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Some remarks on the application of the Hori method in the theory of nonlinear oscillations are
presented. Two simplified algorithms for determining the generating function and the new system
of differential equations are derived from a general algorithm proposed by Sessin. The vector
functions which define the generating function and the new system of differential equations
are not uniquely determined, since the algorithms involve arbitrary functions of the constants
of integration of the general solution of the new undisturbed system. Different choices of these
arbitrary functions can be made in order to simplify the new system of differential equations
and define appropriate near-identity transformations. These simplified algorithms are applied
in determining second-order asymptotic solutions of two well-known equations in the theory of
nonlinear oscillations: van der Pol equation and Duffing equation.

1. Introduction

In da Silva Fernandes [1], the general algorithm proposed by Sessin [2] for determining the
generating function and the new system of differential equations of the Hori method for
noncanonical systems has been revised considering a new approach for the integration theory
which does not depend on the auxiliary parameter t* introduced by Hori [3, 4].

In this paper, this new approach is applied to the theory of nonlinear oscillations for
a second-order differential equation and two simplified versions of the general algorithm are
derived. The first algorithm is applied to systems of two first-order differential equations
corresponding to the second-order differential equation, and the second algorithm is applied
to the equations of variation of parameters associated with the original equation. According
to these simplified algorithms, the determination of the unknown functions T].(m) and

Z*(m)

j '+ defined in the mth-order equation of the algorithm of the Hori method, is not
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unique, since these algorithms involve at each order arbitrary functions of the constants
of integration of the general solution of the new undisturbed system. Different choices of
the arbitrary functions can be made in order to simplify the new system of differential
equations and define appropriate near-identity transformations. The problem of determining
second-order asymptotic solutions of two well-known equations in the theory of nonlinear
oscillations—van der Pol and Duffing equations—is taken as example of application of the
simplified algorithms. For van der Pol equation, two generating functions are determined:
one of these generating functions is the same function obtained by Hori [4], and, the
other function provides the well-known averaged equations of variation of parameters in
the theory of nonlinear oscillations. For Duffing equation, only one generating function
is determined, and the second-order asymptotic solution is the same solution obtained
through Krylov-Bogoliubov method [5], through the canonical version of Hori method [6]
or through a different integration theory for the noncanonical version of Hori method [7].
For completeness, brief descriptions of the noncanonical version of the Hori method [4] and
the general algorithm proposed by Sessin [2] are presented in the next two sections.

2. Hori Method for Noncanonical Systems

The noncanonical version of the Hori method [4] can be briefly described as follows.
Consider the differential equations:

—L-Zi(ze), j=1,...n 2.1)

where Z;(z,¢), j = 1,...,n, are the elements of the vector function Z(z, ¢). It is assumed that
Z(z,¢€) is expressed in power series of a small parameter e:

Z(z,e) = ZO(2) + > e"Z"(2). (2.2)
m=1

The system of differential equations described by Z(®(z) is supposed to be solvable.
Let the transformation of variables (z1,...,2z,) — ({1,...,¢x) be generated by the
vector function T(¢, €). This transformation of variables is such that the new system:

dg;

E:Zj(g,s), i=1,...,n, (2.3)

is easier to solve or captures essential features of the system. Z;.‘(g,g), j =1,...,n, are the
elements of the vector function Z*(¢, ), also expressed in power series of ¢:

Z' (G e) = 270 (Q) + YL emZ (). (2.4)
m=1
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It is assumed that the vector function T (¢, €), that defines a near-identity transformation, is

also expressed in powers series of ¢:

T(g €)= >, "T™(Q).
m=1

(2.5)

Following Hori [4], the transformation of variables (z1,...,z,) — ({1,...,Gn) gener-

ated by T'($, €) is given by
1 k Dr .
zj = §f+ZFDT€f =e "¢, j=1,...,n
k=1 "
For an arbitrary function f(z), the expansion formula is given by

F2) = FO) + 3, DEF@) = P O
k=1 """

The operator Dr is defined by

v 1.
DTf(g) _]-;T]aéj’

1 0
Dif(g) = Dyt <Z T]-a—gf,)
j=1 ]

(2.6)

(2.7)

(2.8)

According to the algorithm of the perturbation method proposed by Hori [4], the
vector functions Z and T are obtained, at each order in the small parameter ¢, from the

following equations:
order 0: Z](.O) =70

]

order 1: [Z(O),T(l)] o+ Z](.l) _ Z]f(l),
j

1 *
order 2: [z<0>,T<2>] s [Zu) + Z*<1>,T<1>] +Z0 -z,
/ j

j=1,...,n, where [] j stands for the generalized Poisson brackets

n[ 97, _ OT;
[2,T]; = Z[Tk@: - Zka_g,i]'

z*0), zm)  7xm) and T are written in terms of the new variables ¢, ..., .

