Generalized Stirling Numbers, Exponential Riordan Arrays, and Orthogonal Polynomials

Aoife Hennessy Department of Computing, Mathematics and Physics Waterford Institute of Technology Ireland

aoife.hennessy@gmail.com

Paul Barry School of Science Waterford Institute of Technology Ireland

pbarry@wit.ie

Abstract

We define a generalization of the Stirling numbers of the second kind, which depends on two parameters. The matrices of integers that result are exponential Riordan arrays. We explore links to orthogonal polynomials by studying the production matrices of these Riordan arrays. Generalized Bell numbers are also defined, again depending on two parameters, and we determine the Hankel transform of these numbers.

1 Introduction

The Stirling numbers of the second kind [13, 17] defined by { n k } = S(n, k) = 1 k! k∑ j=0 (−1)^j ( k j ) (k − j)^n,

are the elements of the exponential Riordan array (see below for more details)

S = [1, e^x − 1].

This matrix, A048993, begins

S =

1 0 0 0 0 0 . . . 0 1 0 0 0 0 . . . 0 1 1 0 0 0 . . . 0 1 3 1 0 0 . . . 0 1 7 6 1 0 . . . 0 1 15 25 10 1 . . . . . . . . . . . . . . . . ..

.

The row sums of this matrix are the well-known Bell numbers [13, 17]

Bell(n) = n∑ k=0 { n k } . By the theory of exponential Riordan arrays, this implies that

Bell(n) = n![x^n]e^{ex−1},

corresponding to the well-known fact that the Bell numbers have exponential generating function (e.g.f.) e^{ex−1}. The elements of the inverse of the matrix S define the (signed) Stirling numbers of the first kind,

[_n k ] [13]. These are thus the elements of the exponential Riordan array A048894 s = [1, ln(1 + x)].

In this note, we shall define a generalization of the matrix of Stirling numbers, and in so doing, we obtain a notion of generalized Bell numbers. The generalization depends on two parameters. We also exhibit these generalized Bell numbers as the moments of families of orthogonal polynomials (except in the case of the Bell numbers themselves). Links between orthogonal polynomials [6, 12, 27] and Riordan arrays [23, 26] have been studied in [3, 4].

For an integer sequence a_n, that is, an element of Z^N, the power series f(x) =

∑_∞ n=0 a_nx^n is called the ordinary generating function or g.f. of the sequence. The n-th term a_n is thus the coefficient of x^n in this series. As is customary, we can denote this by a_n = [x^n]f(x). For instance, F_n = [x^n]^x_{1−x−x2} is the n-th Fibonacci number A000045, while C_n = [x^n]^{1−√1−4x}_{2x} is the n-th Catalan number A000108. The power series g(x) =

∑_n k=0 a_n^{xn}_{n!} is called the exponential generating function or e.g.f. of the sequence a_n. In this case we have a_n = n![x^n]g(x). For instance, the e.g.f. of n! is^1_{1−x} . We use the notation 0^n = [x^n]1 for the sequence 1, 0, 0, 0, . . . , A000007. Thus 0^n = [n = 0] = δ_{n,0} =

(_0 n ) . Here, we have used the Iverson bracket notation [13], defined by [P] = 1 if the proposition P is true, and [P] = 0 if P is false.

For a power series f(x) =

∑_∞ n=0 a_nx^n with f(0) = 0 we define the reversion or compositional inverse of f to be the power series f^{<−1>}(x) = f̄(x) such that f(f̄(x)) = x.

Many interesting examples of sequences and Riordan arrays can be found in Neil Sloane’s On-Line Encyclopedia of Integer Sequences (OEIS), [24, 25]. Sequences are frequently referred to by their OEIS number. For instance, the binomial matrix B (“Pascal’s triangle”) is A007318.

2 Exponential Riordan arrays

The exponential Riordan group [2, 10, 11] is a set of infinite lower-triangular matrices, where each matrix is defined by a pair of generating functions g(x) = g_0 + g_1x + g_2x^2 + · · · and f(x) = f_1x + f_2x^2 + · · · where g_0 ≠ 0 and f_1 ≠ 0. In what follows, we shall assume that

g_0 = f_1 = 1.

