A Note on a Theorem of Schumacher

Antônio Francisco Neto^1 DEPRO, Escola de Minas Campus Morro do Cruzeiro, UFOP 35400-000 Ouro Preto MG Brazil

antfrannet@gmail.com

Abstract

In this paper, we give a short new proof of a recent result due to Schumacher concerning an extension of Faulhaber’s identity for the Bernoulli numbers. Our approach follows from basic manipulations involving the ordinary generating function for the Bernoulli polynomials in the context of the Zeon algebra.

1 Introduction

Zeon algebra [20, Chap. 5], [27, Chap. 2] and Grassmann algebra [5, Chap. 1], [10, Chap. 1], [26, Chap. 3], [27, Chap. 2] are efficient tools towards proving combinatorial identities. In the context of the Zeon algebra, examples include a criterion for ergodicity of Markov chains [13], alternative proofs of Spivey’s identity for Bell numbers [22], the one-variable Faà di Bruno formula [22], identities involving Stirling numbers of the second kind, Bernoulli numbers, and Bernoulli polynomials [23, 24, 25]. Building on ideas from Grassmann algebra we mention, e.g., proofs of theorems of the matrix-tree type [1], representation of the generating function for hyperforests in hypergraphs [4], Cayley-type identities [6], Lindström-Gessel-Viennot lemma, and Schur functions [7].

In this paper, we will give yet another example of the utility of the Zeon algebra by giving a new, simple, and short proof of an extension of Faulhaber’s identity for the Bernoulli numbers [14, Chap. 6] obtained recently by Schumacher [28]. Another compelling feature of

1This work was supported by Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq- Brazil) under grant 307211/2015-0.

our proof is that it does not assume the usual Faulhaber formula a priori, as in the proof given by Schumacher. More precisely, we will show that

⌊x⌋∑ i=0 i^n = x^{n+1} n + 1

+ (−1)^n

B_{n+1} n + 1 + 1 n + 1 n+1∑ j=1 (−1)^j ( n + 1 j ) B_j({x})x^{n−j+1}, (1)

using the Zeon algebra [20, 22]. Throughout this work, we let N, Q, and R denote the natural, rational, and real numbers, respectively. We define N_0 := {0}∪N and R^+_0 := {x ∈ R : x ≥ 0}. For x ∈ R^+_0 , we write ⌊x⌋ for the floor of x and {x} for the fractional part of x. In Eq. (1) we take x ∈ R^+_0 and n ∈ N_0.

We remark that there are other examples concerning extensions of Faulhaber’s identity in different contexts [2, 3, 8, 9, 11, 12, 15, 16, 17, 18, 19, 21].

Before we continue, we establish the basic underlying algebraic setup needed to give the proof of Eq. (1).

2 Basic definitions: Zeon algebra and the Grassmann- Berezin integral

Definition 1. The Zeon algebra Z_n ⊃ R is defined as the associative algebra generated by the collection {ε_i}^n_{i=1} (n < ∞) and the scalar 1 ∈ R, such that 1ε_i = ε_i = ε_i1, ε_iε_j = ε_jε_i ∀ i, j and ε^2_i = 0 ∀ i.

For {i, j, . . . , k} ⊂ {1, 2, . . . , n} and ε_{ij···k} ≡ ε_iε_j · · · ε_k the most general element with n generators ε_i can be written as (with the convention of sum over repeated indices implicit)

ϕ_n = a + a_iε_i + a_{ij} ε_{ij} + · · · + a_{12···n}ε_{12···n} = ∑ i∈2^{[n]}

a_iε_i,

with a, a_i, a_{ij} , . . ., a_{12···n} ∈ R, 2^{[n]} being the power set of [n] := {1, 2, . . . , n}, and 1 ≤ i < j < · · · ≤ n. We refer to a as the body of ϕ_n and write b(ϕ_n) = a and to ϕ_n − a as the soul such that s(ϕ_n) = ϕ_n − a. This terminology is borrowed from the literature on superanalysis [10, Chap. 1].

Definition 2. The Grassmann-Berezin integral on Z_n, denoted by ∫ , is the linear functional ∫ : Z_n → R such that (we use throughout this work the compact notation dν_n := dε_n · · · dε_1)

dε_idε_j = dε_jdε_i, ∫ ϕ_n ( ε̂_i ) dε_i = 0, and ∫ ϕ_n ( ε̂_i ) ε_idε_i = ϕ_n ( ε̂_i ) , where ϕ_n ( ε̂_i ) means any element of Z_n with no dependence on ε_i. Multiple integrals are iterated integrals, i.e., ∫ f(ϕ_n)dν_n = ∫ · · · (∫ (∫ f(ϕ_n)dε_n ) dε_{n−1} ) · · · dε_1.

