MathematicalPhysicsElectronicJournal ISSN1086-6655 Volume8,2002 Paper5 Received:Sep5,2002,Revised:Nov12,2002,Accepted:Nov13,2002 Editor:P.Ferrari

ON THE FREE ENERGY OF A GAUSSIAN DISORDERED MEAN FIELD MODEL

M. FRADON AND P. HEINRICH

Abstract. We study the limit of the quenched free energy of a disordered system derived from the Sherrington-Kirpatrick model where the usual ±1 spins are replaced with Gaussian ones and influenced by an external field. Convergence rates are also given and their optimality discussed.

Date: November 12, 2002.

Key words and phrases. mean field model, free energy, almost sure convergence, random matrix, Gaussian chaos, concentration of measure. 1

1. Introduction

A disordered mean field model consits of a set of n sites whose spins interact randomly with each other regardless of their distance. It can be described via its Hamiltonian which represents the energy for a given configuration of the spins. We focus on Hamiltonians of the following form:

(1) H_n(ε) = − 1 √ n ∑ 1≤i<j≤n g_{ij}ε_iε_j − h n∑ i=1 ε_i, where ε = (ε_1, ..., ε_n) is the configuration, a random vector with a given law P_ε, the pair interactions g_{ij} are i.i.d. N(0, 1) random variables independent of ε and h ∈ R represents the action of an external field. The (quenched) free energy of such a system involves the inverse temperature β and is defined by

(2) F_n(β) = 1 n ln E exp(−βH_n(ε)),

where E denotes the expectation with respect to P_ε. The physical definition of the free energy usually includes a factor −1/β which is omitted here for simplicity. Note that F_n(β) is random as a function of the interactions. As an example, the well-known Sherrington-Kirkpatrick model (SK model) has this frame with P_ε = (_{δ−1+δ1} 2 )_{⊗n} and h = 0. One of the central questions in this area is to determine the almost sure behavior of F_n(β) as the volume n goes to infinity. The main difficulty in the SK-model lies in the fact that the law of ε is not rotationally invariant and the limit of the free energy in this case is not completely established (see [1, 4, 5, 13]). Our aim is to give a rather complete description of lim_n F_n(β) with convergence rates in the simpler situation where P_ε = N(0, 1)^{⊗n}.

The paper is organized as follows. In the second section, we recall some known results from random matrix theory that are needed. In the third one, we state and prove the main result. In the last one, we establish the rate of convergence and discuss its optimality. Details are given in Appendix A and B.

2. Some known results on random matrices

Consider the symmetric random matrix G = (g_{ij})_{1≤i,j≤n} obtained from the pair interactions by setting g_{ii} = 0 and g_{ji} = g_{ij}. The eigenvalues of G/ √ n are denoted by λ_1 ≤ . . . ≤ λ_n (the dependence in the integer n is omitted) and we have then G/ √ n = U^T ΛU with Λ = diag(λ_1, . . . , λ_n) and U orthogonal (U^T is the transpose matrix of U). From the invariance by an orthonormal change of basis of the law of G, it can be shown that Λ and U are independent and that U is Haar distributed on the orthogonal group (see Appendix A for details). The interested reader will find some other important facts in the books of Mehta [12] and Deift [6].

In this setting (also in a much more general one [3]), the Wigner theorem states that, with probability one, the empirical measure of the eigenvalues

(3) σ_n = 1 n n∑ k=1 δ_{λk} converges weakly to the semi-circle distribution σ(dx) = 1 2π √ (4 − x^2) 1I_{|x|≤2} dx.

Recently, Götze and Tikhomirov established in [7] that the convergence rate of the uniform distance between the expectation of the empirical distribution of the eigenvalues and the semi-circle’s distribution is at most of order n^{−1/2}.

Note that Wigner’s theorem immediately implies that lim inf_n λ_n ≥ 2 almost surely. Bai proved in [2] that, under optimal moment conditions on the entries of the matrix that are satisfied here, lim_n λ_n = 2 with probability one. A simple symmetry argument gives in addition lim_n λ_1 = −2 almost surely. The fluctuation of λ_n is also known. Indeed, the distribution function of n^{2/3}(λ_n − 2) converges to the Tracy- Widom one ([14, 15]) defined by

(4) F_{TW}(x) = exp ( − 1 2 ∫_∞ x q(t) + (t − x)q^2(t) dt )

where q is the solution of y^{′′} = ty+2y^3 that is the Painlevé II differential equation, with the Airy function as an asymptotic. The existence and properties of q can be found in [9] where it is shown in particular that q is positive.