The associated matrix is the matrix whose i-th column has exponential generating function g(x)f(x)^i/i! (the first column being indexed by 0). The matrix corresponding to the pair g, f is denoted by [g, f]. The group law is given by

[g, f] · [h, l] = [g(h ∘ f), l ∘ f].

The identity for this law is I = [1, x] and the inverse of [g, f] is [g, f]^{−1} = [1/(g ∘ f̄), f̄] where f̄ is the compositional inverse of f.

If M is the matrix [g, f], and u = (u_n)_{n≥0} is an integer sequence with exponential generating function U (x), then the sequence Mu has exponential generating function g(x)U(f(x)) [11]. Thus the row sums of the array [g, f] have exponential generating function given by g(x)e^{f(x)} since the sequence 1, 1, 1, . . . has exponential generating function e^x.

As an element of the group of exponential Riordan arrays, the binomial matrix B with (n, k)-th element

(_n k ) is given by B = [e^x, x]. By the above, the exponential generating function of its row sums is given by e^xe^x = e^{2x}, as expected (since e^{2x} is the e.g.f. of 2^n). Applying the matrix B to a sequence a_n yields the binomial transform of that sequence, with general term_n ∑ k=0 ( n k ) a_k

and e.g.f. e^xg(x) where g(x) is the e.g.f. of a_n.

Example 1. We consider the exponential Riordan array [^1_{1−x} , x], A094587. This array has elements 1 0 0 0 0 0 . . . 1 1 0 0 0 0 . . . 2 2 1 0 0 0 . . . 6 6 3 1 0 0 . . . 24 24 12 4 1 0 . . . 120 120 60 20 5 1 . . . . . . . . . . . . . . . ...

and general term [k ≤ n]^{n!}_{k!} , and inverse

1 0 0 0 0 0 . . . −1 1 0 0 0 0 . . . 0 −2 1 0 0 0 . . . 0 0 −3 1 0 0 . . . 0 0 0 −4 1 0 . . . 0 0 0 0 −5 1 . . . . . . . . . . . . . . . ...

, which is the array [1 − x, x]. In particular, we note that the row sums of the inverse, which begin 1, 0, −1, −2, −3, . . ., (that is, 1 − n), have e.g.f. (1 − x)e^x. This sequence is thus the binomial transform of the sequence with e.g.f. (1 − x) (which is the sequence starting 1, −1, 0, 0, 0, . . .).

Example 2. We consider the exponential Riordan array L = [1,^x_{1−x} ]. The general term of this matrix may be calculated as follows:

T_{n,k} = n! k! [x^n] x^k (1 − x)^k = n! k! [x^{n−k}](1 − x)^{−k} = n! k! [x^{n−k}] ∞∑ j=0 ( −k j ) (−1)^jx^j

= n! k! [x^{n−k}] ∞∑ j=0 ( k + j − 1 j ) x^j = n! k! ( k + n − k − 1 n − k )

= n! k! ( n − 1 n − k ) . Thus its row sums, which have e.g.f. exp

(_x 1−x ) , have general term

∑_n k=0 n! k! (_{n−1} n−k ) . This is A000262, the ‘number of “sets of lists”: the number of partitions of {1, .., n} into any number of lists, where a list means an ordered subset’.

We will use the following important result [9, 10, 11] concerning matrices that are production matrices for exponential Riordan arrays. We recall that if L is an invertible matrix, then its production matrix (sometimes called its Stieltjes matrix [19]) is the matrix

P_L = L^{−1}L̃,

where L̃ is the matrix L with its first row removed. For an exponential Riordan array L, it is easy to recapture a knowledge of L from P_L.

