MATEMATIQKI VESNIK

49 (1997), 109–114

UDK 515.124 originalni nauqni rad research paper

COMMON FIXED POINT THEOREMS FOR COMPATIBLE MAPPINGS AND COMPATIBLE MAPPINGS OF TYPE (A)

V. Popa and H. K. Pathak

Abstract. The purpose of this paper is to prove some theorems which generalize a theorem of M. Telči, K. Tas and B. Fisher on compatible mappings and compatible mappings of type (A).

Let S, T be two self-mappings of a metric space (X, d). Sessa [7] defines S and T to be weakly commuting if d(ST x, T Sx) 6 d(T x, Sx) for all x in X.

Jungck [3] defines T and S to be compatible iff lim_n d(ST x_n, T Sx_n) = 0 whenever {x_n} is a sequence in X such that lim_n Sx_n = lim_n T x_n = x for some x ∈ X. Clearly, commuting mappings are weakly commuting and weakly commuting maps are compatible, neither implication is reversible, Ex. 1 [9] and Ex. 2.2 [3].

Recently, Jungck, Muthy and Cho [4] have defined S and T to be compatible of type (A) if lim_n d(T Sx_n, S^2x_n) = 0 and lim_n d(ST x_n, T^2x_n) = 0 whenever {x_n} is a sequence in X such that lim_n Sx_n = lim_n T x_n = t for some t ∈ X. Clearly, weakly commuting mappings are compatible of type (A). By [4], Ex. 2.2, it follows that this implication is not reversible. By [4], Ex. 2.1 and Ex. 2.2, it follows that the notions of compatible mappings and compatible mappings of type (A) are independent.

Lemma [4] Let S, T : (X, d) → (X, d) be two mappings. If A and T are compatible of type (A) and S(t) = T (t) for some t ∈ X, then ST (t) = T T (t) = T S(t) = SS(t). Let F be the set of all functions f : R_+ → R_+ such that:

(i) f is isotone, i.e. if t_1 6 t_2, then f(t_1) 6 f(t_2) for all t_1, t_2 ∈ R_+; (ii) f is upper semi-continuous; (iii) f(t) < t for each t > 0.

The following theorem which generalizes the results from [1], [2], [5], [6] and [8] is proved in [10].

Theorem 1. Let S, T , I and J be self-mappings of a complete metric space (X, d) satisfying

AMS Subject Classification: 54 H 25 109

1^∘ T (X) ⊂ I(X) and S(X) ⊂ J(X); 2^∘ the inequality [1 + p · d(Ix, Jy)]d(Sx, T y) 6 p max{d(Ix, Sx) · d(Jy, T y), d(Ix, T y) · d(Jy, Sx)}+ + f(max{d(Ix, Jy), d(Ix, Sx), d(Jy, T y),^1_2 (d(Ix, T y) + d(Jy, Sx))}) (1) holds for all x, y in X, where p ¿ 0 and f ∈ F;

3^∘ one of S, T , I and J is continuous;

4^∘ S and T weakly commute with I and J, respectively.

Then S, T , I and J have a common fixed point z. Further, z is the unique common fixed point of S and I and T and J.

The purpose of this paper is to prove some theorems which generalize Theorem 1 for compatible mappings of type (A) and for compatible mappings.

Theorem 2. Let S, T , I and J be self-mappings of a complete metric space (X, d) satisfying the conditions 1^∘, 2^∘, 3^∘ of Theorem 1. and

4^∘ S and I are compatible of type (A) and T and J are compatible of type (A). Then S, T , I and J have common fixed point z. Further, z is the unique common fixed point of S and I and of T and J.

Proof. Suppose x_0 is an arbitrary point in X. Then since 1^∘ holds, we can define a sequence

{Sx_0, T x_1, Sx_2, T x_3, . . . , Sx_{2n}, T x_{2n+1}, . . . } (2)

inductively so that Sx_{2n} = Jx_{2n+1}, T x_{2n+1} = Ix_{2n+2} for n = 0, 1, 2, . . . .

By [10], Lemma 2.3, the sequence (2) is a Cauchy sequence. Since X is complete, the sequence (2) converges to a point z in X. Hence z is also the limit of the sequences {Sx_{2n} = Jx_{2n+1}} and {T x_{2n−1} = Ix_{2n}} of (2).

