MathematicalPhysicsElectronicJournal ISSN1086-6655 Volume9,2003 Paper4 Received:Sep16,2002,Revised:Sep10,2003,Accepted:Sep18,2003 Editor:R.delaLlave

Hilbert’s Space Filling Curves and Geodesic Laminations

Víctor F. Sirvent^∗

September 10, 2003

Abstract

We present a modified version of the classical Hilbert’s space filling curve and we associate to this curve a geodesic lamination on the disk together with a transversal measure. The lamination helps us to understand how the points of the interval are mapped to the square. We generalize this construction to space filling curves from the interval to the regular n-gon.

AMS subject classification (2000): 28A80, 26A27, 53C22.

1 Introduction

The first space filling curve was introduced by Peano [6] in 1890. The drawing of this curve was shown in [7]. During the following year Hilbert [3] published another example of a space filling curve. Later other curves were introduced, among others by Lebesgue [5], Sierpiński [12], Schoenberg [11]. All these examples are based on the representation of the numbers on the interval in some integer base and an iterated function system on the plane. Hilbert’s curve was done using base 4 and Peano’s in base 9. The digits of the representation of the numbers are used to know the order in which to apply the maps of the iterated function system. More recently, space filling curves have been studied among others [8, 9, 10], and references within. In [10] is described the history of the space filling curves. In a different context, in [1] another type of space filling curve was introduced. This curve has a rich dynamical behaviour. And it has been studied later in [13, 14]. In [13] the author constructed a geodesic lamination on the disc associated to the space filling curve defined in [1]. This lamination helps us to understand the geometry and the dynamics involved.

∗V.F. SIRVENT, Departamento de Matemáticas, Universidad Simón Bolívar, Apartado 89000, Caracas 1086-A, Venezuela. e-mail: vsirvent@usb.ve

We would like to associate a geodesic lamination to a space filling curve such that points joined by geodesics are mapped to the same point in the plane by the space filling curve. In the classical examples it is not possible to associate a geodesic lamination to the space filling curve with these properties as we shall explain. Therefore we modified Hilbert’s classical space filling curve. We associate to this new curve a geodesic lamination on the disk with the desired property. This lamination comes with a transverse measure, which helps us to understand the geometry of the space filling curve. The symmetries of the lamination are the symmetries of the square, i.e. are given by the dihedral group D_4. The results are summarized in Theorem 1.

Geodesic laminations on the disk have been studied previously in different contexts. In [4] and references within, geodesic laminations are used in the study of quadratic Julia sets. In [13, 15] geodesic laminations turn up as geometric models of some type of symbolic dynamics.

In section 4 the iterated function system on the square is changed, so that the squares are visited in a different order from the clock-wise or anti clock-wise in Hilbert’s modified curve. We obtain a different curve, from which we get a different lamination, sharing the same properties as the previous one. However it has fewer symmetries. We also explain that essentially these two laminations are the only laminations associated to this type of curve on the square.

The constructions shown in this paper can be generalized to higher dimensions.

In the last section we define, in a similar way, space filling curves from the interval to the regular n-gon. In this case we can also construct geodesic laminations with similar properties. However there are some differences between the case n even and odd.

2 Revised version of the Hilbert’s curve

We shall describe the construction of Hilbert’s classical space filling curve, via iterated function systems (IFS), as is done in [10].

Definition 2.1 ([2], page 80) An iterated function system or IFS consists of a complete metric space X together with a finite set of contraction mappings.

The contraction mappings induce a map on the space of all compact subsets of X. We consider this space provided with the Hausdorff metric, here the induced map is a contraction. Its fixed point is called the attractor of the IFS.

Let {H_0, H_1, H_2, H_3} be an IFS on R = {x + iy ∈ C | 0 ≤ x, y ≤ 1}, where

H_0(z) =^{zi}_2 , H_1(z) =^z_2 +^i_2 , H_2(z) =^z_2 +^{1+i}_2 , H_3(z) = −^{zi}_2 +^i_2 + 1.

Let {h_0, h_1, h_2, h_3} be an IFS on I = [0, 1], where h_k(t) = t/4 + k/4, for 0 ≤ k ≤ 3. The attractor of the former IFS is the square R and of the latter is the interval I. This IFS on the interval defines the numeration system base 4, i.e. t = ∑_∞ n=1 a_n/4^n, with 0 ≤ a_n ≤ 3 if and only if t = lim_{n→∞} h_{a1} · · · h_{an} (I).

