Mathematical Physics Electronic Journal

ISSN 1086-6655

Volume 10, 2004

Pap er 1

Received: Aug 26, 2003, Revised: Jan 25, 2004, Accepted: Jan 30, 2004

Editor: R. de la Llave

BIRTH OF AN ELLIPTIC ISLAND IN A CHAOTIC SEA

CARLANGELO LIVERANI

Abstract. I consider a one parameter family of area preserving smooth maps evolving from a uniformly hyperbolic situation to developing an elliptic region. I prove that exponentially close to such a family there are maps with positive metric entropy.

1. introduction

Although it is expected that generic symplectic maps exhibit mixed behavior (coexistence of integrable and chaotic behavior) almost no examples are available in which such a situation is present. Noticeable exceptions are the cases where the two behaviors are separated by a homoclinic or heteroclinic invariant manifold and an example, due to Wojtkowski [24, 25], of a continuous (but not C^1) map of the torus where the heteroclinic tangle is shown to be of positive measure.

In the first context one can mention the work of Przytycki [20] in which he constructs a C^∞ one parameter family of area preserving toral diffeomorphisms that crosses the boundary of the set of Anosov diffeomorphisms due to a fixed point that from hyperbolic becomes first parabolic (this is the boundary diffeomorphism) and then elliptic. He shows that, for properly chosen families, when the fixed point becomes elliptic, both an elliptic island and an ergodic component of positive measure (which is Bernoulli) are present. As already mentioned, the two regions are sharply separated by an invariant (heteroclinic) manifold. I will call this type of situations the “Przytycki scenario.” Later various authors constructed examples for three dimensional flows (e.g., Donnay’s light bulb example [4, 5] of a geodesic flow on the sphere or the two torus, or the case of a particle moving in a special potential, always on the two torus, see [6]). More recently, one can mention the “mushroom

Date: January 25, 2004.

It is a real pleasure to thank M.Benedicks. Not only I benefited from several discussions with him but, most importantly, the entire paper stemmed from the attempt to address some of his questions. In addition, I am indebted to D.Bambusi, M.Wojtkowski and R.de la Llave for several relevant references of which I was not aware. Finally, I would like to thank the anonymous referees and E.Valdinoci for pointing out several misprints and imprecisions. This work has been partially supported by the ESF programme PRODYN. 1

billiards” by Bunimovich [3] (closely related to the two ergodic components example by Wojtkowski [26]).^1

The work of this paper is very much in Przytycki spirit and it hints to the fact that each time a one parameter symplectic family leaves the Anosov class by loosing hyperbolicity at a single periodic orbit (the orbit becomes first parabolic and then elliptic), the Przytycki scenario is automatic, provided one is willing to perform an extremely small deformation of the family.

It should be remarked that the present work has noting to say on the problem of the frequency of positive metric entropy for symplectic maps. In this respect it is know that the metric entropy is upper semi continuous [19], yet Mañé [14] has argued that the metric entropy is zero in a C^1 dense set in the complement of the closure of the Anosov diffeomorphisms (see [2] for a proof). A nice discussion of problems connected to the metric entropy can be found in [7], (see also [18, 21] for related issues).

For the shake of clarity I will discuss a concrete one parameter family but the following could be applied more generally to families that exhibit the “Przytycki scenario” (see footnote 3).

2. the model

Let us consider the maps^2 T_ε : T^2 → T^2

(2.1) T_ε(x, y) = { x + y + h_ε(x) mod 2π y + h_ε(x) mod 2π.

Where^3 h_ε(x) = x − (1 + ε) sin x.

On the one hand, if ε = −1, then we have the well known linear automorphism of the torus, the basic example of Anosov maps. On the other hand, for ε very large the map becomes increasingly similar to the classical standard map, whose behavior is known to be very hard to describe. Let us try to follow the changes in the dynamics as ε increases.

Since the origin is a fixed point for all ε, it is instructive to see what happens to it: for ε < 0 it is hyperbolic, for ε = 0 it is parabolic and for ε > 0 elliptic. This turns out to reflect more global properties of the maps.

For ε ∈ (−1, 0) the system is Anosov. For ε = 0 the systems is still hyperbolic (and mixing), but not uniformly so.^4 To see this it suffices to notice that the cone

1I am sure that the above list is far from exhaustive, my goal was simply to emphasize that

there has been a considerable activity in trying to find relevant examples. For a further discussion of the issue consult the review article [22].

2Note that the following formula is equivalent, by the symplectic change of variable q = x − y,

p = y, to the map

T_ε(q, p) = { q + p

p + h_ε(q + p)

which belongs to the standard map family. Yet, the functions h_ε considered here differ from the sine function which would correspond to the classical Chirikov-Taylor well known example.

3Indeed, all the following would apply as well to a more general “Przytycki scenario”. That is

an h_ε with the following properties: h_ε(x) = −h_ε(−x) for all ε; h^′_0(x) > 0 for all x ≠ 0; h^′_0(0) = 0; h^{′′′}_0 (0) > 0;^d_{dε} h^′_ε(0) < 0.

