The Many Faces of the Kempner Number

Boris Adamczewski CNRS, Université de Lyon, Université Lyon 1 Institut Camille Jordan 43 boulevard du 11 novembre 1918 69622 Villeurbanne Cedex France

Boris.Adamczewski@math.univ-lyon1.fr

Abstract

In this survey, we present five different proofs for the transcendence of Kempner’s number, defined by the infinite series

�_∞ n=0 1 2^{2n} . We take the opportunity to mention

some interesting ideas and methods that are used for proving deeper results. We outline proofs for some of these results and also point out references where the reader can find all the details.

À Jean-Paul Allouche, pour son soixantième anniversaire.

Le seul véritable voyage, le seul bain de Jouvence, ce ne serait pas d’aller vers de nouveaux paysages, mais d’avoir d’autres yeux...

Marcel Proust, À la recherche du temps perdu

1 Introduction

Proving that a given real number is transcendental is usually an extremely difficult task. Even for classical constants like e and π, the proofs are by no means easy, and most mathematicians would be happy with a single proof of the transcendence of e + π or ζ(3). In contrast, this survey will focus on the simple series

κ := ∞� n=0 1 2^{2n} that can be easily proved to be transcendental. The first proof is due to Kempner [36] in 1916 and, in honor of this result, we refer to κ as the Kempner number^1. If the transcendence of κ is not a real issue, our aim is instead to look at the many faces of κ, which will lead us to give five different proofs of this fact. This must be (at least for the author) some kind of record, even if we do not claim this list of proofs to be exhaustive. In particular, we will not discuss Kempner’s original proof. Beyond the transcendence of κ, the different proofs we give all offer the opportunity to mention some interesting ideas and methods that are used for proving deeper results. We outline proofs for some of these results and also point out references where the reader can find all the details.

The outline of the paper is as follows. In Section 2, we start this survey with a totally elementary proof of the transcendence of the Kempner number, based on a digital approach. Quite surprisingly, a digital approach very much in the same spirit has a more striking consequence concerning the problem of finding good lower bounds for the number of nonzero digits among the first N digits of the binary expansion of algebraic irrational numbers. In Section 3, we give a second proof that relies on Mahler’s method. We also take the opportunity to discuss a little-known application of this method to transcendence in positive characteristic. Our third proof is a consequence of a p-adic version of Roth’s theorem due to Ridout. It is given in Section 4. More advanced consequences of the Thue–Siegel–Roth– Schmidt method are then outlined. In Section 5, we give a description of the continued fraction expansion of κ which turns out to have interesting consequences. We present two of them, one concerning a question of Mahler about the Cantor set and the other the failure of Roth’s theorem in positive characteristic. Our last two proofs rely on such a description and the Schmidt subspace theorem. They are given, respectively, in Sections 6 and 7. The first one uses the fact that κ can be well approximated by a familly of quadratic numbers of a special type, while the second one uses the fact that κ and κ^2 have very good rational approximations with the same denominators. Both proofs give rise to deeper results that are described briefly.

Throughout this paper, ⌊x⌋ and ⌈x⌉ denote, respectively, the floor and the ceiling of the real number x. We also use the classical notation f(n) ≪ g(n) (or equivalently g(n) ≫ f(n)), which means that there exists a positive real number c, independent of n, such that f(n) < cg(n) for all sufficiently large integers n.

2 An ocean of zeros

We start this survey with a totally elementary proof of the transcendence of the Kempner number, due to Knight [39]. This proof, which is based on a digital approach, is also reproduced in the book of Allouche and Shallit [18, Chap. 13].

First proof. Set

f(x) := ∞� n=0 x^{2n} ,

1The number κ is sometimes erroneously called the Fredholm number (see, for instance, the discussion in [73]).

so that κ = f(1/2). For every integer i ≥ 0, we let a(n, i) denote the coefficient of x^n in the formal power series expansion of f(x)^i. Thus a(n, i) is equal to the number of ways that n can be written as a sum of i powers of 2, where different orderings are counted as distinct. For instance, a(5, 3) = 3 since

5 = 1 + 2 + 2 = 2 + 1 + 2 = 2 + 2 + 1.

Note that for positive integers n and i, we clearly have

a(n, i) ≤ (1 + log_2 n)^i. (1)

The expression

κ^i = f(1/2)^i = ∞� n=0 a(n, i) 2^n

can be though of as a “fake binary expansion” of κ^i in which carries have not been yet performed.

Let us assume, to get a contradiction, that κ is an algebraic number. Then there exist integers a_0, . . . , a_d, with a_d > 0, such that

a_0 + a_1κ + · · · + a_dκ^d = 0.

Moving all the negative coefficients to the right-hand side, we obtain an equation of the form

a_{i1} κ^{i1} + · · · + a_{ir} κ^{ir} + a_dκ^d = b_{j1} κ^{j1} + · · · + b_{js} κ^{js} , (2)

where r + s = d, 0 ≤ i_1 < · · · < i_r < d, 0 ≤ j_1 < · · · < j_s, and coefficients on both sides are nonnegative.

Let m be a positive integer and set N := (2^d − 1)2^m, so that the binary expansion of N is given by (N)_2 = 1 · · · 1

� � �_d 0 · · · 0

� � �_m .

Then for every integer n in the interval I := [N − (2^{m−1} − 1), N + 2^m − 1] and every integer i, 0 ≤ i ≤ d, we have

a(n, i) = � d!, if n = N and i = d; 0, otherwise.

Indeed, every n ≠ N ∈ I has more than d nonzero digits in its binary expansion, while N has exactly d nonzero digits.

Now looking at Equality (2) as an equality between two fake binary numbers, we observe that

• on the right-hand side, all fake digits with position in I are zero (an ocean of zeros),

• on the left-hand side, all fake digits with position in I are zero except for the one in position N that is equal to a_dd! (an island).

Note that d is fixed, but we can choose m as large as we want. Performing the carries on the left-hand side of (2) for sufficiently large m, we see that the fake digit a_dd! will produce some nonzero binary digits in a small (independent of m) neighborhood of the position N. On the other hand, the upper bound (1) ensures that, for sufficiently large m, carries on the right-hand side of (2) will never reach this neighborhood of the position N. By uniqueness of the binary expansion, Equality (2) is thus impossible. This provides a contradiction.

2.1 Beyond Knight’s proof

Unlike κ, which is a number whose binary expansion contains absolute oceans of zeros, it is expected that all algebraic irrational real numbers have essentially random binary expansions (see the discussion in Section 4). As a consequence, if ξ is an algebraic irrational number and if P(ξ, 2, N) denotes the number of 1’s among the first N digits of the binary expansion of ξ, we should have P(ξ, 2, N) ∼ N 2 · Such a result seems to be out of reach of current approaches, and to find good lower bounds for P(ξ, 2, N) remains a challenging problem.

A natural (and naive) approach to study this question can be roughly described as follows: if the binary expansion of ξ contains too many zeros among its first digits, then some partial sums of its binary expansion should provide very good rational approximations to ξ; but on the other hand, we know that algebraic irrationals cannot be too well approximated by rationals. More concretely, we can argue as follows. Let ξ := � i≥0 1/2^{ni} be a binary algebraic number. Then there are integers p_k such that k� i=0 1 2^{ni} = p_k 2^{nk} and � �ξ − pk 2^{nk} � � < 2 2^{nk+1} · On the other hand, since ξ is algebraic, given a positive ε, Ridout’s theorem (see Section 4) implies that � � �ξ − p_k 2^{nk} � � � > 1 2^{(1+ε)nk} , for every sufficiently large integer k. This gives that n_{k+1} < (1 + ε)n_k + 1 for such k. Hence, for any positive number c, we have

P(ξ, 2, N) > c log N, (3)

for every sufficiently large N.

Quite surprisingly, a digital approach very much in the same spirit as Knight’s proof of the transcendence of κ led Bailey, J. M. Borwein, Crandall, and Pomerance [19] to obtain the following significant improvement of (3).

Theorem BBCP. Let ξ be an algebraic real number of degree d ≥ 2. Then there exists an explicit positive number c such that

P(ξ, 2, N) > cN^{1/d},

for every sufficiently large N.

(Sketch of) proof. We do not give all the details, for which we refer the reader to [19]. Let ξ be an algebraic number of degree d ≥ 2, for which we assume that

P(ξ, 2, N) < cN^{1/d}, (4)

for some positive number c. Let a_0, . . . , a_d, a_d > 0 such that

a_0 + a_1ξ + · · · + a_dξ^d = 0. Let � i≥0 1/2^{ni} denote the binary expansion of ξ and set f(x) := � i≥0 x^{ni} . We also let a(n, i) denote the coefficient of x^n in the power series expansion of f(x)^i. Without loss of generality we can assume that n_0 = 0. This assumption is important, in fact, for it ensures that a(n, d − 1) = 0 =⇒ a(n, i) = 0, for every i, 0 ≤ i ≤ d − 1.

Set T_i(R) := � m≥1 a(R + m, i)/2^m and T (R) :=

�_d

i=0 a_iT_i(R). A fundamental remark is that T (R) ∈ Z. Let N be a positive integer and set K := ⌈2d log N⌉. Our aim is now to estimate the quantity_{N−K} � R=0 |T (R)|.

Upper bound. We first note that

a(n, i) ≤ � n + i − 1 i − 1 � and N� R=0 a(R, i) ≤ P(ξ, 2, N)^i. (5)

Using these inequalities, it is possible to show that

N−K� R=0 T_i(R) = ∞� m=1 2^{−m}

N−K� R=0 a(R + m, i)

< N� R=0 a(R, i) + 2^{−K} N� R=K T_i(R)

≤ P(ξ, 2, N)^i + 1,

for N sufficiently large. We thus obtain that

N−K� R=0 |T (R)| ≤ d� i=1 |a_k| � P(ξ, 2, N)^i + 1 �

≤ a_dc^dN + O(N^{1−1/d}). (6)

Lower bound. We first infer from (4) and (5) that

Card {R ∈ [0, N] | a(R, d − 1) > 0} < c^{d−1}N^{1−1/d}.