The space filling curve ξ_H : I → R is defined as

ξ_H (t) = lim_{n→∞} H_{a1} H_{a2} · · · H_{an} (R),

where t = ∑_∞ n=1 a_n/4^n. This map is continuous and surjective.

We will consider a modified version of this curve: Let {H_0, H_1, H_2, H_3} be an IFS on R and {h_0, h_1, h_2, h_3} be an IFS on I = [0, 1], where

H_0(z) = −^z_2 +^{1+i}_2 , H_1(z) =^{iz}_2 +^{1+i}_2 , H_2(z) =^z_2 +^{1+i}_2 , H_3(z) =^{−zi}_2 +^{1+i}_2 .

Figure 1: The classical Hilbert’s curve.

Figure 2: The modified Hilbert’s curve.

And h_0(t) = t 4 +^7_{32} if 0 ≤ t <^1_8 t 4 −^1_{32} if^1_8 ≤ t < 1, h_1(t) = t 4 +^{15}_{32} if 0 ≤ t <^1_8 t 4 +^7_{32} if^1_8 ≤ t < 1,

h_2(t) = t 4 +^{23}_{32} if 0 ≤ t <^1_8 t 4 +^{15}_{32} if^1_8 ≤ t < 1, h_3(t) = t 4 +^{31}_{32} if 0 ≤ t <^1_8 t 4 +^{23}_{32} if^1_8 ≤ t < 1.

Note that h_k(t) = h_0(t) + k/4 for k = 1, 2, 3. We will denote by I_k = [k/4, (k + 1)/4) = h_k(I), for k = 0, 1, 2, 3, these are the intervals defined by the IFS.

And the space filling curve ξ_M : I → R is defined in a similar way, as the classical curve: ξ_M (t) = lim_{n→∞} H_{a1} H_{a2} · · · H_{an} (R), where t = lim_{n→∞} h_{a1} h_{a2} · · · h_{an} (I). Since each h_k and H_k is a contraction, t and ξ_M (t) are well defined. In a similar way to the classical case we can prove that ξ_M is continuous and surjective. Furthermore, it can be proved that it is Hölder continuous, with exponent 1/2.

One of the main differences in these two curves is that in the classical version ξ_H (0) = 0 and ξ_H (1) = 1. And in the revised version the images of the points 0, 1/4, 1/2, 3/4, 1, i.e. the extremities of the intervals that defined the IFS on the interval, are the same point: (1 + i)/2, the geometrical centre of the square R.

3 Geodesic lamination on the disk

Let D^2 be the closed unit disk in the plane, and S^1 its boundary. We identify S^1 with I = [0, 1). Since the image of 0 and 1 are the same under the maps of the IFS on the interval. We think of the IFS: {h_0, h_1, h_2, h_3} as acting on the boundary of the disk.

Figure 3: The geodesic lamination Λ.

The construction of the geodesic lamination Λ is as follows: We consider the extremities of the intervals defined by the IFS, i.e. t_k = k/4 with k = 0, 1, 2, 3. And we join pairwise consecutive extremities, i.e. we join t_k with t_j , where j = k + 1 (mod 4) for 0 ≤ k ≤ 3, by arcs of circles that meet the boundary of S^1 perpenticularly. If we think in the hyperbolic disk, these arcs are geodesics there. Therefore we will call these arcs geodesics.

Let a_1 . . . a_n be a word in the alphabet {0, 1, 2, 3}. We join by a geodesic the point h_{a1} · · · h_{an} (t_k) with h_{a1} · · · h_{an} (t_j ), where j = k + 1 (mod 4) for k = 0, 1, 2, 3. We do this for all possible words in this alphabet and later we take the closure in the Hausdorff topology of D^2 . The elements of D^2 are either geodesics or points in S^1. In the latter case the points are called degenerate geodesics.

Definition 3.1 A geodesic lamination on D^2 is a non-empty closed set of geodesics of the disk and that any two of these geodesics do not intersect except at their end points.

Proposition 3.1 Λ is a geodesic lamination on D^2 .