We now extend some of the constructions of previous work on Zeons and Bernoulli numbers [24] to the context of Bernoulli polynomials [14, Chap. 7], [29, Chap. 4]. Let us write Q[[x, z]] for the ring of formal power series in the variables x and z over Q. We recall the generating function for the Bernoulli polynomials B_j(x) in Q[[x, z]], i.e.,

e^{xz} ∑_∞ i=0 z^i (i+1)! = ze^{xz} e^z − 1 = ∞∑ j=0 B_j (x) z^j j! (2) and, making the change z → −z in Eq. (2), we get

e^{(1−x)z} ∑_∞ i=0 z^i (i+1)! = ze^{(1−x)z} e^z − 1 = ∞∑ j=0 B_j (x)

(−z)^j j! . (3)

Note that B_j (0) ≡ B_j are the Bernoulli numbers.

Following the strategy of our previous work [22, 24], we consider Eqs. (2) and (3) in the context of the Zeon algebra with the replacement z → ϕ_k ≡ φ_k := ε_1 + · · · + ε_k. Therefore, we get e^{xφk} ∑_k i=0 φ^i_k (i+1)! = k∑ j=0 B_j (x) φ^j_k j! (4) and e^{(1−x)φk} ∑_k i=0 φ^i_k (i+1)! = k∑ j=0 B_j (x)

(−φ_k)^j j! , (5)

using that φ^{k+1}_k = 0 ∀ k ≥ 1. We observe that b (_k ∑ i=0 φ^i_k (i + 1)! ) = 1 ≠ 0 (6)

and, hence,

∑_k i=0 φ^i_k (i+1)! is invertible in Zk.

Now, integrating Eq. (4) in the Zeon algebra and using Definition 2, we get the representation of the Bernoulli polynomials ∫ e^{xφk} ∑_k i=0 φ^i_k (i+1)!

dν_k = k∑ j=0 B_j (x) j! ∫ φ^j_kdν_k = B_k(x)

∀ k ≥ 1.

Similarly, integrating Eq. (5) in the Zeon algebra, we get ∫ e^{(1−x)φk} ∑_k i=0 φ^i_k (i+1)!

dν_k = k∑ j=0 (−1)^j

B_j(x) j! ∫ φ^j_kdν_k = (−1)^kB_k(x) (7)

∀ k ≥ 1.

3 Proof of Eq. (1)

We are now ready to prove Eq. (1). We start with the following identity

e^{(⌊x⌋+1)φn+1} − e^{φn+1} =

⌊x⌋∑ i=1 e^{iφn+1} (e^{φn+1} − 1) = φ_{n+1}

⌊x⌋∑ i=1 e^{iφn+1}

(_{n+1} ∑ j=0 φ^j_{n+1} (j + 1)! ) . Note that Eq. (6) can be used and we can write

e^{(⌊x⌋+1)φn+1} − e^{φn+1} ∑_{n+1} j=0 φ^j_{n+1} (j+1)!

= φ_{n+1}

⌊x⌋∑ i=1 e^{iφn+1} .

Next, using the Grassmann-Berezin integration of Definition 2, we have ∫ e^{(⌊x⌋+1)φn+1} − e^{φn+1} ∑_{n+1} j=0 φ^j_{n+1} (j+1)!

dν_{n+1} = ∫ φ_{n+1}

⌊x⌋∑ i=1 e^{iφn+1} dν_{n+1}. (8)

We observe that ∫ φ_{n+1}

⌊x⌋∑ i=1 e^{iφn+1} dν_{n+1} = (n + 1)

⌊x⌋∑ i=1 ∫ e^{iφn} dν_n = (n + 1)

⌊x⌋∑ i=1 i^n. (9)

Using Eq. (7) and x = ⌊x⌋ + {x}, we obtain ∫ e^{(⌊x⌋+1)φn+1} ∑_{n+1} j=0 φ^j_{n+1} (j+1)!

dν_{n+1} = ∫ e^{(x−{x}+1)φn+1} ∑_{n+1} j=0 φ^j_{n+1} (j+1)!

dν_{n+1}

= n+1∑ k=0 x^k k! ∫ e^{(1−{x})φn+1} ∑_{n+1} j=0 φ^j_{n+1} (j+1)!

φ^k_{n+1}dν_{n+1}

= x^{n+1} + n∑ k=0 ( n + 1 k ) x^k ∫ e^{(1−{x})φn−k+1} ∑_{n−k+1} j=0 φ^j_{n−k+1} (j+1)!

dν_{n−k+1}

= x^{n+1} + n∑ k=0 ( n + 1 k ) (−1)^{n−k+1}B_{n−k+1}({x})x^k

= x^{n+1} + n+1∑ k=1 ( n + 1 k ) (−1)^kB_k({x})x^{n−k+1} (10)

making the change of variables n − k + 1 → k to obtain the last equality. Finally, taking x = 0 in Eq. (7), we get ∫ e^{φn+1} ∑_{n+1} j=0 φ^j_{n+1} (j+1)!

dν_{n+1} = (−1)^{n+1}B_{n+1}. (11)

Collecting the results in Eqs. (9), (10), (11), and going back to Eq. (8), we arrive at the desired result, i.e., Eq. (1).