Now suppose that I is continuous. Then the sequence {I^2x_{2n}} converges to Iz and d(SIx_{2n}, Iz) 6 d(SIx_{2n}, I^2x_{2n}) + d(I^2x_{2n}, Iz). Since I is continuous and S and I are compatible of type (A) (by Prop. 2.5 [4]), letting n tend to infinity, it follows taht the sequence {SIx_{2n}} also converges to Iz. Using (1), we have

[1 + pd(I^2x_{2n}, Jx_{2n+1})]d(SIx_{2n}, T x_{2n+1}) 6 6 p·max{d(I^2x2n, SIx2n)·d(Jx2n+1, T x2n+1), d(I^2x2n, T x2n+1 ·d(Jx2n+1, SIx2n) + f(max{d(I^2x_{2n}, Jx_{2n+1}), d(I^2x_{2n}, SIx_{2n}), d(Jx_{2n+1}, T x_{2n+1}), 1 2 (d(I^2x_{2n}, T x_{2n+1}) + d(Jx_{2n+1}, SIx_{2n}))}).

Letting n tend to infinity, we have [1 + pd(Iz, z)]d(Iz, z) 6 pd^2(Iz, z) + f(max{d(Iz, z), 0}) = pd^2(Iz, z) + f(d(Iz, z)). It follows that d(Iz, z) 6 f(d(Iz, z)) and so Iz = z.

Using inequality (1) again, we have [1 + d(Iz, Jx_{2n+1})]d(Sz, T x_{2n+1}) 6 p · max{d(Iz, Sz) · d(Jx_{2n+1}, T x_{2n+1}), d(Iz, T x_{2n+1}) · d(Jx_{2n+1}, Sz)} + f(max{d(Iz, Jx_{2n+1}), d(Iz, Sz), d(Jx_{2n+1}, T x_{2n+1}),^1_2 (d(Iz, T x_{2n+1}) + d(Jx_{2n+1}, Sz))}).

Letting n tend to infinity, we have d(Sz, z) 6 f(d(Sz, z)) and it follows that Sz = z by (iii).

Now, since S(X) ⊂ J(X), there exists a point u in X such that Ju = z. Using inequality (1), we have d(z, T u) = d(Sz, T u) 6 f(max{d(z, T u),^1_2 d(z, T u)}) = f(d(z, T u)) and it follows that T u = z by (iii). Since T and J are compatible of type (A) and Ju = T u = z by Lemma follows that T Ju = JT u and so T z = T Ju = JT u = Jz. Thus from (1) we have T z = Jz = z. Therefore, z is a common fixed point of S, T , I and J if I is continuous.

The same result holds if we assume that J is continuous instead of I. Now suppose that S is continuous. Then the sequence {S^2x_{2n}} converges to Sz. We have d(ISx_{2n}, Sz) 6 d(ISx_{2n}, S^2x_{2n})+d(S^2x_{2n}, Sz). Since S is continuous and S and T are compatible of type (A), letting n tend to infinity, it follows that {ISx_{2n}} converges to Sz.

From inequality (1) we have [1 + pd(ISx_{2n}, Jx_{2n+1})]d(S^2x_{2n}, T x_{2n+1}) 6 p · max{d(ISx_{2n}, S^2x_{2n}) · d(Jx_{2n+1}, T x_{2n+1}), d(ISx_{2n}, T x_{2n+1}) · d(Jx_{2n+1}, S^2x_{2n})} + f(max{d(ISx_{2n}, Jx_{2n+1}), d(ISx_{2n}, S^2x_{2n}), d(Jx_{2n+1}, T x_{2n+1}), 1 2 [d(ISx_{2n}, T x_{2n+1}) + d(Jx_{2n+1}, S^2x_{2n})]}).

Letting n tend to infinity and using (ii), we obtain d(Sz, z) 6 f(d(Sz, z)) and so Sz = z by (iii).