Proposition 3. [10, Proposition 4.1] [11] Let L = (l_{n,k})_{n,k≥0} = [g(x), f(x)] be an exponential Riordan array and let

c(y) = c_0 + c_1y + c_2y^2 + . . . , r(y) = r_0 + r_1y + r_2y^2 + . . . (1)

be two formal power series such that

r(f(x)) = f^′(x) (2)

c(f(x)) = g^′(x) g(x)

. (3)

Then (i) l_{n+1,0} = ∑ i i!c_il_{n,i} (4)

(ii) l_{n+1,k} = r_0l_{n,k−1} + 1 k! ∑ i≥k i!(c_{i−k} + kr_{i−k+1})l_{n,i} (5)

or, assuming c_k = 0 for k < 0 and r_k = 0 for k < 0,

l_{n+1,k} = 1 k! ∑ i≥k−1

i!(c_{i−k} + kr_{i−k+1})l_{n,i}. (6)

Conversely, starting from the sequences defined by (1), the infinite array (l_{n,k})_{n,k≥0} defined by (6) is an exponential Riordan array.

A consequence of this proposition is that the production matrix P = (p_{i,j} )_{i,j≥0} for an exponential Riordan array obtained as in the proposition satisfies [10, 11]

p_{i,j} = i! j! (c_{i−j} + jr_{i−j+1}) (c_{−1} = 0).

Furthermore, the bivariate generating function

ϕ_P (x, y) = ∑ n,k p_{n,k} x^n n! y^k

of the matrix P is given by ϕ_P (x, y) = e^{xy}(c(x) + yr(x)), where we have r(x) = f^′(f̄(x)), (7) and c(x) = g^′(f̄(x)) g(f̄(x))

. (8)

Example 4. The production matrix of L = [ 1,^x_{1+x} ] A111596 is given by

0 1 0 0 0 0 . . . 0 −2 1 0 0 0 . . . 0 2 −4 1 0 0 . . . 0 0 6 −6 1 0 . . . 0 0 0 12 −8 1 . . . 0 0 0 0 20 −10 . . . . . . . . . . . . . . . ...

.

The row sums of L have e.g.f. exp

(_x 1+x ) , and start 1, 1, −1, 1, 1, −19, 151, . . .. This is A111884. The form of the production matrix above follows since we have g(x) = 1 and so g^′(x) = 0, implying that c(x) = 0, and f(x) =^x_{1+x} which gives us f̄(x) =^x_{1−x} and f^′(x) =^1_{(1+x)2} . Thus f^′(f̄(x)) = r(x) = (1 − x)^2. Hence the bivariate generating function of P is e^{xy}(1 − x)^2y, as required.

Example 5. In this example, we calculate the production matrix of the Stirling matrix of the second kind, S = [1, e^x −1]. We have f(x) = e^x −1 and hence f^′(x) = e^x and f̄(x) = ln(1+x). In addition, g(x) = 1 implies that g^′(x) = 0. Thus r(x) = f^′(f̄(x)) = exp(ln(1 + x)) = 1 + x while c(x) = 0. It follows that the generating function of the production matrix of S is simply e^{xy}(1 + x)y. Thus we get the matrix

P_S =

0 1 0 0 0 0 . . . 0 1 1 0 0 0 . . . 0 0 2 1 0 0 . . . 0 0 0 3 1 0 . . . 0 0 0 0 4 1 . . . 0 0 0 0 0 5 . . . . . . . . . . . . . . . .. .

.

We have the following important link between exponential Riordan arrays and orthogonal polynomials.

Theorem 6. [3, Theorem 25] An exponential Riordan array L = [g(x), f(x)] is the inverse of the coefficient array of a family of orthogonal polynomials if and only if its production matrix P = S_L is tri-diagonal.

This theorem has the following corollary.

Corollary 7. [3, Corollary 27] Let L = [g(x), f(x)] be an exponential Riordan array with tridiagonal production matrix S_L. Then the moments μ_n of the associated family of orthogonal polynomials are given by the terms of the first column of L.

This implies [14] that g(x) has the continued fraction [28] expansion of the form

g(x) = 1 1 − α_0x − β_1x^2

1 − α_1x − β_2x^2

1 − α_2x − β_3x^2 1 − α_3x − · · ·

,

where the associated family of orthogonal polynomials P_n(x) obeys the three-term recurrence

P_{n+1}(x) = (x − α_n)P_n(x) − β_nP_{n−1}(x).