4The map T 0 is sometime referred to as Lewowicz map since Lewowicz introduced it in [12].

C_+ := {(u, v) ∈ R^2 | uv ≥ 0} is almost everywhere strictly invariant for each ε ≤ 0 and use classical results by Wojtkowski [23] (the mixing follows by [13, 8]).

Here we wish to push our understanding a bit further and investigate small, positive, ε. The main result of the paper is as follows.

Theorem 2.1. For each ε > 0, sufficiently small, there exists symplectic positive metric entropy maps T exponentially close to T_ε. More precisely,^5

d_C2 (T_ε, T ) ≤ e^{−cε − 12} and |h_m(T_0) − h_m(T )| ≤ c ε.

In addition, it is possible to choose T ∈ C^∞(T^2, T^2) so that

m({x ∈ T^2 | T_ε(x) ≠ T (x)}) ≤ e^{−cε − 12} .

Remark 2.2. The above theorem is far from proving that the map T_ε itself has positive entropy. Nevertheless, it shows that any attempt to investigate numerically the continuity of the metric entropy, as a function of ε, is likely to be doomed due to the difficulty to distinguish numerically between the maps T and T_ε.

Remark 2.3. We will see (Definition 1) that there exists a simple geometric condition to decide if Theorem 2.1 applies to a map T (exponentially close to T_ε).

Remark 2.4. Here we consider maps close in the C^2 topology, it would be equally possible to consider perturbations in C^k or C^∞ topology, yet such a possibility does not seem very relevant in the present context.^6 It is instead unclear to me if one can consider analytic perturbations.

The proof of the above theorem is the content of the next section. More precisely, section 3.1 describes a flow approximation that will allow a precise control of the dynamics for quite long times. In addition, the perturbations to which Theorem 2.1 applies are defined. Section 3.2 shows that such perturbations exist. Section 3.3 uses the results of section 3.1 to gain the needed control on the dynamics. Section 3.4 describes an eventually strictly invariant cone field for the perturbations. Finally, section 3.5 concludes the proof.

3. proof

The loss of hyperbolicity of the origin corresponds to a pitchfork bifurcation. That is, the transition of the origin from hyperbolic to elliptic corresponds to the creation of two new hyperbolic points. Such points lie on the x-axis at a distance √ ε from the origin. In addition the ellipses associated to the stable point turn out to be very elongated with an eccentricity of order ε^{− 12} .

To gain a sufficient control on such a picture, and therefore on the dynamics near the origin, it is natural to rescale the coordinates as to have the hyperbolic points at a fixed distance and the ellipses with fixed eccentricity.

5Here, and in the following, c and c i stand for positive constants, possibly numerically different at different occurrences, independent on ε. By h_m(T ) we mean the metric entropy of T . By m we designate the Lebesgue measure.

6In fact, in such a case one would have Tε ≠ T on a much larger set which, from my point of

view, would be less interesting, see Remark 3.5. At any rate, one can obtain the needed estimates in the C^∞ setting by using the theory of Gevrey classes for the partition of unity in Lemma 3.1.

3.1. Blow up. Consider the local change of coordinates Ξ_ε(x, y) := (q, p),

(3.1) q := ε^{− 12} x; p := ε^{−1} y.

The change of coordinates is not symplectic, yet it has constant Jacobian hence the map T̂_ε := Ξ_εT_εΞ^{−1}_ε is again symplectic. More precisely, we have

T̂_ε(q, p) = { q + √ ε [ p + ε^{−1} h_ε(εq) ] p + ε^{−1} h_ε(εq).

where ε^{−1} h_ε(εq) = √ εg(q) + ε^{32} r_ε(q) ; g(q) := −q + 1 6 q^3.

Thus

(3.2) T̂_ε(q, p) = { q + √ ε [ p + √ εg(q) + ε^{32} r_ε(εq) ] p + √ εg(q) + ε^{32} r_ε(εq).

Note that T̂_ε is a perturbation of the identity, accordingly we can apply the results in [1] which state that there exists a local (time independent) Hamiltonian H_ε such that the map Ψ_ε, generated by the Hamiltonian flow at time √ ε, has the property^7

(3.3) ‖T̂_ε − Ψ_ε‖_Ck ≤ k!C^{−k} e^{−Cε − 12} ∀k ∈ N.

The Hamiltonian can be computed as a power series:^8

(3.4) H_ε(q, p) = 1 2 p^2 + V (q) + √ εH^1_ε (q, p) ; V (q) = 1 2 q^2 − 1 4! q^4.