4 Acknowledgments

The author thanks the anonymous referee for suggestions that improved the paper.

References

[1] A. Abdesselam, The Grassmann-Berezin calculus and theorems of the matrix-tree type, Adv. Appl. Math. 33 (2004), 51–70.

[2] A. Bazsó and I. Mező, On the coefficients of power sums of arithmetic progressions, J.

Number Theory 153 (2015), 117–123.

[3] A. Bazsó, Á. Pintér, and H. M. Srivastava, A refinement of Faulhaber’s theorem concerning sums of powers of natural numbers, Appl. Math. Lett. 25 (2012), 486–489.

[4] A. Bedini, S. Caracciolo, and A. Sportiello, Hyperforests on the complete hypergraph by Grassmann integral representation, J. Phys. A 41 (2008), 205003.

[5] F. A. Berezin, Introduction to Superanalysis, Reidel Publishing Company, 1987.

[6] S. Caracciolo, A. D. Sokal, and A. Sportiello, Algebraic/combinatorial proofs of Cayleytype identities for derivatives of determinants and pfaffians, Adv. Appl. Math. 50 (2013), 474–594.

[7] S. Carrozza, T. Krajewski, and A. Tanasa, Using Grassmann calculus in combinatorics: Lindström-Gessel-Viennot lemma and Schur functions. Preprint available at

https://arxiv.org/abs/1604.06276.

[8] R. Chapman, Evaluating N∑ n=1 (a + nd)^p again, Math. Gaz. 92 (2008), 92–94.

[9] W. Y. C. Chen, A. M. Fu, and I. F. Zhang, Faulhaber’s theorem on power sums, Discrete Math. 309 (2009), 2974–2981.

[10] B. DeWitt, Supermanifolds, Cambridge University Press, 1992.

[11] F. Dubeau, Linear algebra and the sums of powers of integers, Electron. J. Linear Algebra 17 (2008), 577–596.

[12] L. Ericksen, Sum of powers from uniform distribution moments, J. Statist. Plann. Inference 101 (2002), 57–79.

[13] P. Feinsilver, Zeon algebra, Fock space, and Markov chains, Commun. Stoch. Anal. 2 (2008), 263–275.

[14] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison-Wesley, 2nd edition, 1994.

[15] V. J. W. Guo and J. Zeng, A q-analogue of Faulhaber’s formula for sums of powers, Electron. J. Combin. 11 (2005), #R19.

[16] M. D. Hirschhorn, Evaluating N∑ n=1 (a + nd)^p, Math. Gaz. 90 (2006), 114–116.

[17] F. T. Howard, Sums of powers of integers via generating functions, Fibonacci Quart. 34 (1996), 244–256.

[18] T. Kim, Sums of powers of consecutive q-integers, Adv. Stud. Contemp. Math. 9 (2004), 15–18.

[19] D. E. Knuth, Johann Faulhaber and sums of powers, Math. Comp. 61 (1993), 277–294. [20] T. Mansour and M. Schork, Commutation Relations, Normal Ordering, and Stirling Numbers, Chapman and Hall/CRC Press, 2015.

[21] K. J. McGown and H. R. Parks, The generalization of Faulhaber’s formula to sums of non-integral powers, J. Math. Anal. Appl. 330 (2007), 571–575.

[22] A. F. Neto and P. H. R. dos Anjos, Zeon algebra and combinatorial identities, SIAM Rev. 56 (2014), 353–370.

[23] A. F. Neto, Higher order derivatives of trigonometric functions, Stirling numbers of the second kind, and zeon algebra, J. Integer Sequences 17 (2014), Article 14.9.3.

[24] A. F. Neto, Carlitz’s identity for the Bernoulli numbers and zeon algebra, J. Integer Sequences 18 (2015), Article 15.5.6.

[25] A. F. Neto, A note on a theorem of Guo, Mező, and Qi, J. Integer Sequences 19 (2016), Article 16.4.8.

[26] A. Rogers, Supermanifolds: Theory and Applications, World Scientific Publishing, 2007. [27] R. Schott and G. S. Staples, Operator Calculus on Graphs: Theory and Applications in Computer Science, Imperial College Press, 2012.

[28] R. Schumacher, An extended version of Faulhaber’s formula, J. Integer Sequences 19 (2016), Article 16.4.2.

[29] H. S. Wilf, Generatingfunctionology, Academic Press, 1990. Available at

http://www.math.upenn.edu/~wilf/DownldGF.html.

2010 Mathematics Subject Classification: Primary 11B68; Secondary 33B10, 05A15, 05A19. Keywords: Zeon algebra, Berezin integration, Bernoulli number, generating function, Faulhaber’s formula.

(Concerned with sequences A027641 and A027642.)

Received June 19 2016; revised version received October 1 2016. Published in Journal of Integer Sequences, October 10 2016.

Return to Journal of Integer Sequences home page.