Since S(X) ⊂ J(X), there exists a point u in X such that Ju = z. Using inequality (1) we have [1 + pd(ISx_{2n}, Ju)]d(S^2x_{2n}, T u) 6 p · max{d(ISx_{2n}, S^2x_{2n}) · d(Ju, T u), d(ISx_{2n}, T u) · d(Ju, S^2x_{2n})} + f(max{d(ISx_{2n}, Ju), d(ISx_{2n}, S^2x_{2n}), d(Ju, T u), 1 2 (d(ISx_{2n}, T u) + d(Ju, S^2x_{2n}))}) and letting n tend to infinity, we have d(z, T u) 6 f(d(z, T u)). Thus T u = z by (iii). Since T and J are compatible of type (A) and T u = Ju = z, then T z = T Ju = JT u = Jz. From (1) we now have [1 + pd(Ix_{2n}, Jz)]d(Sx_{2n}, T z) 6 p max{d(Ix_{2n}, Sx_{2n}) · d(Jz, T z), d(Ix_{2n}, T z) · d(Jz, Sx_{2n})} + f(max{d(Ix_{2n}, Jz), d(Ix_{2n}, Sx_{2n}), d(Jz, T z), 1 2 (d(Ix_{2n}, T z) + d(Jz, Sx_{2n}))}).

Letting n tend to infinity, we have d(z, T z) 6 f(d(z, T z)) and so T z = z = Jz. On the other hand, since T (X) ⊂ I(X), there exists a point u^′ in X such that Iu^′ = z and from (1) we have d(Su^′, z) 6 f(d(z, Su^′)), implying that Iu^′ = Su^′ = z. Then by the Lemma it follows that z = Sz = SIu^′ = ISu^′ = Iz. Thus, z is a common fixed point of S, T , I and J if S is continuous. The same result holds if we suppose that T is continuous instead of S.

Now suppose that S and I have another fixed point w. Then from (1) we have [1 + pd(w, z)]d(w, z) = [1 + pd(Iw, Jz)]d(Sw, T z) 6 pd^2(w, z) + f(d(w, z)), which implies w = z. Analogously, z is the unique common fixed point of T and J. This completes the proof of the Theorem.

For f : (X, d) → (X, d) we denote F_f = { x ∈ X : x = f(x) }.

Theorem 3. Let I, J, S, T be mappings from a metric space (X, d) into itself. If the inequality (1) holds for all x, y in X, then (F_I ∩ F_J ) ∩ F_S = (F_I ∩ F_J ) ∩ F_T .

Proof. Let x ∈ (F_I ∩ F_J ) ∩ F_S . Then [1 + pd(Ix, Jx)]d(x, T x) = [1 + pd(Ix, Jx)]d(Sx, T x) 6 p max{d(Ix, Sx) · d(Jx, T x), d(Ix, T x) · d(Jx, Sx)} + f(max{d(Ix, Jx), d(Ix, Sx), d(Jx, T x), 1 2 (d(Ix, T x) + d(Jx, Sx))}). Then d(x, T x) 6 f(d(x, T x)) which implies x = T x. Thus (F_I ∩ F_J ) ∩ F_S ⊂ (F_I ∩ F_J ) ∩ F_T . Similarly, we have (F_I ∩ F_J ) ∩ F_T ⊂ (F_I ∩ F_J ) ∩ F_S .

Theorem 4. Let I, J and {T_i}_{i∈}N be mappings from a complete metric space (X, d) into itself such that

1^∘ T_2(X) ⊂ I(X) and T_1(X) ⊂ J(X); 2^∘ one of I, J, T_1 and T_2 is continuous;

3^∘ the pairs (T_1, I) and (T_2, J) are compatible of type (A); 4^∘ the inequality [1 + pd(Ix, Jy)]d(T_ix, T_{i+1}y) 6 p · max{d(Ix, T_ix) · d(Jy, T_{i+1}y), d(Ix, T_{i+1}y) · d(Jy, T_ix)} + f(max{d(Ix, Jy), d(Ix, T_ix), d(Jy, T_{i+1}y), 1 2 (d(Ix, T_{i+1}y) + d(Jy, T_ix))}) (3) holds for each x, y in X and all i ∈ N, where p ¿ 0.

Then I, J and {T_i}_{i∈}N have a common fixed point.

Proof. By Theorem 2, I, J, T_1 and T_2 have a common fixed point which is unique common fixed point for I and T_2 and thus is unique common fixed point for I, J and T_1. By Theorem 3, (F_I ∩ F_J ) ∩ F_{T1} = (F_I ∩ F_J ) ∩ F_{T2} and thus z is the unique fixed point for I, J and T_2. By (3) and Theorem 3 it follows that z is unique common fixed point for I, J and {T_i}_{i∈}N.