The phase portrait of such an Hamiltonian flow is depicted in Figure 1. Notice that, by the usual stability theorems, this implies that T̂_ε has three fixed points as well, one elliptic and two hyperbolic, moreover the two hyperbolic fixed points have stable and unstable manifolds exponentially close to the one of the flow [9]. In addition, by KAM theory, there exist invariant tori for the map which are exponentially close to the separatrices.^9 Hence, the true map has an elliptic island exponentially close to the one of the Hamiltonian H_ε, accordingly trajectories coming from outside cannot enter in a neighborhood of the origin which is exponentially close to the elliptic island of the flow. The only substantial difference between the phase portrait of the flow and the one of the map is that the latter may have a transversal heteroclinic intersection (one has to compute the related Melnikov integral to verify the transversality, yet it seems inevitable by genericity).^{10}

The presence or not of the heteroclinic intersection is the dividing wall between the easily tractable cases that are discussed here and the much more difficult (generic) situation in which the coexistence between the integrable and ergodic behavior is intertwined in a cantor set like manner.

7In fact, similar results, although in a less explicit form, are already present in [17] and, at

the formal level, in [16]. More generally, every symplectic map can be viewed as a time one Hamiltonian flow provided the Hamiltonian is taken to be time dependent [15].

8Simply develop the equation Hε ∘ T̂ε = Hε + O(e−cε^{− 1}2 ) in powers of √ε. 9This requires a somewhat careful analysis of the KAM estimates to be verified. I do not

indulge in it since it is irrelevant for the task at hand.

10This also is an issue that requires quite a bit of work to be deal with. Yet the argument can

be patterned after the various study of the splitting in a slow pendulum [11].

� � − √ 6 √ 6 −2 2

Ξ_ε(M_ε) � �

T S T S F S

F S

Figure 1. Phase portrait (in the part of the region S_ε close to the origin)

In the following we will then restrict our considerations to the case in which the two behaviors have a chance to be divided in a sharp way. Definition 1. Let T_{ε,μ} be the set of maps T ∈ C^2(T^2, T^2) such that

‖T_ε − T ‖_C2 ≤ e^{−με − 12} .

and such that the two hyperbolic fixed points are joined by separatrices.

In other words we consider only maps whose phase space is akin to figure 1. One may wonder if such a set is empty or not.

3.2. Perturbations. The set T_{ε,μ} is far from empty and, in particular, contains C^∞ maps equal to T_ε on a large set.

Lemma 3.1. Given μ small enough, for each ε sufficiently small, there exists T ∈ T_{ε,μ} such that T ∈ C^∞(T^2, T^2) and the measure of the set {ξ ∈ T^2 | T_εξ ≠ T ξ} is smaller than e^{με − 12} .

Proof. To exhibit the wanted perturbation we intend to construct a map that, away from the separatrices of the flow, coincides with the original map while close to them it coincides with the map Ψ_ε. In particular, T = T_ε away from the origin. We can then restrict our discussion to a neighborhood of the origin and use the coordinates (3.1).^{11}

To carry out the above program, while maintaining area preserving, it is best to consider the generating functions of the two maps. Let L(q, p_1) = qp_1 +^{√ε}_2 p^2_1 − G_ε(q), where G^′_ε(q) = ε^{−1} h_ε(εq), then the map defined by

q_1 = ∂L ∂p_1 p = ∂L ∂q is exactly the map T̂_ε.

11Note that here and in the following we abuse notations by using T , Ψ ε both to designate the maps in the (x, y) and the (q, p) coordinates. This should create no confusion since the coordinate systems is always clear form the context.

On the other hand, for ε small enough, calling q, q_1 the initial and final (at time √ ε) position of a trajectory of the flow, the trajectory is uniquely determined (e.g., see [10]). Let us call q̄(q, q_1, t) such a trajectory (clearly q = q̄(q, q_1, 0) and q_1 =q̄(q, q_1, √ ε)). Then the function S defined by^{12}

S(q, p_1) := p_1q_1 −

∫^√_ε 0 L(q̄(q, q_1, s), ˙q̄(q, q_1, s)) ds

p_1 = ∂L ∂ ˙q̄

(q_1, ˙q̄(q, q_1, √ ε)),

(3.5)

(where the last equation defines q_1 as a function of q and p_1) is the generating function of the map Ψ_ε.

Next, let Γ_ε be the separatrices of the flow, and let Γ̃_ε be a C^∞ curve, containing Γ_ε in its interior, such that 1 2 e^{− C4 ε− 12} ≤ inf_{ξ∈Γ̃ ε} d(ξ, Γ_ε) ≤ sup

ξ∈Γ̃_ε

d(ξ, Γ_ε) ≤ 2e^{− C4 ε− 12} .

Note that the curve can be constructed so that its curvature is bounded by c_1e^{C4 ε− 12} , and the derivative of the curvature is bounded by c_1e^{C2 ε− 12} . Let Σ_ε be a c_2e^{− C4 ε− 12} neighborhood of Γ̃_ε.^{13} Clearly the complement of Σ_ε in R^2 consists of two connected components, the one containing zero together with the elliptic island, and the unbounded one. Finally, let χ_e : R^2 → R_+ be a smooth function equal to zero in the bounded component and to one in the unbounded one. In addition, we require that ‖χ_e‖_C3 ≤ c_3e^{3C4 ε− 12} for some c_3 large enough.^{14} Analogously, we can consider a smooth curve Γ̄_ε at the same distance from Γ_ε but inside it, and let Σ̄_ε be a c_2e^{− C}_4^{ε− 12} neighborhood of Γ̄_ε. We can then consider the smooth function χ_i : R^2 → R_+ equal to one in the bounded component of the complement of Σ̄_ε and to zero in the unbounded one, always with the requirement ‖χ_i‖_C3 ≤ c_3e^{3C4 ε− 12} . Let χ = χ_e + χ_i ≥ 0, by construction χ equals zero in an exponentially small neighborhood of the separatrices and equals one away from it. Finally, define χ̃(q, p_1) := χ(q, p_1 − ε^{−1} h_ε(εq)) and

L̃ := χ̃L + (1 − χ̃)S.

