 (1994), 11–20.

[9] V. K. Ivanov, An associative algebra of the simplest generalized functions, Sibirian Math. J., 20 (1979), 509–516.

[10] J. F. Colombeau, Elementary Introduction to New Generalized Functions, North Holland, 1985.

[11] Yu. V. Egorov, A contribution to the theory of generalized functions, Russian Math. Surveys, 45, 5 (1990), 1–49.

[12] J.-A. Marti, Fundamental structures and asymptotic microlocalization in sheaves of generalized functions, To appear in Integral Transforms and Special Functions.

[13] S. Pilipovic̀, Colombeau’s generalized functions and the pseudo-differential operators, Lecture Notes of Tokyo University, Tokyo (1994).

[14] V. M. Shelkovich, An associative algebra of distributions and multiplicators, Dokl. Akad.

Nauk SSSR, 314, 1 (1990), 159–164. (In Russian.)

[15] V. G. Danilov, V. P. Maslov and V. M. Shelkovich, Algebras of singularities of singular solutions to quasilinear strongly hyperbolic first-order equations, To appear in Theoret. and Math. Phys.

[16] H. A. Biagioni and M. Oberguggenberger, Generalized solutions to the Korteweg-de Vries and the regularized long-wave equations, SIAM J. Math. Anal., 23, 4 (1992), 923–940.

[17] M. Oberguggenberger, Multiplication of Distributions and Applications to Partial Differential Equations, New York, 1992.

[18] G. B. Whitham, Linear and Nonlinear Waves, Wiley, New York–London, 1974. [19] O. A. Oleinik, Discontinuous solutions of nonlinear differential equations, Uspekhi Mat.

Nauk, 13, 3 (1957), 3–73. (In Russian.)

[20] V. P. Maslov and G. A. Omel’yanov, Asymptotic soliton-form solutions of equations with small dispersion, Russ. Math. Surv., 36, 3 (1981), 73–149.

[21] V. P. Maslov and G. A. Omel’yanov, Hugoniot-type conditions for infinitely narrow solutions of the equations for simple waves, Siberian Math. J., 24, 5 (1983), 787–795.

[22] V. P. Maslov and G. A. Omel’yanov, Soliton-type asymptotic behavior of interior waves in a stratified liquid with weak dispersion, Differential Equations, 21, 10 (1985), 1197–1204.

[23] S. Yu. Dobrokhotov, Resonances in multifrequence averaging theory, in: Singular Limits of Dispersive Waves, N. M. Erkolani at al, eds., NATO ASI, ser. B, Physics Problems, 320, Plenum, New York–London, 1994, 203–218.

[24] G. Caginalp, The dynamics of a conserved phase field system: Stefan like, Hele–Shaw and Cahn–Hillard models as asymptotic limits, IMA J. Appl. Math., 44 (1990), 77–94.

[25] G. A. Omel’yanov, V. G. Danilov and E. V. Radkevich, Soliton type asymptotic solutions of the conserved phase field system, Portugaliae Mathematica, 53, 4 (1996), 471–501.

[26] V. G. Danilov, G. A. Omel’yanov and E. V. Radkevich, Asymptotic solution of a phase field system and the modified Stefan problem, Differential Equations, 31, 3 (1995).

[27] G. A. Omel’yanov, V. G. Danilov and E. V. Radkevich, Tanh-type asymptotic solution of the conserved phase field system, Adv. Math. Sc. Appl. 8, 2 (1998).

150 V. G. Danilov, G. A. Omel’yanov

(received 16.09.1997.)

Moscow State Institute of Electronics and Mathematics, B. Trekhsvyatitel’skii per. 3/12, Moscow 109028, Russia e-mail: omel@amath.msk.ru