MATEMATIQKI VESNIK

49 (1997), 89–92

UDK 517.544.8 originalni nauqni rad research paper

BOUNDARY VALUE PROBLEM WITH SHIFT FOR TWO SIMPLY CONNECTED REGIONS

Boško Damjanović

Abstract. In this paper a boundary value problem for two analytic functions in different simply connected regions is considered. If index corresponeded to the problem is not greater than zero, then the solavability of that problem is shown without any further conditions and its solution is obtained in an explicit form (4). However, if the index is greater than zero, then the problem is solvable and its solution is given by (5) if real conditions of solvability (6) holds.

Let S and D be finite simply-connected regions in the complex plane, bounded by closed Ljapunov curves L and Γ respectively. Suppose that the contours L and Γ are oriented in the positive sense with respect to their interiors S and D, respectively. Let α(t) be a function defined on L satisfying the following conditions:

a) it transforms homeomorphically the closed contour L onto intself, changing the orientation;

b) function α(t) has continuous derivatives which are distinct from zero at all points of the contour L.

Let α^{−1}(t) be the inverse function of α(t), t ∈ L.

We shall determine the functions Φ_1(z) and Φ_2(z) which are analytic in S and D respectively, whose boundary values on the appropriate contours satisfy the following boundary condition:

Φ_2(α(t)) = G(t) ∗ Φ_1(t) + g(t), t ∈ L, (1)

where G(t) and g(t) are given continuous functions on L in the sense of Hölder [5].

In the case D = exterior(S) many authors (cf. [4]) considered the problem of finding functions Φ_1(z) and Φ_2(z) which are analytic in S and D, respectively, whose boundary values on appropriate contours satisfy the boundary condition analogous to (1).

Assume that the origin belongs to the region S and define the function G_0(t) in the following way: G_0(t) = t^{−k}G(t), t ∈ L, where k =^1_2 [arg G(t)]_L is the index corresponded to the function G(t).

AMS Subject Classification: 30 E 25 89

Now, k =^1_2 [arg G_0(t)]_L = 0. From the paper [2] it follows that for the homogeneous boundary value problem with the coefficient G_0(t) there exist functions X_0(t) and X_{0,1}(t), being analytic in S and D respectively, and distinct from zero on S ∪ L and D ∪ Γ, respectively, and which, on the appropriate contours L and Γ, have limits X_0(t) ∈ H(L) and X_{0,1} ∈ H(L) satisfying the following boundary value condition: X_{0,1}(α(t)) = G_0(t) ∗ X_0(t), t ∈ L.

These functions are determined by the formulae:

X_0(z) = exp ( − 1 2πi ∫ L h(t) t − z dt ) , z ∈ S, X_{0,1}(z) = exp ( 1 2πi ∫ L h(α^{−1}(t)) t − z dt ) , z ∈ D, where h(t), t ∈ L is the solution of the equation (F h)(t) ≡ h(t) − 1 2πi ∫ L ( 1 t − τ − h^′(τ) h(τ) − h(t) ) h(τ) dτ = ln G_0(t), t, τ ∈ L. According to these conclusions, it follows that the coefficient G(t) of the problem (1) for the contour L can be represented in the form G(t) = X_{0,1}(α(t)) t^{−k}X_0(t) , t ∈ L, (2) In such a way, the boundary condition (1) can be written as

Φ_2(α(t)) X_{0,1}(α(t)) − Φ_1(t) t^{−k}X_0(t) = g(t) X_{0,1}(α(t)) , t ∈ L. (3)

Let us denote by f_2(z) the function

Φ_2(z) X_{0,1}(z)

, z ∈ D. In the case k < 0 the function

Φ_1(z) z^{−k}X_0(z)

, z ∈ S has the point z = 0 as a pole of order −k, so that it can be represented in the form

Φ_1(z) z^{−k}X_0(z) = −k∑ i=1 c_i z^i + f_1(z), z ∈ S, where f_1(z) is indefinite analytic function in S and c_i, i = 1, 2, . . . , −k, are complex constants.

If we denote B_{2j−1} = Re c_j , B_{2j} = Im c_j , q_{2j−1}(t) = 1/t^j , t ∈ L, q_{2j} (t) = i/t^j , t ∈ L, we shall get the boundary value problem

f_2(α(t)) − f_1(t) = −2k∑ j=1 B_j q_j (t)

Boundary value problem with shift for two simply connected regions 91

with solution

f_1(t) = B_0 − −2k∑ j=1 B_j 2πi ∫ L φ_j (t) t − z dt, z ∈ S,

f_2(t) = B_0 + −2k∑ j=1 B_j 2πi ∫ L φ_j (α^{−1}(t)) t − z dt, z ∈ D, where B_0 is an arbitrary complex constant and φ_j (t) are the solutions of Fredholm’s integral equations (F φ_j )(t) = g_j (t), j = 1, 2, . . . , −2k.