The function L̃ generates a map T which coincides with T̂_ε away from the separatrices and with Ψ_ε in a neighborhood of it. Such a map is the perturbation mentioned in Theorem 2.1 (after the obvious change of coordinates). Notice that, since L and S must be exponentially close, ‖T_ε − T ‖_C2 ≤ c_4e^{− C8 ε− 12} and that the maps differ only in a set of exponentially small measure. □

12Clearly L is the Lagrangian associated to the Hamiltonian (3.4). 13Where c

2 <^1_4 is taken sufficiently small, with respect to c_1, to insure that in Σ_ε is well defined the system of coordinates (s, ρ), where s is the arclenght along Γ̃_ε and ρ is the distance from Γ̃_ε.

14For example, consider the function g ∈ C∞(R, R) defined by g(x) = 0 for x ≤ 0 and g(x) =

e^{− 1}x for x > 0. Then define χ_e(s, ρ) =^{g(ρ+δ)}_{g(ρ+δ)+g(δ−ρ)} , δ := c_2e^{− c}4^{ε−} 1 2 , where I have used the coordinates introduced in footnote 13.

Now that we verified the existence of many maps of the wanted type, we can go back to the study of their dynamics. In fact, thanks to the results of section 3.1, it is possible to gain a rather precise control on the dynamics near the origin.

3.3. Near separatrix dynamics. By the results of section 3.1 it follows that, for each T ∈ T_{ε,μ} ,

|H_ε(T (q, p)) − H_ε(q, p)|_∞ = |H_ε(T (q, p)) − H_ε(Ψ_ε(q, p))|_∞ ≤ 2e^{−με − 12} .

Hence

(3.6) |H_ε(T^n(q, p)) − H_ε(q, p)|_∞ ≤ 2ne^{−με − 12} .

Thus the trajectories remain close to the energy levels of the Hamiltonian for an exponentially long time. Yet, the trajectories of the two maps can diverge much faster. The best estimates available in such a generality are

|T^nξ − Ψ^n_ε ξ| ≤ n∑ k=1 |T^k ∘ Ψ^{n−k}_ε ξ − T^{k−1} ∘ Ψ^{n−k+1}_ε ξ| ≤ n∑ k=1 e^{c(n−k) √ε}2e^{−με − 12}

≤ cε^{− 12} e^{cn√ε−με − 12} ≤ e^{− μ2 ε− 12} ,

(3.7)

provided n ≤^μ_{3c} ε^{−1} and ε is small enough.

Analogous estimates hold for the derivatives

|D_ξT^n − D_ξΨ^n_ε | ≤ n∑ k=1 |D_{T̂ n−k+1 ξ}T^{k−1} [D_T n−k_ξT − D_Ψ n−k_{ε ξ} Ψ_ε]D_ξΨ^{n−k}_ε |

≤ 4ne^{cn√ε}e^{− μ2 ε− 12} ≤ e^{− μ4 ε− 12} ,

(3.8)

provided n ≤^μ_{6c} ε^{−1} .

Lemma 3.2. Let {ξ, T ξ, . . . , T^nξ} be a trajectory from entering to exiting the neighborhood [− √ 8ε, √ 8ε]×[−2ε, 2ε]. There exists L > 0 such that if the trajectory enters at a distance larger than Le^{−cε − 12} from the stable manifolds of the hyperbolic fixed points, then n ≤ C_Lε^{− 12} and, in a small enough neighborhood U of ξ,

‖T^n − Ψ^n_ε ‖_C1_{(U)} ≤ e^{−cε − 12} .

Proof. Note that if the trajectory keeps always a distance larger than O(ε^{32} ) from the x-axis, then n = O(ε^{−1} ) and the result follows from (3.7), (3.8).^{15} Let us consider closer encounters for the flow first. Let E_∗ be the energy of the two hyperbolic fixed points, if the energy E of the entering trajectory is smaller than E_∗ , then the trajectory remains all the time on the same side of one of the hyperbolic fixed points. Suppose instead the energy larger than E_∗ + Le^{−cε − 12} . Let p_∗ (q) ≥ 0 be the equation of the stable manifolds of the hyperbolic points for the flow, the separatrix and the unstable one (the analysis for p < 0 is completely similar). Note that p_∗ is analytic but at the hyperbolic fixed points. Clearly H_ε(q, p_∗ (q)) = E_∗ .