Proof: Let a_1 · · · a_m and b_1 · · · b_l be two words in the alphabet {0, 1, 2, 3}. Suppose that there is an intersection between the geodesics that join the images of the t_k’s under h_{a1} · · · h_{am} and h_{b1} · · · h_{bl} . Therefore the interiors of h_{a1} · · · h_{am} h_{am+1} (I) and h_{b1} · · · h_{bl} h_{bl+1} (I) have non-empty intersection, for some 0 ≤ a_{m+1}, b_{l+1} ≤ 3. This is not possible, unless one of the words: a_1 . . . a_ma_{m+1}, b_1 . . . b_lb_{l+1} is a sub-word of the other, since the interiors of h_k(I) and h_j (I) are disjoint for k ≠ j. ■

Proposition 3.2 The lamination Λ is invariant under the group of symmetries of the square D_4.

Proof: Let R_{1/4} : I → I be the rotation by 1/4. Since h_k(t) = R^k_{1/4}(h_0(t)), for 0 ≤ k ≤ 3. We have that for any t_j and any word a_1 · · · a_m: R_{1/4}(h_{a1} · · · h_{am} (t_j )) = h_{b1} h_{a2} · · · h_{am} (t_j ) where b_1 = a_1 + 1 (mod 4). So by the construction of the lamination, it follows that Λ is invariant under the rotation R_{1/4}.

The symmetry related to the invariance under the reflection along the horizontal edge is equivalent to the fact if t, t^′ are joined then 1 − t, 1 − t^′ are also joined. It follows from h_k(t_j ) = 1 − h_{3−k}(t_{r(j)}) for 0 ≤ j, k ≤ 3, where r(0) = 1, r(1) = 0, r(2) = 3 and r(3) = 2. The invariance under the reflection in the vertical axis comes from the fact: h_k(t_j ) = (2 + k)/4 − h_{k+1}(t_{r(j)}) for k = 0, 2 and 0 ≤ j ≤ 3. The invariance under the reflection in the diagonals is obtained in a similar way. ■

Figure 4: The construction of C_δ .

Proposition 3.3 Let λ be an element of Λ with end points b and b^′. Then ξ_M (b) = ξ_M (b^′).

Proof: By the construction of Λ there are geodesics λ_k such that they join the images under the IFS of the t_k’s. And they converge to λ.

If the end points of λ_k are b_k and b^′_k then ξ_M (b_k) = ξ_M (b^′_k). So by the continuity of the space filling curve: ξ_M (b) = ξ_M (b^′). ■

However the converse of Proposition 3.3 is not true. If we take a point in the boundary between H_k(R) and H_{k+1}(R), different from the centre of R: (1 + i)/2, then its preimages lie in I_k and I_{k+1} so they cannot be joined.

These properties allow us to define a map Ξ : Λ → R as follows: Let λ be a geodesic of Λ with end points b, b^′. So Ξ(λ) := ξ_M (b). By Proposition 3.3 this map is well defined. The map Ξ is continuous and surjective since ξ_M has these properties.

Remark: In the classical case we do not end up with a lamination because the four points that are mapped to the central point of the squares are not boundary points of the intervals that define the IFS, i.e. I_j with j = 0, 1, 2, 3. So if these points are joined and we iterate the process, we end up with crossings in the geodesics. This situation is also found in the other classical space filling curves: Peano’s, Lebesgue’s, etc.

3.1 The transverse measure to the lamination

Let δ be any arc in D^2 joining two distinct geodesics of the lamination. It can be slid along the geodesics towards the boundary of the disk according the two possible directions in which the geodesics can be oriented. This procedure gives rise to a Cantor set in the boundary of the disk, say C_δ . More precisely: Let λ_1 and λ_2 be the geodesics in Λ that are joined by an arc δ. This procedure defines two disjoint intervals on the circle J = [b_1, b_2] and J^′ = [b^′_2, b^′_1] where b_k, b^′_k are the end points of λ_k for k = 1, 2. Let λ be a geodesic in the lamination such that its end points lie on the same interval J or J^′, we remove from J ∪ J^′ the open interval whose extremities are the end points of λ. See figure 4. The set C_δ is obtained in this way when all the geodesics in Λ with end points in J or J^′ are considered.

Let δ be any transverse arc to Λ. We define μ(δ) = M_{s0} (C_δ ) where M_{s0} is the s_0-Hausdorff measure and s_0 is the Hausdorff dimension of C_δ .

Proposition 3.4 For every transverse curve δ to Λ, the Hausdorff dimension of C_δ is s_0 = 1/2.