Let 0 = R_1 < R_2 < · · · < R_M denote the elements of this set, so that M < c^{d−1}N^{1−1/d}. Set also R_{M+1} := N. Then_M � i=1 (R_{i+1} − R_i) = N.

Let δ > 0 and set I := � i ∈ [0, M] | R_{i+1} − R_i ≥ δ 3 c^{1−d}N^{1/d} � . Then we have � i∈I (R_{i+1} − R_i) ≥ � 1 − δ 3 � N. (7)

Now let i ∈ I. Note that Roth’s theorem (see Section 4) allows us to control the size of blocks of consecutive zeros that may occur in the binary expansion of ξ. Concretely, it ensures the existence of an integer

j_i ∈ � 1 2 + δ/2

(R_{i+1} − R_i − d log N), (R_{i+1} − R_i − d log N) �

such that a(j_i, 1) > 0. Thus a(R_i + j_i, d) > 0 since by assumption n_0 = 0, and then a short computation gives that T (R_i + j_i − 1) > 0.

By definition, a(R, d − 1) = 0 for every R ∈ (R_i, R_{i+1}) and thus a(R, i) = 0 for every R ∈ (R_i, R_{i+1}) and every i ∈ [0, d − 1]. For such integers R, a simple computation gives

T (R − 1) = 1 2 T (R) + 1 2 a_da(R, d)

and thus T (R) > 0 implies T (R − 1) > 0. Applying this argument successively to R equal to R_i + j_i − 1, R_i + j_i − 2, . . . , R_i + 1, we finally obtain that T (R) > 0 for every integer R ∈ [R_i, R_i + j_i). The number of integers R ∈ [0, N] such that T (R) > 0 is thus at least equal to � i∈I 1 2 + δ/2

(R_{i+1} − R_i − d log N) ,

which, by (7), is at least equal to (1/2 − δ/3)N for sufficiently large N. Since T (R) ∈ Z, we get that_{N−K} � R=0 |T (R)| ≥ � 1 2 − δ 3 � N, (8)

for sufficiently large N.

Conclusion. For sufficiently large N, Inequalities (6) and (8) are incompatible as soon as c ≤ ((2 + δ)a_d)^{−1/d}. Thus, choosing δ sufficiently small, this proves the theorem for any choice of c such that c < (2a_d)^{−1/d}.

We end this section with a few comments on Theorem BBCP.

• It is amusing to note that replacing Roth’s theorem by Ridout’s theorem in this proof only produces a minor improvement: the constant c can be replaced by a slightly larger one (namely by any c < a^{−1/d}_d ).

• A deficiency of Theorem BBCP is that it is not effective: it does not give an explicit integer N above which the lower bound holds. This comes from the well-known fact that Roth’s theorem is itself ineffective. The authors of [14] show that one can replace Roth’s theorem by the much weaker Liouville inequality to derive an effective version of Theorem BBCP. This version is actually slightly weaker, because the constant c is replaced by a smaller constant, but the proof becomes both totally elementary and effective.

• Last but not least: Theorem BBCP immediately implies the transcendence of the number_∞ � n=0 1 2⌊^{nlog log n}⌋ , for which no other proof seems to be known!

3 Functional equations

Our second proof of the transcendence of κ follows a classical approach due to Mahler. In a series of three papers [46, 47, 48] published in 1929 and 1930, Mahler initiated a totally new direction in transcendence theory. Mahler’s method aims to prove transcendence and algebraic independence of values at algebraic points of locally analytic functions satisfying certain type of functional equations. In its original form, it concerns equations of the form

f(x^k) = R(x, f(x)),

where R(x, y) denotes a bivariate rational function with coefficients in a number field. In our case, we consider the function

f(x) := ∞� n=0 x^{2n} ,

and we will use the fact that it is analytic in the open unit disc and satisfies the following basic functional equation:

f(x^2) = f(x) − x. (9)

Note that we will in fact prove much more than the transcendence of κ = f(1/2), for we will obtain the transcendence of f(α) for every nonzero algebraic number α in the open unit disc. This is a typical advantage when using Mahler’s method. Before proceeding with the proof we need to recall a few preliminary results.

Preliminary step 1. The very first step of Mahler’s method consists in showing that the function f(x) is transcendental over the field of rational function C(x). There are actually several ways to do that. Instead of giving an elementary but ad hoc proof, we prefer to give the following general statement that turns out to be useful in this area.

Theorem 1. Let (a_n)_{n≥0} be an aperiodic sequence with values in a finite subset of Z. Then f(x) = � n≥0 a_nx^n is transcendental over C(x).

Proof. Note that f(x) ∈ Z[[x]] has radius of convergence one and the classical theorem of Pólya–Carlson^2 thus implies that f(x) is either rational or transcendental. Furthermore, since the coefficients of f(x) take only finitely many distinct values and form an aperiodic sequence, we see that f(x) cannot be a rational function.

Preliminary step 2. We will also need to use Liouville’s inequality as well as basic estimates about height functions. There are, of course, several notions of heights. The most convenient works with the absolute logarithmic Weil height that will be denoted by h. We refer the reader to the monograph of Waldschmidt [78, Chap. 3] for an excellent introduction to heights and in particular for a definition of h. Here we just recall a few basic properties of h that will be used in the sequel. All are proved in [78, Chap. 3]. For every integer n and every pair of algebraic numbers α and β, we have

h(α^n) = |n|h(α) (10) and h(α + β) ≤ h(α) + h(β) + log 2. (11)

More generally, if P (X, Y ) ∈ Z[X, Y ] \ {0} then

h(P (α, β)) ≤ log L(P ) + (deg_X P )h(α) + (deg_Y P )h(β), (12)

where L(P ) denote the length of P , which is classically defined as the sum of the absolute values of the coefficients of P . We also recall Liouville’s inequality:

log |α| ≥ −dh(α), (13)

for every nonzero algebraic number α of degree at most d.

We are now ready to give our second proof of transcendence for κ.

Second proof. Given a positive integer N, we choose a nonzero bivariate polynomial P_N ∈ Z[X, Y ] whose degree in both X and Y is at most N, and such that the order of vanishing at x = 0 of the formal power series

A_N (x) := P_N (x, f(x))

is at least equal to N^2. Note that looking for such a polynomial amounts to solving a homogeneous linear system over Q with N^2 equations and (N + 1)^2 unknowns, which is of course always possible. The fact that A_N (x) has a large order of vanishing at x = 0 ensures that A_N takes very small values around the origin. More concretely, for every complex number z, 0 ≤ |z| < 1/2, we have

|A_n(z)| ≤ c(N)|z|^{N 2} , (14)

for some positive c(N) that only depends on N.

2Note that this argument could also be replaced by the use of two important results from automata theory: the Cobham and Christol theorems (see [18] and also Section 3.1 for another use of Christol’s theorem).

Now we pick an algebraic number α, 0 < |α| < 1, and we assume that f(α) is also algebraic. Let L denote a number field that contains both α and f(α) and let d := [L : Q] be the degree of this extension. The functional equation (9) implies the following for every positive integer n:

A_N (α^{2n} ) = P_N (α^{2n} , f(α^{2n} )) = P_N � α^{2n} , f(α) − n−1� k=0 α^{2k} � ∈ L.

Thus A_N (α^{2n} ) is always an algebraic number of degree at most d. Furthermore, we claim that A_N (α^{2n} ) ≠ 0 for all sufficiently large n. Indeed, the function A_N (x) is analytic in the open unit disc and it is nonzero because f(x) is transcendental over C(x), hence the identity theorem applies.

Now, using (10), (11) and (12), we obtain the following upper bound for the height of A_N (α^{2n} ):

h(A_N (α^{2n} )) = h(P_N (α^{2n} , f(α^{2n} )))

≤ log L(P_N ) + Nh(α^{2n} ) + Nh(f(α^{2n} ))

= log L(P_N ) + 2^nNh(α) + Nh(f(α) −

�_{n−1} k=0 α^{2k} )

≤ log L(P_N ) + 2^{n+1}Nh(α) + Nh(f(α)) + n log 2.

From now on, we assume that n is sufficiently large to ensure that A_N (α^{2n} ) is nonzero and that |α^{2n} | < 1/2. Since A_N (α^{2n} ) is a nonzero algebraic number of degree at most d, Liouville’s inequality (13) implies that

log |A_N (α^{2n} )| ≥ −d � log L(P_N ) + 2^{n+1}Nh(α) + Nh(f(α)) + n log 2 � . On the other hand, since |α^{2n} | < 1/2, Inequality (14) gives that

log |A_N (α^{2n} )| ≤ log c(N) + 2^nN^2 log |α|.

We thus deduce that

log c(N) + 2^nN^2 log |α| ≥ −d � log L(P_N ) + 2^{n+1}Nh(α) + Nh(f(α)) + n log 2 � . Dividing both sides by 2^n and letting n tend to infinity, we obtain N ≤ 2dh(α) | log |α|| · Since N can be chosen arbitrarily large independently of the choice of α, this provides a contradiction and concludes the proof.

3.1 Beyond Mahler’s proof

Mahler’s method has, by now, become a classical chapter in transcendence theory. As observed by Mahler himself, his approach allows one to deal with functions of several variables and systems of functional equations as well. It also leads to algebraic independence results, transcendence measures, measures of algebraic independence, and so forth. Mahler’s method was later developed by various authors, including Becker, Kubota, Loxton and van der Poorten, Masser, Nishioka, and Töpfer, among others. It is now known to apply to a variety of numbers defined by their decimal expansion, their continued fraction expansion, or as infinite products. For these classical aspects of Mahler’s theory, we refer the reader to the monograph of Ku. Nishioka [55] and the references therein.