Let δ_E := E − E_∗ ≥ Le^{−cε − 12} and δp(q) be defined by

δ_E = H_ε(q, p_∗ (q) + δp(q)) − E_∗ .

15Remember that, setting (xn, yn) := T n ε ξ, it follows x_{n+1} = x_n + y_{n+1}.

Then δp(q) = δ_E

∂H_ε

∂p (q, ζ) for some ζ ∈ [p_∗ , p_∗ + δp]. By the explicit form of the Hamiltonian (3.4), it follows

(3.9) δ_E 4 ≤ δp(q) ≤ 4δ_E

provided |q| is large enough. Accordingly, a trajectory of the flow that enters in the neighborhood at a distance δ_E from the stable manifold will exit the neighborhood at a distance proportional to δ_E of the unstable one.

Next, consider that if the trajectory gets closer than δ to the hyperbolic fixed point (in the blown up coordinates) and further away than O(δ) from its stable manifold, then it will take a time O(ln δ^{−1} ) to get to a distance of order one. Accordingly, the trajectories discussed above will spend at most a time O(ε^{− 12} ) in a neighborhood of the hyperbolic fixed points. Thus, provided that L has been chosen large enough, the above scenario will hold also for a trajectory of the map T due to (3.7), (3.8). Notice that if δ_E < Le^{−cε − 12} , then the upper bound of equation (3.9) will still hold while the existence of the separatrices will anyhow constrain the motion from entering the internal region. □

3.4. A cone filed. Let us fix T ∈ T_{ε,μ} . Let S_ε := {(x, y) ∈ T^2 | |x| ≤ ε^{14} }, M_ε := {(x, y) ∈ T^2 | cos x ≥ (1 + 2ε)^{−1} } and Ω be the whole region outside the separatrices of the map. Obviously, Ω is an invariant compact set and M_ε is more or less the strip |x| ≤ 2 √ ε, while the fixed points are roughly at |x| = √ 6ε, thus well outside M_ε (see Figure 1). Note that the stable and unstable manifolds of the hyperbolic fixed points divide S_ε into five separate open regions: the region belonging to the elliptic island, two thin sectors T S on the left and right of the hyperbolic fixed points and two fat sectors F S below and above the island (see Figure 1). We define a cone field C on Ω as follows: C(ξ) := C_+ for all ξ ∉ S_ε ∩F S; if ξ ∈ S_ε ∩F S, then let n ∈ N the smallest integer such that T^{−n} ξ ∉ S_ε (clearly such a finite n exists if ξ ∈ S_ε ∩F S ). Define v_n := D_T −n_ξT^n(1, 0) and, for each v ∈ R^2, let α_n, β_n be such that v = α_nv_n +β_n(0, 1), define then C(ξ) := {v ∈ R^2 | α_nβ_n ≥ 0}.^{16}

Lemma 3.3. For ε small enough and T ∈ T_{ε,μ} , the cone field C is eventually strictly invariant on Ω.

Proof. Let us set ξ = (x, y) and notice that

D_ξT_ε(1, u) = ( 1 + h^′_ε(x) 1

h^′_ε(x) 1 ) ( 1 u ) = (1 + h^′_ε(x) + u)(1, F_ε(ξ, u)).

where F_ε(ξ, u) = F_ε(x, y, u) := h^′_ε(x) + u 1 + h^′_ε(x) + u . The derivative of T_ε rotates clockwise the vector (0, 1) by an uniform amount, hence the same holds for the derivative of T . Thus, all is needed is to check the lower edge of the cone. First, recall that for each ξ ∉ M_ε, D_ξT_εC_+ ⊂ int(C_+) ∪ {0}, thus the cone field is strictly invariant outside S_ε ∩F S. Second notice that, by definition, the lower edge is exactly invariant as long as the trajectory lies in S_ε ∩ F S, accordingly all we need to check is that, upon exiting such a region, the lower edge belongs to

16That is, C(ξ) is the sector between the vector vn and the vector (0, 1).

the interior of C_+. To show this we will follow the lower edge along trajectories increasingly closer to the separatrix using first the map T_ε, then Ψ_ε and finally the dynamics on the separatrix itself to approximate the trajectories of T .

If y ≥ L √ ε, for L large enough, then the trajectory can spend only one time step in M_ε and, if T_εξ ∈ M_ε, then D_ξT^2_ε C_+ ⊂ int(C_+) ∪ {0}. The same result holds trivially for the map T . Accordingly, the cone field is invariant for T , as long as the trajectory does not enter in a √ ε neighborhood of the line {x = 0}. Next, let us look more carefully at what happens in such a neighborhood.

First of all notice that if |x| ≥ ε^{14} , then

F_ε(x, y, 0) > ε^{12} 4 . In addition, if 2ε^{12} ≤ |x| ≤ ε^{14} and u ∈ [0,^{ε 12}_4 ], then F_ε(ξ, u) ≥ u.