The Hankel transform [16] of a sequence a_n is the sequence of determinants h_n = |a_{i+j}|_{0≤i,j≤n−1}. If a_n has a generating function with a continued fraction expansion as above (with a_0 = 1), then [14, 15] its Hankel transform is given by

h_n = β^{n−1}_1 β^{n−2}_2 · · · β_{n−1} = n∏ k=1 β^{n−k}_k . (9)

Examples of the calculation of Hankel transforms can be found in [8, 22].

3 Generalized Stirling and Bell numbers

In this section, we shall be interested in the power series

g(x; α, β) = e^{α(ex−1)−(α−β)x}.

We will associate two exponential Riordan arrays with g(x; α, β) in a natural way, and calculate their production matrices, thus throwing light on their structure. In each case, g(x; α, β) will be the first element in the pair defining the Riordan arrays, and thus the sequence with n-th term

n![x^n]g(x; α, β) = n![x^n]e^{α(ex−1)−(α−β)x}

will be the first column in both cases. We can describe this sequence in terms of the Stirling numbers of the second kind as follows:

Proposition 8.

n![x^n]e^{α(ex−1)−(α−β)x} = n∑ k=0 ( n k )_k∑ i=0 { k i } α^i(β − α)^{n−k}. (10)

Proof. We have

n![x^n]e^{α(ex−1)−(α−β)x} = n! n∑ k=0 [x^k]e^{α(ex−1)}[x^{n−k}]e^{(β−α)x}

= n! n∑ k=0 1 k! k∑ i=0 { k i } α^i

(β − α)^{n−k} (n − k)! = n∑ k=0 ( n k )_k∑ i=0 { k i } α^i(β − α)^{n−k}.

Note that we have used the identity

[x^n]u(x)v(x) = n∑ k=0 [x^k]u(x)[x^{n−k}]v(x)

in the above calculation. We now define

Bell(n; α, β) = n∑ k=0 ( n k )_k∑ i=0 { k i } α^i(β − α)^{n−k}

to be the generalized (α, β)-Bell numbers. We have

Bell(n; 1, 1) = Bell(n).

Re-interpreting equation (10) in terms of the binomial transform, we see that Bell(n; α, β) represents the (β − α)-th binomial transform of the Bell polynomial

∑_n k=0 {_n k } α^k.

In a similar fashion we define the (α, β)-Stirling numbers of the second kind to be the elements of the lower-triangular invertible matrix given by the exponential Riordan array

S(α, β) = [g(x; α, β), e^x − 1] = [e^{α(ex−1)−(α−β)x}, e^x − 1].

We have S = S(0, 0).

Proposition 9. The general term of the (α, β)-Stirling matrix S(α, β) is given by { n k } (α,β) = n∑ i=0 ( n i ){ n − i k }_i∑ l=0 ( i l )_l∑ j=0 { l j } α^j(β − α)^{i−l}.

Proof. The general (n, k)-th term of the exponential Riordan array S(α, β) is given by n! k! [x^n]g(x; α, β)(e^x − 1)^k = n! k! n∑ i=0 [x^i]g(x; α, β)[x^{n−i}](e^x − 1)^k

= n! k! n∑ i=0 1 i! i∑ l=0 ( i l )_l∑ j=0 { l j } α^j(β − α)^{i−l} k! (n − i)! { n − i k }

= n∑ i=0 ( n i ){ n − i k }_i∑ l=0 ( i l )_l∑ j=0 { l j } α^j(β − α)^{i−l}.

Proposition 10. The production matrix of S(α, β) is tri-diagonal, given by

A_{S(α,β)} = β 1 0 0 0 0 . . . α β + 1 1 0 0 0 . . . 0 2α β + 2 1 0 0 . . . 0 0 3α β + 3 1 0 . . . 0 0 0 4α β + 4 1 . . . 0 0 0 0 5α β + 5 . . . . . . . . . . . . . . . ...

.