We will keep these notations and results in mind for the proofs.

3. Convergence of the free energy

We turn to the first result of the paper. Set for β < 1/2 and h ∈ R,

F (β) = 1 2 ∫ [ ln ( 1 1 − βx ) + β^2h^2 1 − βx ] σ(dx). Theorem 1. With probability one, as n goes to infinity, the free energy F_n(β) behaves as follows:

(i) If β < 1/2, then lim_{n→∞} F_n(β) = F (β). (ii) If β = 1/2, then lim sup_{n→∞} F_n(β) = ∞. (iii) If β > 1/2, then lim_{n→∞} F_n(β) = ∞.

For β < 1/2, the limit F (β) of the free energy has an explicit form. Indeed, it can be shown (see Appendix B.1) that

F (β) = 1 4 − 1 2 ln ( 1 + √ 1 − 4β^2 2 ) + 2β^2h^2 − 1 8β^2 ( 1 − √ 1 − 4β^2 ) . To have an idea of the shape of F (β), note that F is increasing and convex with

F (β) ∼_0 β^2(1 + h^2)/2, lim_{β→1/2−} F (β) =

(h^2 − 1) + 2 ln 2 4 , and lim β→1/2^− F^′(β) = { 1 if h = 0, ∞ if h ≠ 0. Proof. We start with the proof of (i). Let β < 1/2 and c ∈]2, 1/β[. It is convenient to introduce the function f defined by

(5) f(x) = f_{β,c}(x) = (1 − βx)^{−1} if x ≤ c, (1 − βc)^{−1} if x > c, (1 + βc)^{−1} if x < −c.

We first put the Hamiltonian (1) into a diagonal form:

H_n(ε) = − 1 2 (Uε)^T Λ(Uε) − h⟨1, ε⟩, where ⟨·, ·⟩ denotes the Euclidean scalar product in R^n and 1 the vector (1, . . . , 1). It follows from the rotational invariance of P_ε that H_n(β) is distributed as −^1_2 ε^T Λε − h⟨1, U^T ε⟩ and the free energy (2) becomes

(6) F_n(β) = 1 n ln E exp {β 2 ε^T Λε + βh⟨1, U^T ε⟩ } . For each ε_k, we have E exp{aε^2_k +bε_k} = (1−2a)^{−1/2} exp{b^2/(2−4a)} if a < 1/2 and b ∈ R. Thus, by independence of the ε_k’s, taking suitable a and b, we get from (6) and Bai’s theorem that almost surely, for n large enough, F_n(β) = ~F_n(β) where

(7) ~F_n(β) = 1 2n n∑ k=1 ln f(λ_k) + β^2h^2 2n n∑ k=1 f(λ_k) (_n∑ l=1 u_{kl} )_2 , and the u_{kl}’s are the entries of U. So, it suffices to work with ~F_n(β) which is always well defined. We rewrite (7) as

(8) ~F_n(β) = 1 2n n∑ k=1 ( ln f(λ_k) + β^2h^2f(λ_k) ) + β^2h^2 2 R_n, where we set

(9) R_n = 1 n n∑ k=1 f(λ_k) [(_n∑ l=1 u_{kl} )_2 − 1 ] . The first summand in (8) is an integral of a continuous bounded function with respect to the empirical measure σ_n. By Wigner’s theorem, this integral converges a.s. to 1 2 ∫ ( ln f(x) + β^2h^2f(x) ) σ (dx) = F (β), since [−c, c] contains the support [−2, 2] of the measure σ.