This implies that C(ξ) ⊂ {(1, u) ∈ R^2 | u ≥^{ε 12}_4 } if |x| ≥ 2ε^{12} . Moreover, if |x| ≤ 2ε^{12}

and u ∈ [0,^{ε 12}_4 ], then F_ε(ξ, u) ≥ u − cε.

Finally, if |y| ≥ Mε and |x| ≤ 2ε^{12} , then the trajectory exits from the 2ε^{12} neighborhood of {x = 0} in a time at most 4M^{−1} ε^{− 12} , provided M is chosen large enough. Accordingly, the second component of the normalized image of the vector (1,^{ε 12}_4 ),

when the point exits the dangerous region, is larger than^{ε 12}_4 − 4cM^{−1} ε^{12} ≥^{√ε}_8 provided M has been chosen large enough.

This shows that the cone field C is eventually strictly invariant for T_ε (hence, by equation (3.3) and Lemma 3.2, also for T ), unless the trajectory enters the region R_ε := {(x, y) ∈ R^2 | |x| ≤ 2ε^{12} ; |y| ≤ Mε}.^{17} This last possibility requires a finer analysis.

For each point ξ ∈ R_ε let V (ξ) = (1, V (ξ)), be the flow direction and let N be the time at which the point exits R_ε. The image vector will be d_ξ Ψ^N_ε V (ξ) = λ(1, V (Ψ^N_ε (ξ)), λ > 0. Obviously, dΨ^N_ε V ∈ C_+ uniformly, see Figure 1. Accordingly, Lemma 3.2 implies that if the trajectory enters in S_ε ∩F S at a distance larger than O(e^{−bε − 12} ), hence N = O(bε^{− 12} ), then DT^N V ∈ C_+, provided b is chosen small enough. Since, upon entering R_ε, V (ξ) < 0 while V (T^N ξ) > 0, see Figure 1, it follows v_N > 0, that is DT^N C_+ ⊂ C_+ (that is, the lower edge of the cone is always above the flow direction).

This easy analysis holds for every map T in a e^{−με 12} neighborhood of T_ε. Unfortunately, it fails for trajectories that border the elliptic island at a distance smaller than e^{−bε − 12} . For a simple analysis of these last trajectories it is necessary to assume the existence of a separatrix (i.e. T ∈ T_{ε,μ} ). In such a case it is possible to compare the behavior of the trajectories with the behavior over the separatrix. In order to achieve this some preliminary considerations are in order.

We start by noticing that, for each u ≥ 0,

(3.10)

∂F_ε(x, y, u) ∂x = (1 + ε) sin x (1 + h^′_ε(x) + u)^2 . 17The dotted box in Figure 1.

Thus, for x ≤ −ε we have^{∂Fε(x,y,u)}_{∂x} ≤ −^{|x|}_2 and the same holds for the analogous quantity of the map T . Now let (1, v_∗ ) be the unstable direction of the hyperbolic fixed point on the left ξ_∗ = (x_∗ , y_∗ ). It is easy to show that |x_∗ + √ 6ε| ≤ cε. If x ≤ x_∗ and D_{(x,y)}T (1, v_∗ ) =: λ(1, u), then the above facts imply that u ≥ v_∗ . In other words C(ξ) ⊂ {(u, v) ∈ R^2 |^v_u ≥ v_∗ } for each ξ above the stable manifold and with x ≤ x_∗ . Next, let (x, γ(x)) be the equation of the upper separatrix. Note that γ^′(x_∗ ) = v_∗ .

Sub-lemma 3.4. For each ε small enough, the separatrix is convex, more precisely γ^{′′} ≤ −^1_2^√_3 .

Proof. Since the stable and unstable manifolds are continuous in the C^r topologies [9], it suffices to prove the lemma for the flow. This is best done in the blow up coordinates; recall that in such coordinates the separatrix reads (q, p_∗ (q)). Using again the stability of the invariant manifolds it suffices to prove the result for the Hamiltonian, see (3.4),

H_0(q, p) = 1 2 p^2 + V (q).

For such an Hamiltonian the energy level of the separatrix is H_0 =^3_2 and the separatrix p^0_∗ reads, for all |q| ≤ √ 6, p^0_∗ (q) = √ 3 − q^2 + 1 12 q^4 = √ 3(1 − 1 6 q^2),

Thus (p^0_∗ )^{′′} = −^{1√}_3 and, as already mentioned, by stability analogous estimates follow for p^{′′}_∗ = γ^{′′} and, finally, for the second derivative of the separatrix of the map T . □

By definition T (x, y) = (x + y + h_ε(x) + δα_ε(x, y), y + h_ε(x) + δβ_ε(x, y)), with 0 ≤ δ ≤ e^{−με − 12} . Hence, for each two points (x, y), (x, y^′), y^′ ≥ y, setting (x_1, y_1) := T (x, y) and (x^′_1, y^′_1) := T (x, y^′), one has

y^′_1 − y_1 = x + y^′ + h_ε(x) + δα_ε(x, y^′) − x − y − h_ε(x) − δα_ε(x, y)