We end this section by pointing out another feature of Mahler’s method that is unfortunately less well known. A major deficiency of Mahler’s method is that, in contrast with the Siegel E- and G-functions, there is not a single classical transcendental constant that is known to be the value at an algebraic point of an analytic function solution to a Mahlertype functional equation. Roughly, this means that the most interesting complex numbers for number theorists seemingly remain beyond the scope of Mahler’s method. However, a remarkable discovery of Denis is that Mahler’s method can be applied to prove transcendence and algebraic independence results involving periods of t-modules, which are variants of the more classical periods of abelian varieties, in the framework of the arithmetic of function fields of positive characteristic. For a detailed discussion on this topic, we refer the reader to the recent survey by Pellarin [58], and also [57]. Unfortunately, we cannot begin to do justice here to this interesting topic. We must be content to give only a hint about the proof of the transcendence of an analogue of π using Mahler’s method, and we hope that the interested reader will look for more in [57, 58].

Let p be a prime number and q = p^e be an integer power of p with e positive. We let F_q denote the finite field of q elements, F_q[t] the ring of polynomials with coefficients in F_q, and F_q(t) the field of rational functions. We define an absolute value on F_q[t] by |P | = q^{degt P} so that |t| = q. This absolute value naturally extends to F_q(t). We let F_q((1/t)) denote the completion of F_q(t) for this absolute value and let C denote the completion of the algebraic closure of F_q((1/t)) for the unique extension of our absolute value to the algebraic closure of F_q((1/t)). Roughly, this allows to replace the natural inclusions

Z ⊂ Q ⊂ R ⊂ C

by the following ones F_q[t] ⊂ F_q(t) ⊂ F_q((1/t)) ⊂ C.

The field C is a good analogue for C and allows one to use some tools from complex analysis such as the identity theorem. In this setting, the formal power series

Π := ∞� n=1 1 1 − t^{1−qn}

∈ F_q((1/t)) ⊂ C

can be thought of as an analogue of the number π. To be more precise, the Puiseux series

~Π = t(−t)^{1/(q−1) ∞} � n=1 1 1 − t^{1−qn} ∈ C is a fundamental period of Carlitz’s module and, in this respect, it appears to be a reasonable analogue for 2iπ. Of course, proving the transcendence of either Π or ~Π over F_p(t) remains the same. As discovered by Denis [32], it is possible to deform the infinite product given in our definition of Π, in order to obtain the following “analytic function”

f_Π(x) := ∞� n=1 1 1 − tx^{qn}

which converges for all x ∈ C such that |x| < 1. A remarkable property is that the function f_Π(x) satisfies the following Mahler-type functional equation:

f_Π(x^q) = f_Π(x) (1 − tx^q) · As the principle of Mahler’s method also applies in this framework, one can prove along the same lines as in the proof we just gave for the transcendence of κ that f_Π takes transcendental values at every nonzero algebraic point in the open unit disc of C. Considering the rational point 1/t, we obtain the transcendence of Π = f_Π(1/t).

Note that there are many other proofs of the transcendence of Π. The first is due to Wade [76] in 1941. Other proofs were then given by Yu [80] using the theory of Drinfeld modules, by Allouche [15] using automata theory and Christol’s theorem, and by De Mathan [52] using tools from Diophantine approximation.

4 p-adic rational approximation

The first transcendence proof that graduate students in mathematics usually meet concerns the so–called Liouville number

L := ∞� n=1 1 b^{n!} · This series is converging so quickly that partial sums

p_n q_n := n� k=1 1 b^{k!}

provide infinitely many extremely good rational approximations to L, namely � � �L − p^n q_n � � � < 2 q^{n+1}_n · In view of the classical Liouville inequality [45], these approximations prevent L from being algebraic. Since κ is also defined by a lacunary series that converges very fast, it is tempting to try to use a similar approach. However, we will see that this requires much more sophisticated tools.

Liouville’s inequality is actually enough to prove the transcendence for series such as �_∞

i=0 1/2^{ni} , where lim sup(n_{i+1}/n_i) = +∞, but it does not apply if n_i has only an exponential growth like n_i = 2^i, n_i = 3^i or n_i = F_i (the ith Fibonacci number). In the case where lim sup(n_{i+1}/n_i) > 2, we can use Roth’s theorem [63].

Roth’s Theorem. Let ξ be a real algebraic number and ε be a positive real number. Then the inequality � � � �ξ − p q � � � < 1 q^{2+ε} has only a finite number of rational solutions p/q.

For instance, the transcendence of the real number ξ :=

�_∞ i=0 1/2^{3i} is now a direct consequence of the inequality 0 < � � �ξ − p_n q_n � � � < 2 q^3_n , where p_n/q_n :=

�_n i=0 1/2^{3i} . However, the same trick does not apply to κ, for we get that � � �κ − p_n q_n � � � ≫ 1 q^2_n , if p_n/q_n :=

�_n i=0 1/2^{2i} .

The transcendence of κ actually requires the following p-adic extension of Roth’s theorem due to Ridout [62]. For every prime number ℓ, we let | · |_ℓ denote the ℓ-adic absolute value normalized such that |ℓ|_ℓ = ℓ^{−1}.

Ridout’s Theorem. Let ξ be an algebraic number and ε be a positive real number. Let S be a finite set of distinct prime numbers. Then the inequality � � ℓ∈S |p|_ℓ · |q|_ℓ � · � � � �ξ − p q � � � � < 1 q^{2+ε}

has only a finite number of rational solutions p/q.

With Ridout’s theorem in hand, the transcendence of κ can be easily deduced: we just have to take into account that the denominators of our rational approximations are powers of 2.

Third proof. Let n be a positive integer and set

ρ_n := n� i=1 1 2^{2i} . Then there exists an integer p_n such that ρ_n = p_n/q_n with q_n = 2^{2n} . Observe that � � � �κ − p_n q_n � � � � < 2 2^{2n+1} = 2 (q_n)^2 , and let S = {2}. Then, an easy computation gives that

|q_n|_2 · |p_n|_2 · � � �κ − p_n q_n � � � < 2 (q_n)^3 · Applying Ridout’s theorem, we get that κ is transcendental.

Of course there is no mystery, the difficulty in this proof is hidden in the proof of Ridout’s theorem.

4.1 Beyond Roth’s theorem

The Schmidt subspace theorem [68] provides a formidable multidimensional generalization of Roth’s theorem. We state below a simplified version of the p-adic subspace theorem due to Schlickewei [67], which turns out to be very useful for proving transcendence of numbers defined by their base-b expansion or by their continued fraction expansion. Note that our last two proofs of the transcendence of κ, given in Sections 6 and 7, both rely on the subspace theorem. Several recent applications of this theorem can also be found in [22].

We recall that a linear form (in m variables) is a homogeneous polynomial (in m variables) of degree 1.

Subspace Theorem. Let m ≥ 2 be an integer and ε be a positive real number. Let S be a finite set of distinct prime numbers. Let L_1, . . . , L_m be m linearly independent linear forms in m variables with real algebraic coefficients. Then the set of solutions x = (x_1, . . . , x_m) in Z^m to the inequality �_m � i=1 � ℓ∈S |x_i|_ℓ � · m� i=1 |L_i(x)| ≤ (max{|x_1|, . . . , |x_m|})^{−ε}

lies in finitely many proper subspaces of Q^m.

Let us first see how the subspace theorem implies Roth’s theorem. Let ξ be a real algebraic number and ε be a positive real number. Consider the two independent linear forms ξX − Y and X. The subspace theorem implies that all the integer solutions (p, q) to

|q| · |qξ − p| < |q|^{−ε} (15)

are contained in a finite union of proper subspaces of Q^2. There thus is a finite set of lines x_1X + y_1Y = 0, . . . , x_tX + y_tY = 0 such that, every solution (p, q) ∈ Z^2 to (15), belongs to one of these lines. This means that the set of rational solutions p/q to |ξ − p/q| < q^{−2−ε} is finite, which is Roth’s theorem.

4.1.1 A theorem of Corvaja and Zannier

Let us return to the transcendence of κ. Given an integer b ≥ 2 and letting S denote the set of prime divisors of b, it is clear that the same proof also gives the transcendence of �_∞

n=0 1/b^{2n} . However, if we try to replace b by a rational or an algebraic number, we may encounter new difficulties. As a good exercise, the reader can convince himself that the proof will still work with b =^5_2 or b =^{17}_4 , but not with b =^3_2 or b =^5_4 . Corvaja and Zannier [28] make clever use of the subspace theorem that allows them to overcome the problem in all cases. Among other results, they proved the following nice theorem.

Theorem CZ. Let (n_i)_{i≥0} be a sequence of positive integers such that lim inf n_{i+1}/n_i > 1 and let α, 0 < |α| < 1, be an algebraic number. Then the number ∞� i=0 α^{ni}

is transcendental.

Of course, we recover the fact, already proved in Section 3 by Mahler’s method, that the function f(x) =

�_∞ n=0 x^{2n} takes transcendental values at every nonzero algebraic point in the open unit disc. The proof of Theorem CZ actually requires an extension of the p-adic subspace theorem to number fields (the version we gave is sufficient for rational points). We also take the opportunity to mention that the main result of [1] is actually a consequence of Theorem 4 in [28].

In order to explain the idea of Corvaja and Zannier we somewhat oversimplify the situation by considering only the example of f(^4_5 ). We refer the reader to [28] for a complete proof. We assume that f(^4_5 ) is algebraic and we aim at deriving a contradiction. A simple computation gives that � � � � f � 4 5 � − n� k=0 � 4 5 �_2k � � � < 2 � 4 5 �_2n+1 , for every nonnegative integer n. This inequality can obviously be rephrased as � � � � f � 4 5 � − n� k=0 � 4 5 �_2k − � 4 5 �_2n+1 − � 4 5 �_2n+2 � � � � < 2 � 4 5 �_2n+3 , but the subspace theorem will now take care of the fact that the last two terms on the left-hand side are S-units (for S = {2, 5}). Multiplying by 5^{2n+2} , we obtain that � � � �5^2 n+2 f � 4 5 � − 5^{2n+2−2n} p_n − 4^{2n+1} 5^{2n+1} − 4^{2n+2} � � � � < 2 � 4 5 �_2n+3 5^{2n+2} ,

for some integer p_n. Consider the following four linearly independent linear forms with real algebraic coefficients:

L_1(X_1, X_2, X_3, X_4) = f(^4_5 )X_1 − X_2 − X_3 − X_4, L_2(X_1, X_2, X_3, X_4) = X_1, L_3(X_1, X_2, X_3, X_4) = X_3, L_4(X_1, X_2, X_3, X_4) = X_4.