Before proving this proposition we need to describe the structure of the sets of the form h_{a1} · · · h_{an} (I), and how h_{a1} · · · h_{an} h_{an+1} (I) fits in the previous set. We call cylinders all the set of the form h_{a1} · · · h_{an} (I) for a_1 . . . a_n a word in the alphabet {0, 1, 2, 3}. In order to understand the structure of the cylinders, we give the following model for them: Let 0 ≤ x_1 < y_1 < y_2 < x_2 ≤ x_3 < y_3 < y_4 < x_4 ≤ 1

Figure 5: Different type of cylinders.

with the relations |y_2 − y_1| |x_2 − x_1| + |x_4 − x_3| = 1 4 , |x_2 − y_2| + |y_3 − x_3| |x_2 − x_1| + |x_4 − x_3| = 1 4 , |y_4 − y_3| |x_2 − x_1| + |x_4 − x_3| = 1 4 , |y_1 − x_1| + |y_4 − x_4| |x_2 − x_1| + |x_4 − x_3| = 1 4 . The extremities of the cylinder associated to any word, say a_1 . . . a_n, will be the points x_j ’s.

And the y_j ’s will be the extremities of its subcylinders, i.e. the cylinders associated to the words a_1 . . . a_na_{n+1}. Let us consider [x_1, x_2) ∪ [x_3, x_4), we will see all the cylinders are of this form. See figure 5. There are two possibilities:

• If x_2 = x_3 we say that the cylinder is of type 1.

• If x_2 < x_3, we say that the cylinder is of type 2.

Starting with the intervals I_1, I_2, I_3, I_4 and using induction one can prove the following fact about the cylinders:

If the cylinder corresponding to the word a_1 . . . a_n is of type 1 then the cylinder corresponding to a_1 . . . a_nj is of type 1 if j = 1, 2, 3 and is of type 2 if j = 0. And if the cylinder corresponding to the word a_1 . . . a_n is of type 2 then the cylinder corresponding to a_1 . . . a_nj is of type 1 if j = 1, 3 and is of type 2 if j = 0, 2.

Proposition 3.5 The lamination Λ is obtained by joining by geodesics the neighbouring extremities of the cylinders, for all the cylinders and then taking the closure, in the Hausdorff topology, of the union of all these geodesics.

Proof: By joining neighbouring extremities of [x_1, x_2) ∪ [x_3, x_4) we mean joining x_2 with x_3 and x_1 with x_4.

Let h_{a1} · · · h_{an} (I) be a cylinder. Its extremities are of the form: either h_{a1} · · · h_{an−1} (t_k) for some 0 ≤ k ≤ 3, or h_{a1} · · · h_{al} (t̃), for some 1 ≤ l ≤ n, where t̃ = 1/8, the discontinuity point of the maps h_k : I → I; note h_k(t̃) = t_k. Since the neighbouring extremities correspond to images of consecutive t_k’s. The neighbouring extremities of a cylinder are joined by geodesics, according to the definition of the lamination Λ.

On the other hand. Given h_{b1} · · · h_{bn} (t_k) and h_{b1} · · · h_{bn} (t_j ), with j = k + 1 (mod 4). These points are neighbouring extremities of the cylinder h_{b1} · · · h_{bn} h_k(I). ■ Proof of Proposition 3.4: Without loss of generality we can suppose that the end points of δ are on geodesics that join extreme points of the same cylinder, and we can suppose that this cylinder is of type 2. So the cylinder is of the form [x_1, x_2) ∪ [x_3, x_4), which is subdivided into the following cylinders: [x_1, y_1)∪[y_4, x_4), [y_2, x_2)∪[x_3, y_3), [y_1, y_2) and [y_3, y_4). In the first step of the construction of the limit set C_δ the intervals [y_1, y_2), [y_3, y_4) are removed (see figure 6).

So C_δ is obtained as intersection of cylinders: C_δ = ∩_{j≥0}K_j , where in this case K_0 = [x_1, x_2) ∪ [x_3, x_4), K_1 = K^1_1 ∪ K^2_1 , K^1_1 = [x_1, y1) ∪ [y_4, x_4) and K^2_1 = [y_2, x_2) ∪ [x_3, y_3). Note that K^1_1 and K^2_1

Figure 6: The construction of C_δ .