It remains to prove that R_n converges a.s. to 0. This requires more attention. Let V an orthogonal matrix with (n^{−1/2}, . . . , n^{−1/2}) as first column. Since the random matrix UV is Haar distributed on the orthogonal group, its first column υ = (n^{−1/2} ∑_n l=1 u_{kl})_{1≤k≤n} is uniformly distributed on the unit sphere. Let ξ = (ξ_1, . . . , ξ_n) be a standard Gaussian vector in R^n independent of Λ; it is a well-known property of Gaussian variables that the random vector υ has the same distribution as ξ/‖ξ‖ where ‖ · ‖ denotes the Euclidean norm in R^n and that ‖ξ‖ and ξ/‖ξ‖ are independent. Set

~R_n = 1 n n∑ k=1 f(λ_k) [ nξ^2_k ‖ξ‖^2 − 1 ] , S_n = ~R_n‖ξ‖^2. Note that ~R_n is distributed as R_n and for each given Λ, S_n is a two-order Gaussian chaos ([10] chap. 6) based on the variables ξ_k. A standard computation (see Appendix B.2) gives

(10) ER^2_n = E ~R^2_n =

2EVar_{σn} (f) n + 2 , where Var_{σn} denotes the variance with respect to σ_n. The moments of a Gaussian chaos are equivalent (see [10] Theorem 5.10). In particular, we have for some universal constant C_0 > 0, E[S^4_n|Λ] ≤ C_0(E[S^2_n|Λ])^2, which yields, using again the independence of ‖ξ‖, ξ/‖ξ‖ and Λ together with the equality of ~R_n and R_n in distribution,

(11) E [ R^4_n | Λ ] ≤ C_0 ( E [ R^2_n | Λ ])2 , ER^4_n ≤

4C_0 E|Var_{σn} (f)|^2 (n + 2)^2 .

By Wigner’s theorem and dominated convergence, E|Var_{σn} (f)|^2 converges to |Var_σ(f)|^2 and by Borel-Cantelli’s lemma, we obtain for instance that P(|R_n| ≤ n^{−1/8} eventually) = 1.

This completes the proof of (i).

We turn to the proof of (ii) and show that there exists a tail event of positive probability (and therefore of probability one) contained in lim sup_n{λ_n ≥ 2}. To this end, for integers k < m, denote by λ^{(k)}m the largest eigenvalue of the symmetric matrix (m^{−1/2}g_{ij})_{k<i,j≤m}. Defined as a supremum, it’s easy to see that λ^{(k)}m is non-increasing with k. Then the set Ω_0 = ⋂ k lim sup_n {λ^{(k)}_n ≥ 2}

is measurable with respect to the tail σ-field ⋂ k σ(g_{ij}, k < i < j) and a subset of lim sup_n{λ_n ≥ 2}, since λ^{(0)}n = λ_n. To prove that P(Ω_0) > 0, note first that

P(Ω_0) = inf_k P ( lim sup_n {λ^{(k)}_n ≥ 2} ) ≥ inf_k lim sup_n P(λ^{(k)}_n ≥ 2).

Moreover, for each fixed k, the random matrix (g_{ij})_{k<i,j≤n} is distributed as (g_{ij})_{0<i,j≤n−k} whose largest eigenvalue is (n − k)^{1/2}λ^{(0)}_{n−k} according to the introduced notation. Then, λ^{(k)}n is distributed as (1 − k/n)^{1/2}λ^{(0)}_{n−k} and n^{2/3}(λ^{(k)}_n − 2)^{law}= n^{2/3} [( 1 − k n )_{1/2} λ^{(0)}_{n−k} − 2 ] , = ( 1 − k n )_{1/2}[ n^{2/3} ( λ^{(0)}_{n−k} − 2 )] + O(n^{−1/3}).

We deduce that n^{2/3}(λ^{(k)}n − 2) and n^{2/3} ( λ^{(0)}_{n−k} − 2 ) have the same asymptotic distribution which is the Tracy-Widom one. By inspecting (4), we obtain

lim_n P(λ^{(k)}_n ≥ 2) = lim_n P ( n^{2/3}(λ^{(k)}_n − 2) ≥ 0 ) = 1 − F_{TW}(0) > 0.

It follows that P(Ω_0) ≥ 1 − F_{TW}(0) > 0 and P(lim sup_n{λ_n ≥ 2}) = 1. Besides, as long as λ_n is less than 2, one has from (6)

F_n(1/2) = 1 2n n∑ k=1 ln 1 1 − λ_k/2 + h^2 8n n∑ k=1 1 1 − λ_k/2 (_n∑ l=1 u_{kl} )_2 , with an explosion when λ_n reaches 2. By continuity, it is then natural to set F_n(1/2) = ∞ if λ_n ≥ 2. But we showed that this last condition occurs infinitely often almost surely. This proves (ii).