For every integer n ≥ 1, consider the integer quadruple

x_n = (x^{(n)}_1 , x^{(n)}_2 , x^{(n)}_3 , x^{(n)}_4 ) := � 5^{2n+2} , 5^{2n+2−2n} p_n, 4^{2n+1} 5^{2n+1} , 4^{2n+2} � . Note that ‖x_n‖_∞ ≤ 5 · 5^{2n+2} . Set also S = {2, 5}. Then a simple computation shows that �_4 � i=1 � ℓ∈S |x^{(n)}_i |_ℓ � · 4� i=1 |L_i(x_n)| ≤ 2 � 4^8 5^7

�_2n

< ‖x_n‖^{−ε}_∞ ,

for some ε > 0. We then infer from the subspace theorem that all points x_n lie in a finite number of proper subspaces of Q^4. Thus, there exist a nonzero integer quadruple (x, y, z, t) and an infinite set of distinct positive integers N such that

5^{2n+2} x + 5^{2n+2−2n} p_ny + 4^{2n+1} 5^{2n+1} z + 4^{2n+2} t = 0, (16) for every n in N . Dividing (16) by 5^{2n+2} and letting n tend to infinity along N , we get that

x + κy = 0.

Since κ is clearly irrational, this implies that x = y = 0. But then Equality (16) becomes

4^{2n+1} 5^{2n+1} z = −4^{2n+2} t,

which is impossible for large n ∈ N unless z = t = 0 (look at, for instance, the 5-adic absolute value). This proves that x = y = z = t = 0, a contradiction.

Note that the proof of the transcendence of f(α), for every algebraic number α with 0 < |α| < 1, actually requires the use of the subspace theorem with an arbitrary large number of variables (depending on α). For instance, we need 14 variables to prove the transcendence of f(2012/2013).

4.1.2 The decimal expansion of algebraic numbers

The decimal expansion of real numbers such as √ 2, π, and e appears to be quite mysterious and, for a long time, has baffled mathematicians. After the pioneering work of É. Borel [23, 24], most mathematicians expect that all algebraic irrational numbers are normal numbers, even if this conjecture currently seems to be out of reach. Recall that a real number is normal if for every integer b ≥ 2 and every positive integer n, each one of the b^n blocks of digits of length n occurs in its base-b expansion with the same frequency. We end this section by pointing out an application of the p-adic subspace theorem related to this problem.

Let ξ be a real number and b ≥ 2 be a positive integer. Let (a_n)_{n≥−k} denote the base-b expansion of ξ, that is, ξ = � n≥−k

a_n b^n

= a_{−k} · · · a_{−1}a_0•a_1a_2 · · · .

Following Morse and Hedlund [54], we define the complexity function of ξ with respect to the base b as the function that associates with each positive integer n the positive integer

p(ξ, b, n) := Card{(a_j , a_{j+1}, . . . , a_{j+n−1}), j ≥ 1}.

A normal number thus has the maximum possible complexity in every integer base, that is, p(ξ, b, n) = b^n for every positive integer n and every integer b ≥ 2. One usually expects such a high complexity for numbers like √ 2, π, and e. Ferenczi and Mauduit [33] gave the first lower bound for the complexity of all algebraic irrational numbers by means of Ridout’s theorem. More recently, Adamczewski and Bugeaud [7] use the subspace theorem to obtain the following significant improvement of their result.

Theorem AB1. Let b ≥ 2 be an integer and ξ be an algebraic irrational number. Then

lim_{n→∞} p(ξ, b, n) n = +∞.

Note that Adamczewski [2] obtains a weaker lower bound for some transcendental numbers involving the exponential function. For a more complete discussion concerning the complexity of the base-b expansion of algebraic numbers, we refer the reader to [2, 7, 10, 79].

Hint of proof. We only outline the main idea for proving Theorem AB1 and refer the reader to [7] or [10] for more details. Let ξ be an algebraic number and let us assume that

lim inf n→∞ p(ξ, b, n) n < +∞, (17)

for some integer b ≥ 2. Our goal is thus to prove that ξ is rational. Without loss of generality, we can assume that 0 < ξ < 1.

Our assumption implies that the number of distinct blocks of digits of length n in the base-b expansion of ξ is quite small (at least for infinitely many integers n). Thus, at least some of these blocks of digits have to reoccur frequently, which forces the early occurrence of some repetitive patterns in the base-b expansion of ξ. This rough idea can be formalized as follows. We first recall some notation from combinatorics on words. Let V = v_1 · · · v_r be a finite word. We let |V | = r denote the length of V . For any positive integer k, we write V^k for the word � � � V · · · V k times . More generally, for any positive real number w, V^w denotes the word V^{⌊w⌋}V^′, where V^′ is the prefix of V of length ⌈(w − ⌊w⌋)|V |⌉. With this notation, one can show that the assumption (17) ensures the existence of a real number w > 1 and of two infinite sequences of finite words (U_n)_{n≥1} and (V_n)_{n≥1} such that the base-b expansion of ξ begins with the block of digits 0•U_nV^w_n for every positive integer n. Furthermore, if we set r_n := |U_n| and s_n := |V_n|, we have that s_n tends to infinity with n and there exists a positive number c such that r_n/s_n < c for every n ≥ 1.

This combinatorial property has the following Diophantine translation. For every positive integer n ≥ 1, ξ has to be close to the rational number with ultimately periodic base-b expansion 0•U_nV_nV_nV_n · · · .

Precisely, one can show the existence of an integer p_n such that � � � �ξ − p_n b^{rn} (b^{sn} − 1) � � � � ≪ 1 b^{rn+wsn} · Consider the following three linearly independent linear forms with real algebraic coefficients:

L_1(X_1, X_2, X_3) = ξX_1 − ξX_2 − X_3, L_2(X_1, X_2, X_3) = X_1, L_3(X_1, X_2, X_3) = X_2.

Evaluating them at the integer points

x_n = (x^{(n)}_1 , x^{(n)}_2 , x^{(n)}_3 ) := (b^{rn+sn} , b^{rn} , p_n), we easily obtain that �_3 � i=1 � p∈S |x^{(n)}_i |_p � · 3� i=1 |L_i(x_n)| ≪ � max{b^{rn+sn} , b^{rn} , p_n}

�_{−ε} , where ε := (ω − 1)/2(c + 1) > 0 and S denotes the set of prime divisors of b. We then infer from the subspace theorem that all points x_n belong to a finite number of proper subspaces of Q^3. There thus exist a nonzero integer triple (x, y, z) and an infinite set of distinct positive integers N such that xb^{rn+sn} + yb^{rn} + zp_n = 0, (18) for every n in N . Dividing (18) by b^{rn+sn} and letting n tend to infinity along N , we get that

x + ξz = 0,

as s_n tends to infinity. Since (x, y, z) is a nonzero vector, this implies that ξ is a rational number. This ends the proof.

5 Interlude: from base-b expansions to continued fractions

It is usually very difficult to extract any information about the continued fraction expansion of a given irrational real number from its decimal or binary expansion and vice versa. For instance, √ 2, e, and tan 1 all have a very simple continued fraction expansion, while they are expected to be normal and thus should have essentially random expansions in all integer bases. In this section, we shall give an exception to this rule: our favorite binary number κ has a predictable continued fraction expansion that enjoys remarkable properties involving both repetitive and symmetric patterns (see Theorem Sh1 below). Our last two proofs of transcendence for κ, given in Sections 6 and 7, both rely on Theorem Sh1.

For an introduction to continued fractions, the reader is referred to standard books such as Perron[59], Khintchine [37], or Hardy and Wright [35]. We will use the classical notation for finite or infinite continued fractions p q = a_0 + 1 a_1 + 1 a_2 + 1 ... + 1 a_n

= [a_0, a_1, · · · , a_n]

resp.,

ξ = a_0 + 1 a_1 + 1 a_2 + 1 .. . + 1

a_n + 1 .. .

= [a_0, a_1, · · · , a_n, · · · ] where p/q is a positive rational number (resp. ξ is a positive irrational real number), n is a nonnegative integer, a_0 is a nonnegative integer, and the a_i’s are positive integers for i ≥ 1. Note that we allow a_n = 1 in the first equality. If A = a_1a_2 · · · denotes a finite or an infinite word whose letters a_i are positive integers, then the expression [0, A] stands for the finite or infinite continued fraction [0, a_1, a_2, . . .]. Also, if A = a_1a_2 · · · a_n is a finite word, we let A^R := a_na_{n−1} · · · a_1 denote the reversal of A. As in the previous section, we use |A| to denote the length of the finite word A.

The following elementary result was first discovered by Mendès France [53]^3.

Folding Lemma. Let c, a_0, a_1, . . . , a_n be positive integers. Let p_n/q_n := [a_0, a_1, · · · , a_n]. Then p_n q_n + (−1)^n cq^2_n

= [a_0, a_1, a_2, · · · , a_n, c, −a_n, −a_{n−1}, · · · , −a_1]. (19)

For a proof of the folding lemma, see, for instance, [18, p. 183]. In Equality (19) negative partial quotients occur. However, we have two simple rules that permit to get rid of these forbidden partial quotients:

[. . . , a, 0, b, . . .] = [. . . , a + b, . . .] (20) and [. . . , a, −b_1, · · · , −b_r] = [, . . . , a − 1, 1, b_1 − 1, b_2, . . . , b_r]. (21)

As first discovered independently by Shallit [71, 72] and Kmošek [38], the folding lemma can be used to describe the continued fraction expansion of some numbers having a lacunary expansion in an integer base, such as κ. Following Theorem 11 in [71], we give now a complete description of the continued fraction expansion of 2κ. The choice of 2κ instead of κ is justified by obtaining a nicer formula.