Remark. Similarly, we have two theorems, Theorem 2’ and Theorem 4’ with “compatibility” instead “compatibility of type (A)”.

We conclude this paper by showing that our results (Theorem 2 and Remark) are appreciably superior than the result of Telci, Tas and Fisher (Theorem 1). To see the validity and generality of our results, we observe that even if we allow all the four maps to be continuous, we are able to keep the maps compatible or compatible of type (A) but not weakly commuting. It is well known that every weakly commuting pair of maps is compatible but the converse is not necessarily true (see [3]). Moreover, every compatible pair of maps is compatible of type (A) if the maps are continuous (see [4]).

Example. Let X = [0, 1] with the Euclidean metric d. Define S, T , I, J : X → X by Sx =^1_8 x^{1/2}, T x =^1_4 x^{1/2}, Ix =^1_2 x^{1/2}, Jx = x^{1/2} for all x in X. Then really T (X) = [0, 1/4] ⊂ [0, 1/2] = I(X) and S(X) = [0, 1/8] ⊂ [0, 1] = J(X). By routine check-up (take a sequence {x_n} ⊂ X such that x_n → 0 as n → ∞) one can see that the pairs of maps {S, I} and {T, J} are compatible as well as compatible of type (A).

Consider the function f(t) = ht for t > 0, where 1/4 6 h < 1/2. Then f satisfies (i)–(iii) and so f ∈ F. Furthermore, we obtain d(Sx, T y) = 1 4 d(Ix, Jy) 6 f(max{d(Ix, Jy), d(Ix, Sx), d(Jy, T y),^1_2 (d(Ix, T y) + d(Jy, Sx))}) (∗) and for any p ¿ 0, pd(Ix, Jy) · d(Sx, T y) 6 pd(Ix, T y) · d(Jy, Sx) 6 p max{d(Ix, Sx) · d(Jy, T y), d(Ix, T y) · d(Jy, Sx)}._{(∗∗)} (Observe that for all a, b ¿ 0, we have the inequality^1_4 (a − b)^2 6 |a =^1_4 b||^1_4 a − b|). Adding (∗) and (∗∗), (1) holds for all x, y in X, where p ¿ 0 and f ∈ F . Thus all the hypothesis of Theorem 2 are satisfied. Clearly, 0 is the unique common fixed point of S, T , I and J. But Theorem 1 is not applied since the maps are not weakly commuting. For, if x ≠ 0 then SIx ≠ ISx and d(SIx, ISx) 6 d(Sx, Ix) implies

1 6 3^√2 x^{1/4} → 0 as x → 0 which is a contradiction. Similarly, we can show that

T and J are not weakly commuting.

REFERENCES

[1] Shih-sen Chang, On common fixed point theorems for a family of Œ-contraction mappings, Math. Japonica 29 (1984), 527–536.

[2] B. Fisher, M. Telči, K. Tas, A generalization of a fixed point theorem of Nešić, Doga Tr. J.

Math. 17 (1993), 247–250.

[3] G. Jungck, Compatible mappings and common fixed points, Internat. J. Math. and Math.

Sci. 9 (1986), 771–779.

[4] G. Jungck, P. P. Murthy and Y. J. Cho, Compatible mappings of type (A) and common fixed points, Math. Japonica 38, 2 (1993), 381–390.

114 V. Popa, H. K. Pathak

[5] S. Č. Nešić, A theorem on contractive mappings, Matem. Vesnik 44 (1992), 51–54. [6] V. Popa, Common fixed points of weakly commuting mappings, J. of M.A.C.T. 22 (1989), 49–54.

[7] S. Sessa, On fixed points of weak commutativity condition in a fixed point consideration, Publ. Inst. Mat. 32(46) (1982), 149–153.

[8] S. Sessa, R. N. Mukherjee and T. Som, A common fixed point theorem for weakly commuting mappings, Math. Japonica 31 (1986), 235–245.

[9] S. Sessa and B. Fisher, Common fixed points of weakly commuting mappings, Bull. Polish Acad. Sciences Math. 36, 5–6 (1987), 341– [10] M. Telči, K. Tas and B. Fisher, Common fixed point theorems for weakly commuting mappings, (submitted).

(received 17.10.1996.)

Department of Mathematics, Univerity of Bacau, 5500 Bacau, Romania Department of Mathematics, Kalyan Mahavidalya, 490-006, India