Claim (iii) is obvious. □

4. Rate of convergence

In the case where β < 1/2, we can provide a rate of convergence for F_n(β).

Theorem 2. Assume that β < 1/2. For all h ≠ 0, the rate of the a.s. convergence of F_n(β) to F (β) is at most of order n^{−1/2} ln n. In the case h = 0, the rate can be improved to n^{−1/2}.

Proof. We keep the notations introduced in the proof of Theorem 1. Recall that it suffices to work with ~F_n(β) and note that (8) is also

~F_n(β) = E[~F_n(β)|Λ] + β^2h^2 2 R_n, where R_n is defined by (9) and E [ · |Λ ] corresponds to the partial integration with respect to U since U and Λ are independent.

Step 1: convergence rate of E [~ F_n(β)|Λ ] . Let g be a smooth bounded increasing function with bounded derivative such that on the interval [−c, c], (12) g(x) = 1 2 ( ln f(x) + β^2h^2f(x) ) , where f is defined by (5). Note that E [~ F_n(β)|Λ ] = ∫ g dσ_n = 1 n n∑ k=1 g(λ_k) = Tr(G/ √ n) n , F (β) = ∫ g dσ. Each entry of G satisfy the logarithmic Sobolev inequality with constant one (see [11] chap. 5). Set δ_n = |E ∫ g dσ_n − ∫ g dσ|. Following the notations of Guionnet-Zeitouni [8], and applying their corollary 1.6.b, we get for each real δ ≥ δ_n

(13) P (| | | ∫ g dσ_n − ∫ g dσ | | | > δ ) ≤ 2 exp ( − n^2(δ − δ_n)^2 8‖g^′‖_∞ ) . We now estimate δ_n. By integration by parts (cf Appendix B.3),

δ_n = | | |E ∫_{+∞} −∞ g^′(x) [ σ_n ( ]x, ∞[ ) − σ ( ]x, +∞[ )] dx | | |. According to [7] there exist a positive constant C_1 such that for all n ≥ 1, sup_x | |σ_n(]x, ∞[) − σ(] − ∞, x]) | | ≤ C^1 n^{1/2} .

Since g is bounded and increasing, δ_n is at most 2C_1n^{−1/2} sup |g|. Then, inequality (13) with δ = 2δ_n and Borel-cantelli’s lemma together imply P ( ∃N, ∀n ≥ N, | |E[~F_n(β)|Λ] − F (β) | | ≤ 2C^1 sup |g| n^{1/2} ) = 1,

which ends the first step.

Step 2: convergence rate of R_n. It suffices to prove that for some constant C_2 ≥ 1 independent of n and all n ≥ 1 and t > 0,

(14) P ( |R_n| > t ) ≤ C_2 exp ( − t √ n C_2 ) . Indeed, inequality (14) shows via Borel-cantelli’s lemma that the rate of convergence of R_n to zero is of order n^{−1/2} ln n.

A Gaussian chaos of order two is exponentially integrable (see [10], Theorem 6.7). More precisely, there exists a universal constant C^′_2 such that

(15) E [ exp ( |S_n| C^′_2 √ E[S^2_n | Λ] ) | | | | Λ ] ≤ C^′_2, with E[S^2_n | Λ] = 2nVar_{σn} (f) (see Equality 18). In addition, we have E [ S_n | | Λ, ξ/‖ξ‖] = E‖ξ‖^2 ~R_n = n ~R_n and together with Jensen’s conditional inequality, (15) gives E [ exp ( n|R_n| C^′_2 √ 2nVar_{σn} (f) ) | | | Λ ] ≤ C^′_2, E exp ( √ n|R_n| C^′_2 √ 2 sup f^2 ) ≤ C^′_2, which leads to (14) with C_2 = C^′_2 √ 2 sup f^2 via Markov’s inequality. □

In the case h = 0 we can not say that the rate is sharp since it is not known whether the rate n^{−1/2} in Götze-Tikhomirov’s theorem ([7]) is optimal. On the other hand, in the case where h ≠ 0, a simple argument shows that it can not be smaller than O(n^{−1/2}). We first show that there exists n_0 ≥ 1 such that for all n ≥ n_0,

(16) P( √ n |R_n| > C_3) > 1/C_3, for some constant C_3 ≥ 1 independent of n.