Theorem Sh1. Let A_1 := 1112111111 and B_1 := 11121111. For every positive integer n, let us define the finite words A_{n+1} and B_{n+1} as follows:

A_{n+1} = A_n12(B_n)^R and B_{n+1} is the prefix of A_{n+1} with length |A_{n+1}| − 2.

Then the sequence of words A_n converges to an infinite word

A_∞ = 1112111111121111211112 · · · and 2κ = [1, A_∞] = [1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 2, 1, 1, 1, 1, 2, . . .].

3The folding lemma is an avatar of the so–called mirror formula, another very useful elementary identity for continued fractions, which is the object of the survey [3]. Many references to work related to these two identities can be found in [3].

In particular, the partial quotients of 2κ take only the values 1 and 2. This shows that κ is badly approximable by rationals and a fortiori that the transcendence of κ is beyond the scope of Roth’s theorem (the p-adic version of Roth’s theorem was thus really needed in Section 4).

Proof. First note that by the definition of A_{n+1}, the word A_n is a prefix of A_{n+1}, for every nonnegative integer n, which implies that the sequence of finite words converges (for the usual topology on words) to an infinite word A_∞.

For every integer n ≥ 0, we set

P_n Q_n := n� k=0 2 2^{2k} · We argue by induction to prove that

P_n/Q_n = [1, A_{n−2}],

for every integer n ≥ 3. We first note that P_3/Q_3 = [1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 1] = [1, A_1]. Let n ≥ 3 be an integer and let us assume that P_n/Q_n = [1, A_{n−2}]. By the definition of P_n/Q_n, we have that P_{n+1} Q_{n+1} = P_n Q_n + 1 2Q^2_n

· (22)

Furthermore, an easy induction shows that for every integer k ≥ 1, |A_k| is even and A_k ends with 11 so that (A_k)^R = 11(B_k)^R. (23) Since |A_{n−2}| is even, we can apply the folding Lemma and we infer from Equalities (22) and (23), and from the transformation rules (20) and (21) that

P_{n+1}/Q_{n+1} = [1, A_{n−2}, 2, −(A_{n−2})^R]

= [1, A_{n−2}, 1, 1, 0, 1, (B_{n−2})^R]

= [1, A_{n−2}, 1, 2, (B_{n−2})^R]

= [1, A_{n−1}].

This proves that P_n/Q_n = [1, A_{n−2}] for every n ≥ 3. Since the sequence (P_n/Q_n)_{n≥0} converges to 2κ and A_n is always a prefix of A_{n+1}, we obtain that 2κ = [1, A_∞], as desired.

5.1 Two applications

In the second part of the paper [71], Shallit [72] extends his construction and obtained the following general result^4.

4Köhler [40] also obtains independently almost the same result after he studied [71]. It is also worth mentioning that this result was somewhat anticipated, although written in a rather different form, by Scott and Wall in 1940 [70].

Theorem Sh2. Let b ≥ 2 and n_0 ≥ 0 be integers and let (c_n)_{n≥0} be a sequence of positive integers such that c_{n+1} ≥ 2c_n, for every integer n ≥ n_0. Set d_n := c_{n+1} − 2c_n and

S_b(n) := n� k=0 1 b^{ck} · If n ≥ n_0 and S_b(n) = [a_0, a_1, . . . , a_r], with r even, then

S_b(n + 1) = [a_0, a_1, . . . , a_r, b^{dn} − 1, 1, a_r − 1, a_{r−1}, . . . , a_1].

This result turns out to have interesting consequences, two of which are recalled below.

5.1.1 A question of Mahler about the Cantor set

Mahler [50] asked the following question: how close can irrational numbers in the Cantor set be approximated by rational numbers? We recall that the irrationality exponent of an irrational real number ξ, denoted by μ(ξ), is defined as the supremum of the real numbers μ for which the inequality � � � �ξ − p q � � � � < 1 q^μ has infinitely many rational solutions p/q. Mahler’s question may thus be interpreted as follows: are there elements in the Cantor set with any prescribed irrationality exponent?

This question was first answered positively by Levesley, Salp and Velani [44] by means of tools from metric number theory. A direct consequence of Shallit’s result is that one can also simply answer Mahler’s question by providing explicit example of numbers in the Cantor set with any prescribed irrationality exponent. We briefly outline how to prove this result and refer the reader to [25] for more details. Some refinements along the same lines can also be found in [25].

Let τ ≥ 2 be a real number. Note first that the number

ξ_τ := 2 ∞� n=1 1 3^{⌊τ n⌋}

clearly belongs to the Cantor set. Furthermore, the partial sums of ξ_τ provide infinitely many good rational approximations which ensure that μ(ξ_τ ) ≥ τ. When τ ≥ (3 + √ 5)/2, a classical approach based on triangles inequalities allows to show that μ(ξ_τ ) ≤ τ. However, the method fails when τ satisfies 2 ≤ τ < (3 + √ 5)/2.

In order to overcome this difficulty, we can use repeatedly Theorem Sh2 with b = 3 and c_n = ⌊τ^n⌋ to obtain the continued fraction expansion of ξ_τ /2. Set ξ_τ /2 := [0, b_1, b_2, . . .] and let s_n denote the denominator of the nth convergent to ξ_τ /2. If τ = 2, we see that the partial quotients b_n are bounded, which implies μ(ξ_2) = μ(ξ_2/2) = 2, as desired. We can thus assume that τ > 2. Let us recall that once we know the continued fraction of an irrational number ξ, it becomes easy to deduce its irrationality exponent. Indeed, if ξ = [a_0, a_1, . . .], it is well-known that μ(ξ) = 2 + lim sup_{n→∞} ln a_{n+1} ln q_n

, (24) where p_n/q_n denotes the nth convergent to ξ. Equality (24) is actually a direct consequence of the inequality 1 (2 + a_{n+1})q^2_n < � � �ξ − p_n q_n � � � < 1 a_{n+1}q^2_n

and the fact that the convergents provide the best rational approximations (see, for instance, [37, Chapter 6]). When τ > 2, the formula given in Theorem Sh2 shows that the large partial quotients^5 of ξ_τ /2 are precisely those equal to 3^{dn} − 1 which occur first at some positions, say r_n + 1. But then Theorem Sh2 implies that s_{rn} is the denominator of

�_n k=1 1/3^{⌊τ k⌋}, that is s_{rn} = 3^{⌊τ n⌋}. A simple computation thus shows that

lim sup n→∞ ln b_{n+1} ln s_n

= lim sup n→∞ ln(3^{dn} − 1) ln 3^{⌊τ n⌋}

= τ − 2,

since d_n = ⌊3^{τ n+1} ⌋ − 2⌊3^{τ n} ⌋. Then we infer from Equality (24) that μ(ξ_τ ) = μ(ξ_τ /2) = τ, as desired.

5.1.2 The failure of Roth’s theorem in positive characteristic

We consider now Diophantine approximation in positive characteristic. Let F_p((1/t)) be the field of Laurent series with coefficients in the finite field F_p, endowed with the natural absolute value | · | defined at the end of Section 3. In this setting, the approximation of real numbers by rationals is naturally replaced by the approximation of Laurent series by rational functions. In analogy with the real case, we define the irrationality exponent of f(t) ∈ F_p((1/t)), denoted by μ(f), as the supremum of the real number μ for which the inequality � � �f(t) −

P (t) Q(t) � � � < 1 deg Q^μ

has infinitely many rational solutions P (t)/Q(t).

It is well-known that Roth’s theorem fails in this framework. Indeed, Mahler [49] remarked that it is even not possible to improve Liouville’s bound for the power series

f(t) := ∞� n=0 t^{−pn} ∈ F_p[[1/t]]

is algebraic over F_p(t) with degree p, while μ(f) = p. Osgood [56] and then Lasjaunias and de Mathan [43] obtained an improvement of the Liouville bound (namely the Thue bound) for a large class of algebraic functions. However not much is known about the irrationality exponent of algebraic functions in F_p((1/t)). For instance, it seems that we do not know whether μ(f) = 2 for almost every^6 algebraic Laurent series in F_p((1/t)). We also do not know what the set E of possible values taken by μ(f) is precisely when f runs over the algebraic Laurent series.

5That is those which are larger than all previous ones.

6This could mean something like, among algebraic Laurent series f of degree and height at most M, the proportion of those with μ(f) = 2 tends to one as M tends to infinity.

In this direction, we mention that it is possible to use an analogue of Theorem Sh2 for power series with coefficients in a finite field (the proof of which is identical). Thakur [74] uses such a result in order to exhibit explicit power series f(t) ∈ F_p[[1/t]] with any prescribed irrationality measure ν ≥ 2, with ν rational. In other words, this proves that Q_{≥2} ⊂ E, where Q_{≥2} := Q ∩ [2, +∞). These power series are defined as linear combinations of Mahler-type series which shows that they are algebraic, while the analogue of Theorem Sh2 allows us to describe their continued fraction expansion and thus to easily compute the value of μ(f), as previously. Note that this result can also be obtained by considering only continued fractions, as shown independently by Thakur [74] and Schmidt [69]. It is expected, but not yet proved, that E = Q_{≥2}. For a recent survey about these questions, we refer the reader to [75].

6 Approximation by quadratic numbers

A famous consequence of the subspace theorem provides a natural analogue of Roth’s theorem in which rational approximations are replaced by quadratic ones. More precisely, if ξ is an algebraic number of degree at least 3 and ε is a positive real number, then the inequality

|ξ − α| < 1 H(α)^{3+ε}

, (25)

has only finitely many quadratic solutions α. Here H(α) denotes the (naive) height of α, that is, the maximum of the modulus of the coefficients of its minimal polynomial.