Figure 7: The image of a cylinder under ξ_M and its sub-division.

are cylinders of type 2. We continue the subdivision of these cylinders in the same way as for the parent cylinder. This process can be described in term of an IFS, {φ_1, φ_2} such that K^j_1 = φ_j (K_0) for j = 1, 2. This IFS satisfies the open set condition. Since each φ_j has a contraction factor of 1/4, the resulting Cantor set has Hausdorff dimension 1/2. Moreover it can be proved using standard techniques that 0 < M_{1/2}(C_δ ) < ∞. ■

Proposition 3.6 Let δ be any arc transversal to Λ whose end points are in the geodesics λ_1 and λ_2. The image of the set C_δ under ξ is the line segment that joins Ξ(λ_1) and Ξ(λ_2).

Proof: Without loss of generality we can suppose that the end points of the arc δ are in the geodesics that join extreme points of a cylinder of type 2. Say [x_1, x_2) ∪ [x_3, x_4). See figure 6. As we showed in the proof of Proposition 3.4, C_δ = ∩_{j≥0}K_j where K_0 = [x_1, x_2) ∪ [x_3, x_4), K_1 = K^1_1 ∪ K^2_1 , K^1_1 = [x_1, y1) ∪ [y_4, x_4] and K^2_1 = [y_2, x_2) ∪ [x_3, y_3). The cylinder K_0 is mapped by ξ_M into a sub-square of R. By the definition of the space filling curve ξ_M (x_1) and ξ_M (x_2) are opposite corners of this sub-square.

The cylinder [x_1, x_2) ∪ [x_3, x_4) is subdivided into the sub-cylinders: [x_1, y_1) ∪ [y_4, x_4), [y_2, x_2) ∪ [x_3, y_3), [y_1, y_2) and [y_3, y_4). And the image under ξ_M of each of these cylinders corresponds to a sub-square of ξ_M (K_0). All these squares have the same area and they intersect in only one point, the centre of ξ_M (K_0). So ξ_M (K_1) is the collection of two of these four sub-squares. Then ξ_M (∩^n_{j=0}K_j ) is a collection of small squares whose diagonal are in the line segment that joins ξ_M (x_1) and ξ_M (x_2). So in the limit we get ξ_M (∩_{j≥0}K_j ) is the line segment that joins ξ_M (x_1) and ξ_M (x_2). ■

Let F : Λ → Λ be a map on the lamination, defined as follows. Let λ be a geodesic on the lamination with end points b and b^′ (if λ is degenerate b = b^′). So the image of λ under F is the geodesic that joins f(b) and f(b^′) where f is the expanding map on the interval defined by the inverses of the maps in the IFS, i.e. f(t) = h^{−1}_k (t) if t ∈ I_k . The continuity of F follows from the continuity of f. On the other hand if λ ∈ Λ is such that it joins h_{a1} · · · h_{an} (t_k) and h_{a1} · · · h_{an} (t_j ), for n ≥ 2 and j = k + 1 (mod 4), then F (λ) joins h_{a2} · · · h_{an} (t_k) with h_{a2} · · · h_{an} (t_j ). If n = 1 then F (λ) = 1/8, and it can be easily checked that this point is a degenerate geodesic. Therefore F (Λ) ⊂ Λ.

The domain of F can be extended to the set of equivalence classes of transverse curves to the lamination Λ. Given δ and δ^′ two transverse curves to Λ, we say that δ ∼ δ^′ if the end points of each curve lie in the same pair of distinct geodesics and C_δ = C_δ′ . Therefore μ(δ) = μ(δ^′). We extend the definition of the map F to the transversal curves to Λ and their equivalence classes. The curve F (δ) is defined as a curve transversal only to all F (λ) where λ are the geodesics transversal to δ. It is clear that this definition is extended to the equivalence classes of transversal curves.

Proposition 3.7 The map F has the property F_∗μ = 2μ.

Proof: By definition F_∗(μ(δ)) = μ(F^{−1}(δ)) = M_{s0} (C_F −1_{(δ)}). On the other hand the Cantor set C_δ is of the form ∩_{j≥0}K_j where K_j is a finite union of closed intervals, as shown in the proof of Proposition 3.4. So f^{−1}(C_δ ) = ∩_{j≥0}f^{−1}(K_j ) and C_F −1_{(δ)} = f^{−1}(C_δ ). Since f is 4 to 1 and each of the branches of f^{−1}, i.e. the maps h_k’s, is a contraction with a factor of 1/4, we have

M_{s0} (C_F −1_{(δ)}) = M_{s0} (f^{−1}(C_δ )) = M_{s0} ( 3⋃ k=0 h_k(C_δ )) = 3∑ k=0 M_{s0} (h_k(C_δ )) =

= 4^{1−s0} M_{s0} (C_δ ) = 2M_{s0} (C_δ ) = 2μ(δ).