Let us assume that B_{−2k+1} = Re B_0, B_{−2k+2} = Im B_0 and let us define the functions

W_{2j−1}(z) = 1 z^j − 1 2πi ∫ L φ_{2j−1}(t) t − z dt, z ∈ S, W_{2j} (z) = i z^j − 1 2πi ∫ L φ_{2j} (t) t − z dt, z ∈ S, j = 1, 2, . . . , −k,

W_{−2k+1}(z) = 1, z ∈ S, W_{−2k+2}(z) = i, z ∈ S, V_j (z) = 1 2πi ∫ L φ_j (α^{−1}(t)) t − z , z ∈ D, V_{−2k+1}(z) = 1, z ∈ D, V_{−2k+2}(z) = i, z ∈ D. Now we can give the general solution of the boundary value problem (1) in the case k < 0 in the following way:

Φ_1(z) = z^{−k}X_0(z) (_{−2k+2}∑ j=1 B_j W_j (z) − 1 2πi ∫ L φ(t) t − z dt ) , z ∈ S,

Φ_2(z) = z^{−k}X_{0,1}(z) (_{−2k+2}∑ j=1 B_j V_j (z) + 1 2πi ∫ L φ(t) t − z dt ) , z ∈ D, (4)

where φ(t) is the solution of the integral equation

(F φ)(t) = g(t) X_{0,1}(α(t)) . In the case k > 0, the solution, if it exists at all, may be represented in the form Φ_1(z) = z^{−k}X_0(z) ( C_0 − 1 2πi ∫ L φ(t) t − z dt ) , z ∈ S, Φ_2(z) = X_{0,1}(z) ( C_0 + 1 2πi ∫ L φ(α^{−1}(t)) t − z dt ) , z ∈ D, (5)

where C_0 is an arbitrary complex constant.

For the purpose of finding the conditions of solvability, we shall expand the function Φ_∗(z) = C_0 − 1 2πi ∫ L φ(t) t − z dt in Taylor’s series in the neighborhood of the point z = 0. Thus, the function

Φ_1(z) = z^{−k}X_0(z) ( C_0 − 1 2πi ∫ L φ(t) t dt − ∞∑ j=1 z^j 2πi ∫ L φ(t) t^{j+1} dt ) , z ∈ S, will be analytic in S if all the coefficients at z^0, z^1, . . . , z^{k−1} in this expansion are equal to zero. If we choose

C_0 = 1 2πi ∫ L φ(t) t dt and separate the real and imaginary parts in the conditions ∫ L φ(t) t^{j+1} dt = 0, j = 1, 2, . . . , k − 1,

we get the following 2(k − 1) real conditions of solvability: Re ∫ L φ(t) t^{j+1} dt = 0, Im ∫ L φ(t) t^{j+1} dt = 0, j = 1, 2, . . . , k − 1. (6)

The unique solution in this case is given by (5). In such a way we have proved the following theorem.

Theorem. If the index k =^1_2 [arg G(t)]_L > 0, then the problem (1) is solvable and its unique solution is given by (5) if and only if all the 2(k − 1) real conditions of solvability (6) hold. If, however, index k 6 0, then the boundary value problem (1) is solvable and its solution, represented by the formula (4), contains 2(−k + 1) arbitrary real constants.

REFERENCES

[1] Čanak, M., Cauchysches Problem für die elliptische Differentialgleichung und Randwertaufgabe von Riemann, Fasciculi Mathematici 24, 1994.

[2] Damjanović, B., Integral equations and boundary value problem for simple-connected regions, Zbornik radova VII Conference on Applied Mathematics, Osijek 1990.

[3] Dimitrovski, D., Ilievski, B., Rajović, M., Sur l’equation differentielle areolaire lineaire aux coefficients constants. L’equation areolaire d’Euler, Matematički bilten Društva matematičara i informatičara Makedonije 16 (1992).

[4] Litvinquk, G. S., Kraevye zadaqi i singulØrnye integral~nie uravneniØ so sdvigom, Nauka, Moskva 1977.

[5] Mushelixvili, N. I., SingulØrnie integral~nie uravneniØ, Nauka, Moskva 1968. [6] Neqaev, A. H., Pro adnu kraevu¸ zadaqu dlØ pary funkcii analitiqeskih v oblasti, Donov, AN URSR 10 (1979).

(received 15.01.1996.)

Poljoprivredni fakultet, Nemanjina 6, 11080 Zemun, Yugoslavia