= (1 − O(δ))(y^′ − y) ≥

2(y^′ − y) 3 > 0 x^′_1 − x_1 = y^′_1 − y_1 + O(δ)(y^′ − y) ≥ y^′ − y 2 > 0,

that is, higher points are pushed more on the right (the map is close to a twist). Accordingly, for (x, y), x ≥ x_∗ and y > γ(x), setting (x_1, γ(x_1)) := T (x, γ(x)) and (x^′_1, y^′_1) := T (x, y), holds true

λ(x)(1, u) := D_{(x,y)}T (1, γ^′(x)) =D_{(x,γ(x))} T (1, γ^′(x)) + O(δ|y − γ(x)|) =λ̃(x)(1, γ^′(x_1)) + O(δ|y − γ(x)|).

The above inequality shows that the evolution of the tangent vectors is sharply controlled by the evolution on the separatrix. We are now ready to exploit the convexity of the latter. Since x^′_1 − x_1 >^{y−γ(x)}_2 , it follows

u = γ^′(x_1) + O(δ|y − γ(x)|)

> γ^′(x^′_1) + 1 4 √ 3 |y − γ(x)| + O(δ|y − γ(x)|)

≥ γ^′(x^′_1) + 1 8 √ 3 |y − γ(x)| > γ^′(x^′_1).

(3.11)

In other words, calling ξ^∗ = (x^∗ , y^∗ ) the hyperbolic fixed point on the right, C((x, y)) ⊂ {(u, v) ∈ R^2 |^v_u ≥ γ^′(x)}, for all x ≤ x^∗ .

The same argument as in equation (3.11) shows that if (x, y) and (x_{−1} , y_{−1} ) := T^{−1} (x, y) are such that x ≥ x^∗ and x_{−1} < x^∗ , y_{−1} > γ(x_{−1} ) then there exists c_∗ > 0 such that C((x, y)) ⊂ {(u, v) ∈ R^2 |^v_u ≥ v^∗ +c_∗ (y −y^∗ )}, where v^∗ := γ^′(x^∗ ). Clearly (1, v^∗ ) ∈ R^2 is the stable direction of the hyperbolic fixed point ξ^∗ . Then equation (3.10) implies that, for (1, v) ∈ C, setting D_{(x,y)}T^n(1, v) =: λ_n(1, v_n) and D_ξ∗ T^n(1, v) =: λ̃_n(1, ṽ_n), v_n > ṽ_n. By usual distortion arguments, we can essentially consider the evolution linear until the distance from the fixed point is of order √ ε, this will take a time of about n ∼ | ln(y − y^∗ )|ε^{− 12} , at the same time, under the action of D_ξ∗ T , the stable component of (1, v) will shrink by a factor (y − y^∗ )^{−1} ε and the unstable component will expand by the same factor. This clearly means that ṽ_n > 0. Hence the cone field will be strictly invariant upon exiting the region S_ε ∩ F S. □

3.5. Positive entropy. We have thus proved that for each map T ∈ T_{ε,μ} there exists a measurable cone field C which is eventually strictly invariant on the invariant set Ω (the region outside the separatrices). It follows from [23] that the Lyapunov exponents are positive in Ω. Since the cone field is continuous (actually constant) on the open set U := Ω\S_ε, [13, 8] imply that U belongs to one ergodic component. Since Ω is equal almost everywhere to the union of the images of U it follows that Ω consists of only one ergodic component. In addition, (Ω, T ) is mixing, [8].

Accordingly, the entropy h_m(T ) of T is given by

h_m(T ) = ∫ T^2

λ^+(x)dx = ∫ Ω λ^+(x)dx + O(ε^{32} ) = λ^+_Ω + O(ε^{32} ),

where λ^+ is the positive Laypunov exponents and λ^+_Ω is its a.e. constant value on Ω. Moreover, calling v_u the unstable direction, ‖v_u‖ = 1,

λ^+_Ω = 1 m(Ω) ∫ Ω ln ‖DT v_u‖.

Next, notice that, outside a √ ε neighborhood of zero, v_u ∈ C_+. On the other hand ‖DT_0−DT ‖ = O(ε), it is then easy to verify that, calling v^0_u the unit unstable vector of T_0, in the complement of the set [−ε^{13} , ε^{13} ]×[−ε^{23} , ε^{23} ] it holds true v_u −v^0_u = O(ε). We can then compute

λ^+_Ω = ∫ T^2

ln ‖DT_0v^0_u‖ + O(ε) = h_m(T_0) + O(ε).

We have thus a one parameter family of maps (exponentially close to the initial one) for which the metric entropy is continuous at ε = 0. Similar arguments can be used to show continuity at ε ≠ 0 for ε sufficiently small.

Remark 3.5. Notice that if we choose the special map constructed in Lemma 3.1, then also the time averages for L^∞ functions, with respect to T_ε or T , differ (in L^1) by an exponentially small amount for an exponentially long time.