Hence F_∗μ = 2μ. ■

We can summarize the previous results in the following Theorem:

Theorem 1 There exists a geodesic lamination Λ on the disk, associated to Hilbert’s modified space filling curve ξ_M . This lamination has the following properties:

1. The end points of each element of Λ are mapped to the same point in the square by the space filling curve ξ_M .

2. Λ is invariant under the group of symmetries of the square, the dihedral group D_4.

3. The lamination has a transverse measure μ and there is a continuous map F : Λ → Λ, so that F_∗μ = 2μ.

4. For any transverse arc to Λ, there is a limit set on the boundary of the disk, whose Hausdorff dimension is 1/2. And, the image of this limit set under ξ_M is a straight line between the points, which are the images under ξ_M of the end points of the geodesics, joined by the transverse arc.

4 Another version of the Hilbert’s curve and the corresponding lamination

In this section, we will show a variation of Hilbert’s modified space filling curve studied previously in the paper. In a similar way as before, we construct a geodesic lamination associated to this curve, which has the same properties as the previous one. However it has fewer symmetries. It is not invariant under the dihedral group D_4. But it is invariant under rotation by 1/4.

We consider the IFS, {ĥ_0, ĥ_1, ĥ_2, ĥ_3} on the interval:

ĥ_0(t) = t 4 +^1_{64} if 0 ≤ t <^{15}_{16} t 4 −^{15}_{64} if^{15}_{16} ≤ t < 1,

and ĥ_k(t) = ĥ_0(t) + k/4 for k = 1, 2, or 3. Let {Ĥ_0, Ĥ_1, Ĥ_2, Ĥ_3} be the IFS on R, defined by: Ĥ_0 = H_3, Ĥ_1 = H_1, Ĥ_2 = H_2 and Ĥ_3 = H_0. Here H_k is the map of the IFS on the square studied previously. But we modified the order in which the squares are visited.

Figure 8: Other version of the Hilbert’s modified curve.

Figure 9: The geodesic lamination associated to the other version of Hilbert’s curve.

The space filling curve ξ̂_M : I → R is defined in the same way as before:

ξ̂_M (t) = lim_{n→∞} Ĥ_{a1}Ĥ_{a2} · · · Ĥ_{an} (R),

where t = lim_{n→∞} ĥ_{a1}ĥ_{a2} · · · ĥ_{an} (I). This map is continuous surjective and ξ̂_M (t_j ) = (1 + i)/2.

Up to re-labeling of the indices of the maps of the IFS on the square, these two laminations are the only two which support space filling curves on R. This is mainly because the space filling curve should start and finish at the centre of the square, and the curve visits this point four times in total. The square is subdivided into four equal sub-squares. The lamination studied in the previous sections is obtained when the sub-squares are visited in clock-wise ( or anti clock-wise) order, as shown in figure 2. We obtain the second lamination when we re-label the indices of the IFS on the plane such that there is a sub-square which is followed by its diagonally opposite subsquare, as happens in the order shown in Figure 8.

In a similar way one can obtain a space filling curve onto the cube in R^3 . Here the IFS consists of 8 maps and the corresponding laminations have 8-sided hyperbolic polygons.

Figure 10: Geodesic laminations associated to space filling curves on the Hexagon.

5 Space filling curves on the n-gon and geodesic laminations

In this section we will generalize the previous constructions of space filling curve and its associated geodesic lamination to space filling curves that map the interval to a regular n-gon. We omit the proofs and computations since they are similar to those given in the previous sections. Let G be the regular n-gon inscribed in the unit disk and having z = 1 as one of its vertices. There are differences between the cases n even and odd.