In this section, we give our fourth proof of transcendence for κ which is obtained as a consequence of Theorem Sh1 (see Section 5) and Theorem AB2 stated below. We observe that some repetitive patterns occur in the continued fraction expansion of 2κ and then we use them to find infinitely many good quadratic approximations α_n to 2κ. However, a more careful analysis would show that

|2κ − α_n| ≫ 1 H(α_n)^3 , so that we cannot directly apply (25). Fortunately, the subspace theorem offers a lot of freedom and adding some information about the minimal polynomial of our approximations finally allows us to conclude.

We keep the notation from Sections 4 and 5. Let a = a_1a_2 · · · be an infinite word and w ≥ 1 be a real number. We say that a satisfies Condition (∗)_w if there exists a sequence of finite words (V_n)_{n≥1} such that the following hold.

(i) For any n ≥ 1, the word V^w_n is a prefix of the word a.

(ii) The sequence (|V_n|)_{n≥1} is increasing.

The following result is a special instance of Theorem 1 in [4].

Theorem AB2. Let (a_n)_{n≥1} be a bounded sequence of positive integers such that a = a_1a_2 · · · satisfies Condition (∗)_w for some real number w > 1. Then the real number

ξ := [0, a_1, a_2, . . .]

is either quadratic or transcendental.

We only outline the main idea of the proof and refer the reader to [4] for more details.

Hint of proof. Assume that the parameter w > 1 is fixed, as well as the sequence (V_n)_{n≥1} occurring in the definition of Condition (∗)_w. Set also s_n := |V_n|. We want to prove that the real number ξ := [0, a_1, a_2, . . .]

is either quadratic or transcendental. We assume that α is algebraic of degree at least three and we aim at deriving a contradiction.

Let p_n/q_n denote the nth convergent to ξ. The key fact for the proof is the observation that ξ has infinitely many good quadratic approximations obtained by truncating its continued fraction expansion and completing by periodicity. Let n be a positive integer and let us define the quadratic number α_n as having the following purely periodic continued fraction expansion:

α_n := [0, V_nV_nV_n · · · ]. Then |ξ − α_n| < 1 q_{⌊wsn⌋}2 , since by assumption the first ⌊ws_n⌋ partial quotients of ξ and α_n are the same. Now observe that α_n is a root of the quadratic polynomial

P_n(X) := q_{sn−1}X^2 + (q_{sn} − p_{sn−1})X − p_{sn} .

By Rolle’s theorem, we have

|P_n(ξ)| = |P_n(ξ) − P_n(α_n)| ≪ q_{sn} |ξ − α_n| ≪ q_{sn} q^2_{⌊wsn⌋} · Furthermore, by the theory of continued fractions we also have

|q_{sn} ξ − p_{sn} | ≤ 1 q_{sn} · Consider the four linearly independent linear forms with real algebraic coefficients:

L_1(X_1, X_2, X_3, X_4) = ξ^2X_2 + ξ(X_1 − X_4) − X_3, L_2(X_1, X_2, X_3, X_4) = ξX_1 − X_3, L_3(X_1, X_2, X_3, X_4) = X_1, L_4(X_1, X_2, X_3, X_4) = X_2.

Evaluating them on the integer quadruple (q_{sn} , q_{sn−1}, p_{sn} , p_{sn−1}), a simple computation using continuants shows that � 1≤j≤4

|L_j (q_{sn} , q_{sn−1}, p_{sn} , p_{sn−1})| ≪ q^2_{sn} q^{−2}_{⌊wsn⌋} < 1 q^ε_{sn} , for some positive number ε, when n is large enough. We can thus apply the subspace theorem. We obtain that all the integer points (q_{sn} , q_{sn−1}, p_{sn} , p_{sn−1}), n ∈ N, belong to a finite number of proper subspaces of Q^4. After some work, it can be shown that this is possible only if ξ is quadratic, a contradiction.

We are now ready to give a new proof of transcendence for κ.

Fourth proof. Shallit [71] proves that the continued fraction of κ is not ultimately periodic. Here we include, for the sake of completeness, a similar proof that the word A_∞ is not ultimately periodic. Set A_∞ := a_1a_2 · · · . We argue by contradiction assuming that A_∞ is ultimately periodic. There thus exist two positive integers r and n_0 such that

a_{n+jr} = a_n, (26)

for every n ≥ n_0 and j ≥ 1.

For every positive integer i, set k_i := |A_i| = 10 · 2^{i−1}. Let us fix a positive integer n such that k_n ≥ r + n_0. Theorem Sh1 implies that A_∞ begins with

A_{n+1} = a_1 · · · a_{kn−2}a_{kn−1}a_{kn} 12a_{kn−2} · · · a_1

and since A_n always ends with 11 (see (23)), we obtain that

A_{n+1} = a_1 · · · a_{kn−2}1112a_{kn−2} · · · a_1. (27)

We thus have a_{kn+x+1} = a_{kn−x}, (28) for every integer x with 2 ≤ x ≤ k_n − 1. Since the word 1112 occurs infinitely often in A_∞, we see that r ≥ 4. We can thus choose x = r − 2 in (28), which gives that

a_{kn+r−1} = a_{kn−r+2}.

Then (26) implies that a_{kn+r−1} = a_{kn−1} and a_{kn−r+2} = a_{kn+2}.

Finally, we get that a_{kn−1} = a_{kn+2}, that is 1 = 2, a contradiction. Hence, A_∞ is not ultimately periodic.

Now, set ξ :=

4κ − 3 2 − 2κ · Clearly it is enough to prove that ξ is transcendental. By Theorem Sh1, we have that

2κ = [1, A_∞] = [1, a_1, a_2, . . .]

and a simple computation shows that

ξ = [0, a_3, a_4, · · · ].

Let us show that the infinite word a_3a_3 · · · satisfies Condition (∗)_{1+3/10}. Let n be a positive integer. Using the definition of A_{n+2}, we infer from (27) that

A_{n+2} = a_1 · · · a_{kn−2}1112a_{kn−2} · · · a_112a_3a_4 · · · a_{kn−2}2111a_{kn−2} · · · a_1

Setting V_n := a_3a_4 · · · a_{kn−2}1112a_{kn−2} · · · a_112, we obtain that A_{n+2} begins with

a_1a_2V^{1+(kn−4)/2kn} n . Since k_n ≥ 10, we thus deduce that A_∞ begins with a_1a_2V^{1+3/10}n , for every integer n ≥ 1. This shows that the infinite word a_3a_4 · · · satisfies Condition (∗)_{1+3/10}. Applying Theorem AB2, we obtain that ξ is either quadratic or transcendental. However, we infer from Lagrange’s theorem that ξ cannot be quadratic, for we just have shown that the word a_3a_4 · · · is not ultimately periodic. Thus ξ is transcendental, concluding the proof.

6.1 Beyond this proof

Very little is known regarding the size of the partial quotients of algebraic real numbers of degree at least three. From numerical evidence and a belief that these numbers behave like most of the numbers in this respect, it is often conjectured that their partial quotients form an unbounded sequence. Apparently, Khintchine [37] was the first to consider this question (see [16, 73, 77] for surveys including a discussion of this problem). Although almost nothing has been proved yet in this direction, Lang [41, 42] made some more general speculations, including the fact that algebraic numbers of degree at least three should behave like most of the numbers with respect to the Gauss–Khintchine–Kuzmin–Lévy laws. This conjectural picture is thus very similar to the one encountered in Section 4 regarding the expansion of algebraic irrational numbers in integer bases.

As a first step, it is worth proving that real numbers with a “too simple” continued fraction expansion are either quadratic or transcendental. Of course, the term “simple” can lead to many interpretations. It may, for instance, denote real numbers whose continued fraction expansion can be produced in a simple algorithmical, dynamical, combinatorial or arithmetical way. In any case, it is reasonable to expect that such expansions should be close to be periodic. In this direction, there is a long tradition of using an excess of periodicity to prove the transcendence of some continued fractions (see, for instance,

[17, 20, 21, 29, 30, 31, 51, 60, 61]). Adamczewski and Bugeaud [4] use the freedom offered by the subspace theorem to prove some combinatorial transcendence criteria, which provide significant improvements of those previously obtained in [17, 29, 30, 60, 61]. Some transcendence measures for such continued fractions are also recently given in [12, 26], following the general approach developed in [11] (see also [13] for similar results related to integer base expansions).

Theorem AB2 gives the transcendence of non-quadratic real numbers ξ whose continued fraction expansion begins with arbitrarily long blocks of partial quotients of the form V^{1+ε}_n , for some positive ε. The key fact in the proof to apply the subspace theorem is to see that the linear form ξ^2X_2 + ξ(X_1 − X_4) − X_3

takes small values at the integer quadruples (q_{sn} , q_{sn−1}, p_{sn} , p_{sn−1}), where s_n = |V_n| and where p_n/q_n denotes the nth convergent to ξ. This idea can be naturally generalized to the important case where the repetitive patterns do not occur at the very beginning of the expansion. Indeed, if the continued fraction expansion of ξ begins with a block of partial quotients of the form U_nV^{1+ε}_n , then ξ is well approximated by the quadratic number α^′_n := [0, U_nV_nV_nV_n · · · ]. As shown in [4], when dealing with these more general patterns, we can argue similarly, but we have now to estimate the linear form

L(X_1, X_2, X_3, X_4) := ξ^2X_1 − ξ(X_2 + X_3) + X_4

at the integer quadruples

x_n := (q_{rn−1}q_{rn+sn} − q_{rn} q_{rn+sn} , q_{rn−1}p_{rn+sn} − q_{rn} p_{rn+sn−1}, p_{rn−1}q_{rn+sn} − p_{rn} q_{rn+sn−1}, p_{rn−1}p_{rn+sn} − p_{rn} p_{rn+sn−1}),

where r_n := |U_n|, s_n := |V_n|, and p_n/q_n denotes the nth convergent to ξ. In a recent paper, Bugeaud [27] remarks that the quantity |L(x_n)| was overestimated in the proof given in [4]^7. Taking into account this observation, the method developed in [4] has much striking consequences than those initially announced. As an illustration, we now have that the continued fraction expansion of an algebraic number of degree at least 3 cannot be generated by a finite automaton.