By Paley-Zygmund’s inequality, together with (10) and (11), we get for all n ≥ 1 P { R^2_n >

ER^2_n 2 } ≥ ( ER^2_n

)_2

4ER^4_n , P { R^2_n >

EVar_{σn} (f) n + 2 } ≥ ( EVar_{σn} (f)

)_2

4C_0E|Var_{σn} (f)|^2 .

The convergence of Var_{σn} (f) to Var_σ(f) in L^1 and L^2 imply that for n large enough, say n ≥ n_1, P ( nR^2_n > 2Var_σ(f) ) ≥ 1 8C_0

which yields (16) with C_3 = min (√ 2Var_σ(f), (8C_0)^{−1} ) . Now, suppose that there exits M > 0 and a positive (non random) sequence (τ_n) tending to infinity such that P(∃n_2 ≥ 1, ∀n ≥ n_2, τ_n √ n|R_n| ≤ M) = 1. This would imply that

(17) ∀ϵ > 0, ∃n_2 ≥ 1, ∀n ≥ n_2, P ( τ_n √ n|R_n| > M ) ≤ ϵ. Since τ_n tends to infinity, there exists n_3 ≥ n_0 such that for all n ≥ n_3, τ_n is more than M/C_3 and by inequality (16) we get that for all n ≥ n_3 P ( τ_n √ n|R_n| > M ) > 1 C_3 , which refutes assertion (17) for ϵ = 1/C_3. Therefore the convergence rate of R_n can not be better than O(n^{−1/2}).

Acknowledgement. The authors thanks the anonymous referee for suggestions to improve readability.

Appendix A. Distribution of (Λ, U)

Set G_n := G/ √ n = U^T ΛU with Λ = diag(λ_1, . . . , λ_n) and U orthogonal as in section 2. U is almost surely determined if one requires that the first non-vanishing coordinate of each eigenvector is positive. Since G_n can be realized as a difference W − W^T where W is a random matrix with independent identically distributed Gaussian entries, one has that for any orthogonal V , the matrix V^T G_nV is distributed as G_n. Then, for each continuous bounded function h, E h ( G_n ) = ∫ [ E h ( V^T G_nV )] dHaar(V ), where Haar denotes of course the Haar measure on the (compact) orthogonal group. Given U orthogonal, the product UV is also Haardistributed (the Haar measure is “translation”-invariant). It follows then from the Fubini theorem that, E h ( G_n ) = E [ ∫ h ( (UV )^T ΛUV ) dHaar(V ) ]

= E [ ∫ h ( V^T ΛV ) dHaar(V ) ] , which proves that the law of (Λ, U) is the product measure P_Λ ⊗ Haar where P_Λ denotes the law of Λ.

Appendix B. Auxillary computations

B.1. Computation of F (β).

We only give the main steps as a guide for the reader. Let s ≥ 2β and consider I(s) = ∫_2 −2 1 s − βx √ 4 − x^2 2π dx, J(s) = ∫_2 −2 ln ( 1 s − βx )√ 4 − x^2 2π dx. By two changes of variables x = 2 sin θ and then θ = arctan u, we get I(s) = s πβ^2 ∫_∞ 0 [ 1 1 + u^2 − s^2 − 4β^2 (s^2 − 4β^2)u^2 + s^2 ] du = 1 2β^2 ( s− √ s^2 − 4β^2 ) . Next, we have for s ≥ 2β, J(s) − J(2β) = ∫_s 2β I(t)dt = ∫_s 2β 1 2β^2 ( t − √ t^2 − 4β^2 ) dt, which, after the change of variable t = 2β cosh x, leads to J(s) − J(2β) = ∫_{argcosh(s/2β)} 0 ( 1 − e^{−2x} ) dx.

If we set x = 2 sin θ in J(2β), we arrive at

J(2β) = ln β + ln 2 + 4 π ∫_{π/2} 0 ln(cos θ) cos^2 θ dθ = ln β + 1 2 , Using then argcoshx = ln(x + √ x^2 − 1), we finally get J(s) = s 4β^2 ( s − √ s^2 − 4β^2 ) + ln ( s + √ s^2 − 4β^2 2 ) − 1 2 . B.2. Computation of second moment of R_n.