Let us suppose that n is even. We will consider the following IFS on the regular n-gon: {H_k}_{k=0,...,n−1}, where H_k(z) = e^{i2kπ/n}(z + 1)/2. The attractor of this IFS is the n-gon, G. Unlike the IFS studied in the previous sections this IFS, if n ≠ 4, does not satisfy the open set condition, i.e. H_j (G) and H_k(G) intersect in a set of positive Lebesgue measure, for some j ≠ k. But it has the important property: the intersection of all H_k(G) is the origin, the geometrical centre of the n-gon. Let {h_k}_{k=0,...,n−1} be an IFS on the interval I, where

h_0(t) = t n +^{n−1}_{2n2} if 0 ≤ t <^{n+1}_{2n} t n −^{n−1}_{2n2} −^1_n if^{n+1}_{2n} ≤ t < 1,

and h_k(t) = h_0(t) + k/n for k = 1, . . . , n − 1. In a similar way, as before, we define the space filling curve as: ξ_{G(n)}(t) = lim_{m→∞} H_{a1} H_{a2} · · · H_{am} (G), where t = lim_{m→∞} h_{a1} h_{a2} · · · h_{am} (I). This map is well defined, continuous and surjective. Furthermore the images of the points k/n, i.e. the extremities of h_k(I), is the origin z = 0, the center of the n-gon.

As in the previous sections, we can associate a geodesic lamination to this space filling curve. This lamination is invariant under the dihedral group D_n, i.e. it has the same symmetries as the n-gon. We can prove in a similar way as in the previous sections that this lamination has all the properties expounded in Theorem 1. Although the IFS on the n-gon has overlaps, Proposition 3.6 is still valid. This is due to the fact that we eliminate the cylinders that cause overlaps on the n-gon, when the limit set C_δ is constructed. So we end up with sub-gons that do not have overlaps on their interiors. We summarize the properties of this lamination in Theorem 2.

If we re-label the indices of the IFS on the plane so that H_k(G) are arranged anti clock-wise or clock-wise we get the same lamination. However if we arrange the sub-gons H_k(G) such that there is at least one sub-gon which is followed by its diagonally opposite, we obtain a different lamination. In this case we have to define a new IFS on the interval. For instance we use the following IFS on the n-gon, which has the desired property: {Ĥ_k}_{k=0,...,n−1}, where Ĥ_k = H_{r(j)} and r is the re-label function on the indices: r(j) = 0 if j = 0 j + 1 −^n_2 if n/2 ≤ j ≤ n − 1 n − j if 1 ≤ j < n/2.

Figure 11: Geodesic lamination associated to a space filling curve on the triangle.

We consider the IFS, {ĥ_k}_{k=0,...,n−1} on the interval, where

ĥ_0(t) = t n +^{n−2}_{n2} +^1_{2n2} if 0 ≤ t <^{n+1}_{2n} t n −^3_{2n2} if^{n+1}_{2n} ≤ t < 1,

and ĥ_k(t) = ĥ_0(t)+k/n for k = 1, . . . , n−1. In a similar way we obtain a space filling curve ξ̂_{G(n)}and a geodesic lamination Λ̂(n). This geodesic lamination has the same properties as the lamination associated to ξ_{G(n)}. However the symmetries are different. This lamination is not invariant under the dihedral group D_n. It is invariant under rotations by 1/n. In summary we get the following Theorem:

Theorem 2 Let G(n) be the regular n-gon, for n even. Let ξ_{G(n)}, ξ̂_{G(n)} be the space filling curves from the interval to the n-gon, defined above. Then, there are geodesic laminations Λ(n) and Λ̂(n) on the disk, associated to ξ_{G(n)} and ξ̂_{G(n)} respectively. These laminations have the following properties:

1. The end points of the elements of Λ(n) (Λ̂(n)) are mapped to the same point in the n-gon by the space filling curve ξ_{G(n)} (ξ̂_{G(n)}).

2. Λ(n) is invariant under the group of symmetries of the n-gon, the dihedral group D_n. And Λ̂(n) is invariant under the rotation by 1/n.

3. For any transverse arc to Λ(n), there is a limit set on the boundary of the disk, whose Hausdorff dimension is s_0 = log 2/ log n. And, the image of this limit set under ξ_{G(n)} is a straight line between the points, which are the images under ξ_{G(n)} of the end points of the geodesics, joined by the transverse arc. Similarly for Λ̂(n).

4. Each lamination has a transverse measure μ and there is a continuous map F : Λ(n) → Λ(n) (or F : Λ̂(n) → Λ̂(n)), so that F_∗μ = n^{1−s0} μ.