7 Simultaneous approximation by rational numbers

Another classical feature of the subspace theorem is that it can also deal with simultaneous approximation of several real numbers by rationals. Our last proof of the transcendence of κ relies on this principle. We use the occurrences of some symmetric patterns in the continued fraction expansion of 2κ − 1 to find good simultaneous rational approximations of 2κ − 1 and (2κ − 1)^2.

7The authors of [4] use that |L(x_n)| ≪ q_{rn} q_{rn+sn} q^{−2}_{rn⌊(1+ε)sn⌋} while it is actually elementary to see that |L(x_n)| ≪ q^{−1}_{rn} q_{rn+sn} q^{−2}_{rn⌊(1+ε)sn ⌋}.

Fifth proof. We keep the notation of Sections 5 and 6. Set ξ := (2κ−1). Clearly it is enough to prove that ξ is transcendental. We argue by contradiction assuming that ξ is algebraic.

By Theorem Sh1, we have that ξ = [0, A_∞] = [0, a_1, a_2, . . .]. We let p_n/q_n denote the nth convergent to ξ. We also set as previously k_n := |A_n|. By the theory of continued fraction, we have � � � �ξ − p_{kn−1} q_{kn−1} � � � � < 1 q^2_{kn−1} and � � � �ξ − p_{kn} q_{kn} � � � � < 1 q^2_{kn} · Let us also recall the so-called mirror formula (see, for instance, [3]): q_{n−1} q_n

= [0, a_n, . . . , a_1]. (29)

Since A_n = B_{n−1}1112(B_{n−1})^R, we have q_{kn−1} q_{kn}

= [0, B_{n−1}, 2, 1, 1, 1, (B_{n−1})^R]

and a simple computation using continuants shows that^8 � � �ξ − q_{kn−1} q_{kn} � � � ≪ 1 q_{kn} and � � � p_{kn} q_{kn} − q_{kn−1} q_{kn} � � � ≪ 1 q_{kn} · Then we have � �ξ_2 − p_{kn−1q} kn � � = � �ξ_2 − p_{kn−1q}

kn−1 ·

q_{kn−1} q_{kn} � �

= � � � � ξ −^{pkn−1}_{qkn−1} � � ξ +^{qkn−1}_{qkn} � + ξ �_{pkn−1}

q_{kn−1} − q_{kn−1} q_{kn} � � ≪ q^{−1}_{kn} ·

Consider the four linearly independent linear forms with real algebraic coefficients:

L_1(X_1, X_2, X_3, X_4) = ξ^2X_1 − X_4, L_2(X_1, X_2, X_3, X_4) = ξX_1 − X_3, L_3(X_1, X_2, X_3, X_4) = ξX_2 − X_4, L_4(X_1, X_2, X_3, X_4) = X_2.

Evaluating them on the integer quadruple (q_{kn} , q_{kn−1}, p_{kn} , p_{kn−1}), our previous estimates implies that � 1≤j≤4

|L_j (q_{kn} , q_{kn−1}, p_{kn} , p_{kn−1})| ≪ 1 q_{kn} · The subspace theorem thus implies that all the integer points (q_{kn} , q_{kn−1}, p_{kn} , p_{kn−1}), n ≥ 1, belong to a finite number of proper subspaces of Q^4. Thus, there exists a nonzero integer quadruple (x, y, z, t) such that

q_{kn} x + q_{kn−1}y + p_{kn} z + p_{kn−1}t = 0,

8Indeed, the theory of continuants implies that the denominator of the rational number [0, B_{n−1}], say r_n, grows roughly √q_{kn} and thus r^{−2}_n essentially behaves like q^{−1}_{kn} . For more details about continuants, see, for instance, [10, Sec. 8.2], [8, Sec. 5], or [5, Sec. 3].

for all n in an infinite set of positive integers N . Dividing by q_{kn} and letting n tend to infinity along N , we obtain that

x + ξ(y + z) + ξ^2t = 0.

Since A_∞ is not ultimately periodic (see Section 6), it follows from Lagrange’s theorem that ξ is not quadratic and thus x = t = (y +z) = 0. This gives that q_{kn−1} = p_{kn} for every n ∈ N . But q_{kn−1}

q_{kn}

= [0, B_n, 2, 1, 1, 1, (B_n)^R] ≠ [0, B_n, 1, 1, 1, 2, (B_n)^R] = p_{kn} q_{kn} , a contradiction.

7.1 Beyond this proof

As already mentioned in Section 6, there is a long tradition in using an excess of periodicity to prove the transcendence of some continued fractions. The fact that occurrences of symmetric patterns can actually give rise to transcendence statements is more surprising. The connection between palindromes^9 in continued fractions and simultaneous approximation of a number and its square is reminiscent of works of Roy about extremal numbers [64, 65, 66] (see also [34]). Inspired by this original discovery of Roy, Adamczewski and Bugeaud [9] use the subspace theorem and the mirror formula (29) to establish several combinatorial transcendence criteria for continued fractions involving symmetric patterns (see also [27] for a recent improvement of one of these criteria). The same authors [12] also give some transcendence measures for such continued fractions. As a simple illustration, they prove in [9] that if the continued fraction of a real number begins with arbitrarily large palindromes, then this number is either quadratic or transcendental.

It is amusing to mention that in contrast there are only very partial results about the transcendence of numbers whose decimal expansion involves symmetric patterns (see [6]). In particular, it is not known whether a real number whose decimal expansion begins with arbitrarily large palindromes is either rational or transcendental.

Beyond the study of extremal numbers and transcendence results, Adamczewski and Bugeaud [5] use continued fractions with symmetric patterns to provide explicit examples for the famous Littlewood conjecture on simultaneous Diophantine approximation.

8 Acknowledgments

This work was supported by the project Hamot, ANR 2010 BLAN-0115-01. The idea to make this survey came up with a talk I gave for the conference Diophantine Analysis and Related Fields that was held in Tokyo in March 2009. I would like to take the opportunity to thank the organizers of this conference and especially Noriko Hirata-Kohno. I would also like to thank the anonymous referees for their useful comments. My interest for transcendence grew quickly after I followed some lectures by Jean-Paul Allouche when I was a Ph.D. student. I am deeply indebted to Jean-Paul for giving such stimulating lectures!

9Recall that a palindrome is a word W = a_1 · · · a_n that is equal to its reversal W^R = a_n · · · a_1. Thus a palindrome may be considered as a perfect symmetric pattern.

References

[1] B. Adamczewski, Transcendance “à la Liouville” de certains nombres réels, C. R. Acad.

Sci. Paris 338 (2004), 511–514.

[2] B. Adamczewski, On the expansion of some exponential periods in an integer base, Math. Ann. 346 (2010), 107–116.

[3] B. Adamczewski and J.-P. Allouche, Reversals and palindromes in continued fractions, Theoret. Comput. Sci. 320 (2007), 220–237.

[4] B. Adamczewski and Y. Bugeaud, On the complexity of algebraic numbers, II. continued fractions, Acta Math. 195 (2005), 1–20.

[5] B. Adamczewski and Y. Bugeaud, On the Littlewood conjecture in simultaneous Diophantine approximation, J. London Math. Soc. 73 (2006), 355–366.

[6] B. Adamczewski and Y. Bugeaud, Real and p-adic expansions involving symmetric patterns, Int. Math. Res. Notes, Volume 2006 (2006), Article ID 75968, 17 pages.

[7] B. Adamczewski and Y. Bugeaud, On the complexity of algebraic numbers I. Expansions in integer bases, Ann. of Math. (2) 165 (2007), 547–565.

[8] B. Adamczewski and Y. Bugeaud, On the Maillet-Baker continued fractions, J. Reine Angew. Math. 606 (2007), 105–121.

[9] B. Adamczewski and Y. Bugeaud, Palindromic continued fractions, Ann. Inst. Fourier 57 (2007), 1557–1574.

[10] B. Adamczewski and Y. Bugeaud, Diophantine approximation and transcendence, in Combinatorics, Automata and Number Theory, Encyclopedia Math. Appl., Vol. 135, Cambridge, 2010, pp. 424–465.

[11] B. Adamczewski et Y. Bugeaud, Mesures de transcendance et aspects quantitatifs de la méthode de Thue-Siegel-Roth-Schmidt, Proc. London Math. Soc. 101 (2010), 1–31.

[12] B. Adamczewski and Y. Bugeaud, Trancendence measure for continued fractions involving repetitive or symmetric patterns, J. Eur. Math. Soc. 12 (2010), 883–914.

[13] B. Adamczewski et Y. Bugeaud, Nombres réels de complexité sous-linéaire : mesures d’irrationalité et de transcendance, J. Reine Angew. Math. 658 (2011), 65–98.

[14] B. Adamczewski et C. Faverjon, Chiffres non nuls dans le développement en base entière des nombres algébriques irrationnels, C. R. Acad. Sci. Paris 350 (2012), 1–4.

[15] J.-P. Allouche, Sur la transcendance de la série formelle Π, J. Théor. Nombres Bordeaux 2 (1990), 103–117.

[16] J.-P. Allouche, Nouveaux résultats de transcendance de réels à développement non aléatoire, Gaz. Math. 84 (2000) 19–34.

[17] J.-P. Allouche, J. L. Davison, M. Queffélec, and L. Q. Zamboni, Transcendence of Sturmian or morphic continued fractions, J. Number Theory 91 (2001) 39–66.

[18] J.-P. Allouche and J. Shallit, Automatic Sequences: Theory, Applications, Generalizations, Cambridge, 2003.