Proof. We calculate the bivariate generating function of the production matrix. We have f(x) = e^x − 1 and thus f̄(x) = ln(1 + x) and f^′(x) = e^x. Thus

r(x) = f^′(f̄(x)) = e^{ln(1+x)} = 1 + x. Now g^′(x) = (αe^x − (α − β))g(x) and hence c(x) = g^′(f̄(x)) g(f̄(x)) = g^′(ln(1 + x)) g(ln(1 + x))

= (αe^{ln(1+x)} − (α − β)) = αx + β.

Thus the g.f. of the production matrix is given by e^{xy}(αx + β + (1 + x)y) as required.

We define the (α, β)-Stirling numbers of the first kind to be the elements of the matrix s(α, β) = S(α, β)^{−1}. We have s(α, β) = [e^{α(ex−1)−(α−β)x}, e^x − 1]^{−1} = [e^{−αx+(α−β) ln(1+x)}, ln(1 + x)].

Using for instance the results of [3], we then obtain the following results. Corollary 11. For α ≠ 0, β ≠ 0, the matrix s(α, β) of the (α, β)-Stirling numbers of the first kind is the coefficient array of the family of orthogonal polynomials P^{α,β}_n (x) defined by the three-term recurrence P^{α,β}_{n+1}(x) = (x − (n + β))P^{α,β}_n (x) − αnP^{α,β}_{n−1}(x).

For α ≠ 0, β ≠ 0, the (α, β)-Bell numbers Bell(n; α, β) are the moments of the orthogonal polynomials P^{α,β}_n (x) defined above.

We note that in the case α = 0, β = 0, these polynomials become the polynomials P_n(x) = (x)_n (which are not orthogonal).

Corollary 12. The (α, β)-Bell numbers have ordinary generating function given by the continued fraction g_o(x; α, β) = 1 1 − βx − αx^2 1 − (1 + β)x −

2αx^2 1 − (2 + β)x −

3αx^2 1 − · · ·

.

Corollary 13. The Hankel transform of the (α, β)-Bell numbers Bell(n; α, β) is given by

h_n = α(^{n+12} ) n∏ k=1 k! Proof. This follows since h_n = n∏ k=1 (αk)^{n−k+1}.

We note that this result is also a direct consequence of the known fact that the Hankel transform of the Bell polynomials

∑_n k=0 {_n k } α^k is given by α(^{n+12} )

∏_n k=1 k! [21], and the invariance of the Hankel transform under the binomial transform.

We now define our second exponential Riordan array associated to the (α, β)-Bell numbers. This is the exponential Riordan array

[g(x; α, β), x] = [e^{α(ex−1)−(α−β)x}, x].

Proposition 14.

[g(x; α, β), x] = S(α, β) · S^{−1}.

Proof. We have

[g(x; α, β), x]^{−1} · [g(x; α, β), e^x − 1] = [ 1 g(x; α, β) , x ] · [g(x; α, β), e^x − 1] = [1, e^x − 1].

We now calculate the production matrix of [g(x; α, β), x].

Proposition 15. The production matrix of [g(x; α, β), x] is given by

β 1 0 0 0 0 . . . α β 1 0 0 0 . . . α 2α β 1 0 0 . . . α 3α 3α β 1 0 . . . α 4α 6α 4α β 1 . . . α 5α 10α 10α 5α β . . . . . . . . . . . . . . . ...

.

Proof. We calculate the bivariate g.f. of the production matrix. We have f(x) = x and so f̄(x) = x and f ′(x) = 1. Hence r(x) = f ′(f̄(x)) = 1. g(x) = g(x; α, β) = eα(e^x−1)−(α−β)x and so g^′(x) = (αe^x − (α − β))g(x). Thus

c(x) = g^′(f̄(x)) g(f̄(x)) = g^′(x) g(x)

= αe^x − (α − β).

Thus the bivariate g.f. of the production matrix is given by

e^{xy}(αe^x + (β − α) + y),

as required.