If n is odd, we consider the following IFS on the plane: {H_k}_{k=0,...,n−1}, where H_k(z) = e^{i2kπ/n}(Lz + 1 − L) and L = 1/(1 + cos(π/n)). The attractor of this IFS is the n-gon. Here some images of G under the maps of the IFS, overlap in a set of positive Lebesgue measure. The intersection of all H_k(G) is the origin, the centre of the n-gon G. The IFS on the interval is: {h_k}_{k=0,...,n−1}, where

h_0(t) = t n +^1_{n2} +^1_{n3} if 0 ≤ t <^{n2 −n−1}_{n2} t n +^1_{n2} +^1_{n3} −^1_n if^{n2−n−1}_{n2} ≤ t < 1,

and h_k(t) = h_0(t) + k/n for n = 0, . . . , n − 1. We define, as before, a space filling curve with the same properties. And we obtain a geodesic lamination on the disk, whose symmetries are given by rotation by 1/n. Summarizing we get the following Theorem:

Theorem 3 Let G(n) be the regular n-gon, for n odd. Let ξ_{G(n)} be the space filling curve from the interval to the n-gon, defined above. Then, there is a geodesic laminations Λ(n) on the disk, associated to ξ_{G(n)}. This lamination has the following properties:

1. The end points of each element of Λ(n) are mapped to the same point in the n-gon by the space filling curve ξ_{G(n)} .

2. Λ(n) is invariant under the rotation by 1/n.

3. For any arc transverse to Λ(n), there is a limit set on the boundary of the disk, whose Hausdorff dimension is s_0 = log 2/ log n.

4. Each lamination has a transverse measure μ and there is a continuous map F : Λ(n) → Λ(n), so that F_∗μ = n^{1−s0} μ.

Acknowledgements: The author would like to thank Anthony Manning for pointing out the IFS on the n-gon. The author is also grateful to the referee whose comments helped to improve the previous version of this paper.

References

[1] P. Arnoux, Un exemple de semi-conjugaison entre un échange d’intervalles et une rotation sur le tore, Bull. Soc. Math. France, 116 (1988), 489-500.

[2] M.F. Barnsley, Fractals everywhere, Second Edition, Academic Press Professional, Boston, 1993.

[3] D. Hilbert, Über die stetige Abbildung einer Linie auf ein Flächenstück, Mathematische Annalen 38 (1891), 459-460. Gesammelte Abhandlungen Vol III, 1-2, Springer-Verlag, Berlin, 1935.

[4] K. Keller, Invariant factors, Julia equivalences and the (abstract) Mandelbrot set, Lecture Notes in Mathematics, 1732, Springer, Berlin, 2000.

[5] H. Lebesgue, Leçons sur l’Intégration et la Recherche des Fonctions Primitives, Gauthiers- Villars, 1904, Paris.

[6] G. Peano, Sur une courbe qui remplit toute une aire plane, Mathemmatische Annalen 36 (1890), 157-160.

[7] G. Peano, La Curva di Peano Nel ‘Formulario Mathematico’, Formulario Mathematico, vol 5, 1908, Frates Bocca, Turin, pgs. 239-240.

[8] H. Sagan, Approximating Polygons for the Sierpiński-Knopp Curve, Bull. Acad. Sc. Polonaise 40, (1992), 19-29.

[9] H. Sagan, Nowhere differentiability of the Sierpiński’s space-filling curve, Bull. Acad. Sc. Polonaise 40, (1992), 217-220.

[10] H.Sagan, Space-Filling curves, Springer-Verlag, New York, 1994.

[11] I. J. Schoenberg, On the Peano curve of Lebesgue, Bull. of the Amer. Math. Soc., 44, (1938), 519.

[12] W. Sierpiński, Sur une nouvelle courbe continue qui remplit toute une aire plane, Bull. Acad.

Sci. de Cracovie, Série A, (1912), 462-478.

[13] V.F. Sirvent, Geodesic laminations as geometric realizations of Pisot substitutions, Ergodic Theory Dynam. Systems (2000), 20, 1253-1266.

[14] V.F. Sirvent, The Arnoux semi-conjugacy is Hölder continuous, Journal of Mathematical Analysis and Applications (2001), 259, 357-367.

[15] V.F. Sirvent, Geodesic laminations as geometric realizations of Arnoux-Rauzy sequences. To appear in Bull. Belg. Math. Soc. Simon Stevin.