[19] D. H. Bailey, J. M. Borwein, R. E. Crandall, and C. Pomerance, On the binary expansions of algebraic numbers, J. Théor. Nombres Bordeaux 16 (2004), 487–518.

[20] A. Baker, Continued fractions of transcendental numbers, Mathematika 9 (1962) 1–8.

[21] C. Baxa, Extremal values of continuants and transcendence of certain continued fractions, Adv. in Appl. Math. 32 (2004), 754–790.

[22] Yu. Bilu, The many faces of the Subspace Theorem [after Adamczewski, Bugeaud, Corvaja, Zannier. . .], Astérisque 317 (2008), 1–38. Séminaire Bourbaki. Vol. 2006/2007, Exp. No. 967.

[23] É. Borel, Les probabilités dénombrables et leurs applications arithmétiques, Rend. Circ.

Mat. Palermo 27 (1909), 247–271.

[24] É. Borel, Sur les chiffres décimaux de √ 2 et divers problèmes de probabilités en chaîne, C. R. Acad. Sci. Paris 230 (1950), 591–593.

[25] Y. Bugeaud, Diophantine approximation and Cantor sets, Math. Ann. 341 (2008), 677– 684.

[26] Y. Bugeaud, Continued fractions with low complexity: Transcendence measures and quadratic approximation, Compos. Math. 148 (2012), 718–750.

[27] Y. Bugeaud, Automatic continued fractions are transcendental or quadratic, Ann. Sci.

Éc. Norm. Supér., to appear.

[28] P. Corvaja and U. Zannier, Some new applications of the subspace theorem, Compos.

Math. 131 (2002), 319–340.

[29] J. L. Davison, A class of transcendental numbers with bounded partial quotients, in Number theory and applications (Banff, AB, 1988): NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., Vol. 265, Kluwer Acad. Publ., 1989, pp. 365–371.

[30] J. L. Davison, Continued fractions with bounded partial quotients, Proc. Edinburgh Math. Soc. 45 (2002), 653–671.

[31] J. L. Davison, Quasi-periodic continued fractions, J. Number Theory 127 (2007), 272– 282.

[32] L. Denis, Indépendance algébrique de différents π, C. R. Acad. Sci. Paris 327 (1998), 711–714.

[33] S. Ferenczi and Ch. Mauduit, Transcendence of numbers with a low complexity expansion, J. Number Theory 67 (1997), 146–161.

[34] S. Fischler, Palindromic prefixes and episturmian words, J. Combin. Theory Ser. A 113 (2006), 1281–1304.

[35] G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, Oxford, sixth edition, 2008, Revised by D. R. Heath-Brown and J. H. Silverman.

[36] A. J. Kempner, On Transcendental Numbers, Trans. Amer. Math. Soc. 17 (1916), 476– 482.

[37] A. Y. Khintchine, Continued fractions, 2nd edition, Moscow–Leningrad, 1949 (Russian);

English translation: Chicago, 1964.

[38] M. Kmošek, Rozwiniecie niektórych liczb niewymiernych na ułamki łańcuchowe, Master thesis, Warsaw, 1979.

[39] M. J. Knight, An “oceans of zeros” proof that a certain non-Liouville number is transcendental, Amer. Math. Monthly 98 (1991), 947–949.

[40] G. Köhler, Some more predictable continued fractions, Monatsh. Math. 89 (1980), 95– 100.

[41] S. Lang, Report on Diophantine approximations, Bull. Soc. Math. France 93 (1965), 177–192.

[42] S. Lang, Introduction to Diophantine Approximations, 2nd edition, Springer, 1995.

[43] A. Lasjaunias and B. de Mathan, Thue’s theorem in positive characteristic, J. Reine Angew. Math. 473 (1996), 195–206.

[44] J. Levesley, C. Salp, and S. Velani, On a problem of K. Mahler: Diophantine approximation and Cantor sets, Math. Ann. 338 (2007), 97–118.

[45] J. Liouville, Sur des classes très étendues de quantités dont la valeur n’est ni algébrique, ni même réductible à des irrationelles algébriques, C. R. Acad. Sci. Paris 18 (1844), 883–885; 910-911.

[46] K. Mahler, Arithmetische Eigenschaften der Lösungen einer Klasse von Funktionalgleichungen, Math. Ann. 101 (1929), 342–367.

[47] K. Mahler, Arithmetische Eigenschaften einer Klasse transzendental-transzendente Funktionen, Math. Z. 32 (1930), 545–585.

[48] K. Mahler, Über das Verschwinden von Potenzreihen mehrerer Veränderlichen in speziellen Punktfolgen, Math. Ann. 103 (1930), 573–587.

[49] K. Mahler, On a theorem of Liouville in fields of positive characteristic, Can. J. Math.

1 (1949), 397–400.

[50] K. Mahler, Some suggestions for further research, Bull. Austral. Math. Soc. 29 (1984), 101–108.

[51] E. Maillet, Introduction à la Théorie des Nombres Transcendants et des Propriétés Arithmétiques des Fonctions, Gauthier-Villars, 1906.

[52] B. de Mathan, Irrationality measures and transcendence in positive characteristic, J.

Number Theory 54 (1995), 93–112.

[53] M. Mendès France, Sur les fractions continues limitées, Acta Arith. 23 (1973), 207–215.

[54] M. Morse and G. A. Hedlund, Symbolic dynamics, Amer. J. Math. 60 (1938), 815–866.

[55] Ku. Nishioka, Mahler Functions and Transcendence, Lect. Notes in Mathematics, Vol.

1631, Springer, 1997.

[56] C. Osgood, Effective bounds on the “diophantine approximation” of algebraic functions over fields of arbitrary characteristic and applications to differential equations, Indag. Math. 37 (1975), 105–119.

[57] F. Pellarin, Aspects de l’indépendance algébrique en caractéristique non nulle, Astérisque 317 (2008) 205–242 (2008). Séminaire Bourbaki. Vol. 2006/2007, Exp. No. 973.

[58] F. Pellarin, An introduction to Mahler’s method for transcendence and algebraic independence, to appear in EMS proceedings of the conference ‘Hodge structures, transcendence and other motivic aspects”.

[59] O. Perron, Die Lehre von den Kettenbrüchen, Teubner, 1929.

[60] M. Queffélec, Transcendance des fractions continues de Thue–Morse, J. Number Theory 73 (1998), 201–211.

[61] M. Queffélec, Irrational number with automaton-generated continued fraction expansion, in J.-M. Gambaudo, P. Hubert, P. Tisseur, and S. Vaienti, eds., Dynamical Systems: From Crystal to Chaos, World Scientific, 2000, pp. 190–198.

[62] D. Ridout, Rational approximations to algebraic numbers, Mathematika 4 (1957), 125– 131.

[63] K. F. Roth, Rational approximations to algebraic numbers, Mathematika 2 (1955), 1–20;

corrigendum, 169.

[64] D. Roy, Approximation simultannée d’un nombre et de son carré, C. R. Acad. Sci. Paris 336 (2003), 1–6.

[65] D. Roy, Approximation to real numbers by cubic algebraic integers, II, Ann. of Math.

(2) 158 (2003), 1081–1087.

[66] D. Roy, Approximation to real numbers by cubic algebraic integers, I, Proc. London Math. Soc. 88 (2004), 42–62.

[67] H. P. Schlickewei, The p-adic Thue-Siegel-Roth-Schmidt theorem, Arch. Math. (Basel) 29 (1977), 267–270.

[68] W. M. Schmidt, Diophantine Approximation, Lect. Notes in Math., Vol. 785, Springer, 1980.

[69] W. M. Schmidt, On continued fractions and diophantine approximation in power series fields, Acta Arith. 95 (2000), 139–166.

[70] W. T. Scott and H. S. Wall, Continued fraction expansions for arbitrary power series Ann. of Math. (2) 41 (1940), 328–349.

[71] J. Shallit, Simple continued fractions for some irrational numbers, J. Number Theory 11 (1979) 209–217.

[72] J. Shallit, Simple continued fractions for some irrational numbers, II, J. Number Theory 14 (1982) 228–231.

[73] J. Shallit, Real numbers with bounded partial quotients: a survey, Enseign. Math. 38 (1992) 151–187.

[74] D. Thakur, Diophantine approximation exponents and continued fractions for algebraic power series, J. Number Theory 79 (1999), 284–291.

[75] D. Thakur, Approximation exponents in function fields, in W. Chen, T. Gowers, H.

Halberstam, W. Schmidt, and R. Vaughn, eds., Analytic Number Theory, Essays in Honor of Klaus Roth, Cambridge, 2009, pp. 421–435.

[76] L. I. Wade, Certain quantities transcendental over GF (p^n, x), Duke Math. J. 8 (1941), 701–720.

[77] M. Waldschmidt, Un demi-siècle de transcendance, in Development of Mathematics 1950–2000, Birkhäuser, 2000, pp. 1121–1186.

[78] M. Waldschmidt, Diophantine Approximation on Linear Algebraic Groups, Grundlehren der Mathematischen Wissenschaften, Vol. 326, Springer, 2000.

[79] M. Waldschmidt, Words and transcendence, in W. Chen, T. Gowers, H. Halberstam, W. Schmidt, and R. Vaughn, eds., Analytic Number Theory, Essays in Honor of Klaus Roth, Cambridge, 2009, pp. 449–470.

[80] J. Yu, Transcendence and special zeta values in characteristic p, Ann. of Math. (2) 134 (1991), 1–23.

2010 Mathematics Subject Classification: Primary 11J81; Secondary 11J87, 11J70. Keywords: transcendence, Diophantine approximation, radix expansion, continued fraction, Mahler’s method, subspace theorem.

(Concerned with sequences A000079, A007400, A007404, A076214, and A006466.)

Received September 30 2012; revised version received January 13 2013. Published in Journal of Integer Sequences, March 2 2013.

Return to Journal of Integer Sequences home page.