Corollary 16. If β = α the production matrix of [g(x; α, β), x] is given by

αB +

0 1 0 0 0 0 . . . 0 0 1 0 0 0 . . . 0 0 0 1 0 0 . . . 0 0 0 0 1 0 . . . 0 0 0 0 0 1 . . . 0 0 0 0 0 0 . . . . . . . . . . . . . . . ...

.

Corollary 17. If α = β = 1 then the production matrix of [g(x; 1, 1), x] is given by

1 1 0 0 0 0 . . . 1 1 1 0 0 0 . . . 1 2 1 1 0 0 . . . 1 3 3 1 1 0 . . . 1 4 6 4 1 1 . . . 1 5 10 10 5 1 . . . . . . . . . . . . . . . ...

.

In this case, the matrix [g(x; 1, 1), x] is A056857, which begins

1 0 0 0 0 0 . . . 1 1 0 0 0 0 . . . 2 2 1 0 0 0 . . . 5 6 3 1 0 0 . . . 15 20 12 4 1 0 . . . 52 75 50 20 5 1 . . . . . . . . . . . . . . . . ..

,

with first column equal to the Bell numbers. The Riordan array [g(x; 1, 1), e^x − 1] is the array [e^{ex−1}, e^x − 1], A049020, [1]. This matrix begins

1 0 0 0 0 0 . . . 1 1 0 0 0 0 . . . 2 3 1 0 0 0 . . . 5 10 6 1 0 0 . . . 15 37 31 10 1 0 . . . 52 151 160 75 15 1 . . . . . . . . . . . . . . . ...

.

Again, we see that the first column gives the Bell numbers. The production matrix of this exponential Riordan array is particularly simple:

1 1 0 0 0 0 . . . 1 2 1 0 0 0 . . . 0 2 3 1 0 0 . . . 0 0 3 4 1 0 . . . 0 0 0 4 5 1 . . . 0 0 0 0 5 6 . . . . . . . . . . . . . . . ...

.

The corresponding orthogonal polynomials then have coefficient array given by

[e^{ex−1}, e^x − 1]^{−1} = [ 1 1 + x

, ln(1 + x) ] , which begins 1 0 0 0 0 0 . . . −1 1 0 0 0 0 . . . 1 −3 1 0 0 0 . . . −1 8 −6 1 0 0 . . . 1 −24 29 −10 1 0 . . . −1 89 −145 75 −15 1 . . . . . . . . . . . . . . . . ..

.

These are a version of the Charlier polynomials (see A094816 for an unsigned version of this array). The production matrix of this orthogonal polynomial coefficient array is of interest in itself, as it is given by

−1 1 0 0 0 0 . . . 0 −2 1 0 0 0 . . . 0 1 −3 1 0 0 . . . 0 −1 3 −4 1 0 . . . 0 1 −4 6 −5 1 . . . 0 −1 5 −10 10 −6 . . . . . . . . . . . . . . . ...

.

4 Final comments

As pointed out by a reviewer, the Bell numbers are often presented as the row sums of the matrix of the Stirling numbers of the second kind. With this in mind, we define

B(n; α, γ) = n∑ k=0 ( n k )_k∑ i=0 { k i } α^iγ^{n−k}.

Then we have Bell(n; α, β) = B(n; α, β − α).

It is easy to see that B(n; α+1, β −α) is given by the row sums of S(α, β), and thus provides another related generalization of the Bell numbers.

We finish this note by directing the reader to [5, 7, 18, 20] for some alternative generalizations of the Stirling and Bell numbers.

5 Acknowledgements

The authors are happy to acknowledge the clear and insightful comments of a reviewer, which we hope have contributed to making this paper more readable.

References

[1] M. Aigner, A characterization of the Bell numbers, Discrete Math., 205 (1999), 207–210.

[2] P. Barry, On a family of generalized Pascal triangles defined by exponential Riordan array, J. Integer Seq., 10 (2007), Article 07.3.5

[3] P. Barry, Riordan arrays, orthogonal polynomials as moments, and Hankel transforms, J. Integer Seq., 14 (2011), Article 11.2.2

[4] P. Barry and A. Hennessy, Meixner-type results for Riordan arrays and associated integer sequences, J. Integer Seq., 13 (2010), Article 10.9.4

[5] P. Blasiak, K. A. Penson, and A.I. Solomon, The boson normal ordering problem and generalized Bell numbers, Ann. Comb., 7 (2003), 127–139.