Note that S_n can be written as

S_n = √ 2 n∑ k=1 ( f(λ_k) − 1 n n∑ l=1 f(λ_l) ) ξ2_k − 1 √ 2 , and since the 2^{−1/2}(ξ^2_k − 1)’s are orthonormal in L^2 and independent of Λ, it is straightforward that

(18) E [ S^2_n | Λ ] = 2 n∑ k=1 ( f(λ_k) − 1 n n∑ l=1 f(λ_l) )_2

= 2nVar_{σn} (f).

Recall that S_n = ~R_n‖ξ‖^2 ; because of the independence of ‖ξ‖, ξ/‖ξ‖ and Λ we get from (18) E [ ~ R^2_n | Λ ] E‖ξ‖^4 = 2nVar_{σn} (f),

which implies E [ R^2_n | Λ ] = E [ ~ R^2_n | Λ ] = 2Var_{σn} (f)

n + 2 . B.3. Integration by parts for δ_n.

Recall the definition (12) of the function g. Using the change of variables y = g(x) and Fubini’s theorem, we obtain ∫ g dσ = − ∫_{+∞} −∞ ∫_{sup g}

inf g

1I_{y≥g(t)} dy σ(dt) + sup g = − ∫_{+∞} −∞ ∫_{+∞} −∞ 1I_{x≥t} g^′(x) dx σ(dt) + sup g = − ∫_{+∞} −∞ σ ( ] − ∞, x] ) g^′(x) dx + sup g,

and the same result holds for the empirical distribution σ_n. The difference beetween both results gives

δ_n = | | |E ∫ g dσ_n − ∫ g dσ | | | = | | |E ∫_{+∞} −∞ g^′(x) [ σ_n ( ]−∞, x] ) −σ ( ]−∞, x] )] dx | | |.

References

[1] Aizenman M., Lebowitz J.L. and Ruelle D., Some rigorous results on Sherrington-Kirkpatrick spin glass model, Commun. Math. Phys. 112 (1987), 3-20.

[2] Bai Z.D., Necessary and sufficient conditions for almost sure convergence of the largest eigenvalue of a Wigner matrix, Ann. Probab. 16, 4 (1988), 1729- 1741.

[3] Bai Z.D., Methodologies in spectral analysis of large dimensional random matrices, a review, Statist. Sinica 9 (1999), 611-677.

[4] Comets F., A spherical bound for the Sherrington-Kirkpatrick model, Astérisque 236 (1996), 103-108.

[5] Comets F. and Neveu J., The Sherrington-Kirkpatrick model of spin glasses and stochastic calculus: the high temperature case, Commun. Math. Phys. 166 1995), 549-564.

[6] Deift P., Orthogonal polynomials and random matrices, a Riemann-Hilbert approach, AMS Courant Institute for mathematical sciences (2000).

[7] Götze F. and Tikhomirov A., Rate of convergence to the semi-circular law, preprint (2000)^1.

[8] Guionnet A. and Zeitouni O., Concentration of the spectral measure for large matrices, Elect. Comm. in Probab. 5 (2000), 119-136.

[9] Hastings S.P. and McLeod J.B., A boundary value problem associated with the Second Painlevé transcendent and the Korteweg de Vries equation, Arch. Rational Mech. Anal 73 (1973), 31-51.

[10] Janson S., Gaussian Hilbert Spaces, Cambridge University Press (1997). [11] Ledoux M., The concentration of measure phenomenon, AMS Mathematical surveys and monographs (2001).

[12] Mehta M.L., Random matrices, Academic Press (1991).

[13] Talagrand M., The Sherrington-Kirkpatrick model: a challenge for mathematicians, Probab. Theory Related Fields 110 (1998), 109-176.

[14] Tracy, C.A. and Widom, H., Airy kernel and Painlevé II, LANL archives, solv-int/9901004.

[15] Tracy, C.A. and Widom, H., Level-spacing distributions and the Airy kernel, Commun. Math. Phys. 159 (1994), 151-174.

Laboratoire de Mathématiques Appliquées CNRS FRE 2222, Université des Sciences et Technologies de Lille, 59655 Villeneuve d’Ascq Cedex France

1http://www.mathematik.uni-bielfeld.de/sfb343/preprints/pr00125.pdf.gz.