References

[1] G.Benettin, A.Giorgilli, On the Hamiltonian interpolation of near-to-identity symplectic mappings with application to symplectic integration algorithms, Journal of Statistical Physics, 74, n. 5/6, (1994), 1117–1143.

[2] J.Bochi, Genericity of zero Lyapunov exponents, Ergodic Theory Dynam. Systems 22 (2002), no. 6, 1667–1696.

[3] L.A.Bunimovich, Mushrooms and other billiards with divided phase space, Chaos 11 (2001), no. 4, 802–808.

[4] V.J.Donnay, Geodesic flow on the two-sphere. I. Positive measure entropy, Ergodic Theory Dynam. Systems 8 (1988), no. 4, 531–553.

[5] V.J.Donnay,Geodesic flow on the two-sphere. II. Ergodicity, Dynamical systems (College Park, MD, 1986–87), 112–153, Lecture Notes in Math., 1342, Springer, Berlin, 1988.

[6] V.J.Donnay, C.Liverani, Potentials on the two-torus for which the Hamiltonian flow is ergodic, Comm. Math. Phys. 135 (1991).

[7] M.Herman, Some open problems in dynamical systems, Proceedings of the International Congress of Mathematicians, Vol. II (Berlin, 1998). Doc. Math. 1998, Extra Vol. II, 797–808.

[8] A.Katok, Infinitesimal Lyapunov functions, invariant cone families and stochastic properties of smooth dynamical systems, with the collaboration of K.Burns. Ergodic Theory Dynam. Systems 14 (1994), no. 4, 757–785.

[9] A.Katok, B.Hasselblatt, Introduction to the modern theory of dynamical systems. With a supplementary chapter by Katok and Leonardo Mendoza. Encyclopedia of Mathematics and its Applications, 54. Cambridge University Press, Cambridge, 1995.

[10] G.Gallavotti, The elements of mechanics, Texts and Monographs in Physics. Springer-Verlag, New York, 1983.

[11] V.G.Gelfreich, Separatrix splitting for a high-frequency perturbation of the pendulum, Russ.

J. Math. Phys. 7 (2000), no. 1, 48–71.

[12] J.Lewowicz, Lyapunov Functions and Topological stability, Journal of Differential Equations, 38, 2, 192–209 (1980).

[13] C.Liverani, M.P.Wojtkowski, Ergodicity in Hamiltonian systems, Dynamics reported, 130– 202, Dynam. Report. Expositions Dynam. Systems (N.S.), 4, Springer, Berlin, 1995.

[14] R.Mañé, The Lyapunov exponents of generic area preserving diffeomorphisms, International Conference on Dynamical Systems (Montevideo, 1995), 110–119, Pitman Res. Notes Math. Ser., 362, Longman, Harlow, 1996.

[15] J.Moser, Monotone twist mappings and the calculus of variations, Ergodic Theory Dynam.

Systems, 6 (1986), no. 3, 401–413.

[16] J.Moser, Lectures on Hamiltonian systems, 1968 Mem. Amer. Math. Soc. No. 81 60 pp. Amer.

Math. Soc., Providence, R.I.

[17] A.I.Neishtadt, The separation of motions in systems with rapidly rotating phase, J. Appl.

Math. Mech. 48 (1984), no. 2, 133–139 (1985); translated from Prikl. Mat. Mekh. 48 (1984), no. 2, 197–204(Russian) [18] S.Newhouse, Quasi-elliptic periodic points in conservative dynamical systems, Amer. J. Math.

99 (1977), no. 5, 1061–1087.

[19] S. Newhouse, Continuity properties of entropy, Ann. of Math. (2) 129 (1989), no. 2, 215–235. [20] F.Przytycki, Examples of conservative diffeomorphisms of the two-dimensional torus with coexistence of elliptic and stochastic behaviour, Ergodic Theory Dynam. Systems, 2, no. 3-4, 439–463 (1982).

[21] C.Robinson, Generic properties of conservative systems I, II, Am.J.math. 92, 562–603, 897– 906 (1970).

[22] J.-M.Strelcyn, The ”coexistence problem” for conservative dynamical systems: a review, Colloq. Math. 62 (1991), no. 2, 331–345.

[23] M.P.Wojtkowski Invariant families of cones and Lyapunov exponents, Erg.Th.Dyn.Syst., 5, 145–161 (1985)

[24] M.P.Wojtkowski A model problem with the coexistence of stochastic and integrable behaviour, Comm. Math. Phys. 80 (1981), no. 4, 453–464.

[25] M.P.Wojtkowski On the ergodic properties of piecewise linear perturbations of the twist map, Ergodic Theory Dynam. Systems 2 (1982), no. 3-4, 525–542 (1983).

[26] M.P.Wojtkowski Principles for the design of billiards with nonvanishing Lyapunov exponents, Comm. Math. Phys. 105 (1986), no. 3, 391–414.

Carlangelo Liverani, Dipartimento di Matematica, II Università di Roma (Tor Vergata), Via della Ricerca Scientifica, 00133 Roma, Italy.

E-mail address: liverani@mat.uniroma2.it