[6] T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York.

[7] R. B. Corcino and C. B. Corcino, On generalized Bell polynomials, Discrete Dyn. Nat.

Soc., 2011, to appear.

[8] A. Cvetković, P. Rajković, and M. Ivković, Catalan numbers, the Hankel transform and Fibonacci numbers, J. Integer Seq., 5 (2002), Article 02.1.3.

[9] E. Deutsch, L. Ferrari, and S. Rinaldi, Production matrices, Adv. in Appl. Math., 34 (2005), 101–122.

[10] E. Deutsch, L. Ferrari, and S. Rinaldi, Production matrices and Riordan arrays, Ann.

Comb., 13 (2009), 65–85.

[11] E. Deutsch and L. Shapiro, Exponential Riordan arrays, Lecture Notes, Nankai University, 2004, available electronically at

http://www.combinatorics.net/ppt2004/Louis%20W.%20Shapiro/shapiro.htm.

[12] W. Gautschi, Orthogonal Polynomials: Computation and Approximation, Clarendon Press, Oxford, 2004.

[13] R. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison-Wesley, 1994.

[14] C. Krattenthaler, Advanced determinant calculus, Séminaire Lotharingien Combin. 42 (1999), Article B42q., available electronically at

http://arxiv.org/PS cache/math/pdf/9902/9902004.pdf, 2010.

[15] C. Krattenthaler, Advanced determinant calculus: A complement, Linear Algebra Appl., 411 (2005), 68–166.

[16] J. W. Layman, The Hankel transform and some of its properties, J. Integer Seq., 4 (2001), Article 01.1.5.

[17] N. A. Loehr, Bijective Combinatorics, CRC Press, Boca Raton, 2011.

[18] T. Mansour, M. Schork, and M. Shattuck, On a new family of generalized Stirling and Bell numbers, Electron. J. Combin., 18 (2011), #P77.

[19] P. Peart and W.-J. Woan, Generating functions via Hankel and Stieltjes matrices, J.

Integer Seq., 3 (2000), Article 00.2.1.

[20] N. Privault, Generalized Bell polynomials and the combinatorics of Poisson central moments, Electron. J. Combin., 18 (2011), #P54.

[21] C. Radoux, Déterminants de Hankel et théorème de Sylvester, available electronically at http://www.mat.univie.ac.at/ slc/opapers/s28radoux.pdf.

[22] P. M. Rajković, M. D. Petković, and P. Barry, The Hankel transform of the sum of consecutive generalized Catalan numbers, Integral Transforms Spec. Funct., 18 (2007), 285–296.

[23] L. W. Shapiro, S. Getu, W.-J. Woan, and L. C. Woodson, The Riordan group, Discr.

Appl. Math., 34 (1991), 229–239.

[24] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences. Published electronically at http://oeis.org, 2011.

[25] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences, Notices Amer. Math.

Soc., 50 (2003), 912–915.

[26] R. Sprugnoli, Riordan arrays and combinatorial sums, Discrete Math., 132 (1994), 267– 290.

[27] G. Szegö, Orthogonal Polynomials, 4th ed., Amer. Math. Soc., 1975.

[28] H. S. Wall, Analytic Theory of Continued Fractions, AMS Chelsea Publishing, 1973.

2000 Mathematics Subject Classification: Primary 11B73; Secondary 33C45, 42C05, 15B36, 15B05, 11C20, 11B83.

Keywords: Integer sequence, Stirling number, Bell number, Riordan array, Hankel transform, orthogonal polynomial.

(Concerned with sequences A000007, A000045, A000108, A000262, A048993, A048994, A049020, A056857, A094587, A094816, A111596, A111884.)

Received April 15 2011; revised version received August 10 2011. Published in Journal of Integer Sequences, September 25 2011.

Return to Journal of Integer Sequences home page.