(2.9)

(2.10)

(2.11)

(2.12)
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The mth-order equation of the algorithm can be put in the general form:

[Z*(O),T(”‘)] + qr](m) - z;f““), j=1,...,n, (2.13)
]

where the functions ‘P;m) are obtained from the preceding orders.

3. The General Algorithm

The determination of the functions Z;(m) and T].(m) from (2.13) is based on the following
proposition presented in da Silva Fernandes [1].

Proposition 3.1. Let F bean x 1 vector function of the variables {1, . . ., ,, which satisfy the system
of differential equations:

dg * * .
— = ZOQ+RGe), j=1,...n (3.1)

where Z*©) describes an integrable system of differential equations:

dé] *(0) .
E - Z] (é)/ ] - 1/ By (7 (32)
a general solution of which is given by
éjzéj(cll"'lcnlt)l j:]‘l"'lnl (3-3)

being c1, ..., c, arbitrary constants of integration; then

aF n
[F'Z*(O)]j:a_t]_z s o J=lm. (3.4)

A corollary of this proposition can be stated.

Corollary 3.2. Consider the same conditions of Proposition 3.1 with the general solution of (3.2)
given by

C] = Cj(cll"'lcn—llM)l ] = 1,...,71, (35)

being cy, ..., cn-1 arbitrary constants of integration and M = t + T, where T is an additive constant;
then

OF; = 0z:®
F 7O = L _ L F, i=1,...,n 3.6
[ ]j o) é agk k 4 ( )
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Now, consider (2.13). According to Proposition 3.1, this equation can be put in the
form:

n 97"
" = qf“”’ Zm =1, ., (3.7)
; Ok %

aT<”’>

with ‘P;m) written in terms of the general solution (3.3) of the undisturbed system (3.2),

involving n arbitrary constants of integration—cj, ..., cy. Z;.‘(m) and T].(m) are unknown
functions.

Equation (3.7) is very similar to the one presented by Hori [4], which is written in
terms of an auxiliary parameter t* through an ordinary differential equation, that is,

ar™ az*(‘”
(m) _ pem)
dt* _Z agk =¥ -z, j=1...n (3.8)

: *(m) (m) . _ . . ..
To determine Z i and T]. ,j =1,...,n Hori [4] extends the averaging principle

applied in the canonical version: Z;(m) are determined so that the T].(m) are free from secular
or mixed secular terms. However, this procedure is not sufficient to determine Z* such that
the new system of differential equations (2.3) becomes more tractable, and, a tractability
condition is imposed

[z<°>,z*]]_ =0, j=1,...,n (3.9)

This condition is analogous to the condition {F,F*} = 0 in the canonical case, which
provides the first integral Fy(¢,77) = const, where ¢,7 denotes the new set of canonical
variables, and, F©© and F* are the undisturbed Hamiltonian and the new Hamiltonian,
respectively, and {} stands for Poisson brackets [3, 4].
In the next paragraphs, the general algorithm for determining Z;(m) and T].(m), j =
1,...,n, proposed by Sessin [2] and revised in da Silva Fernandes [1] is briefly presented.
Introducing the n x 1 matrices:

T(m) = <TJ.("’)>, ylm) _ (‘PE"”), Z+m) — (z}‘“")), i=1,...,n, (3.10)

and the n x n Jacobian matrix

*(0)
J(t) = (aZ"O> i k=1,...,n (3.11)
= o0 , Lk=1,...,n, .

the system of partial differential equations (3.7) can be put in the following matrix form:

oTm

—r —J(OT = gim _ zx0m) (3.12)
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The vector functions Z*™ and T™ are determined from the following equations:

z*m = Agg{Agl [A(;D(m) + A f Aglqﬂm)dt] } (3.13)

T = [AgD("’) + AngE“P"")dt] , (3.14)
P

where A; = [0g;(c1,...,Cn,t)/0ck] is the Jacobian matrix associated to the general solution
(3.3) of the undisturbed system (3.2), s denotes the secular or mixed secular terms, and p

denotes the remaining part. D™ is the n x 1 vector, D™ = (D](.m)), which depends only on

the arbitrary constants of integration cy, .. ., ¢, of the general solution (3.3). The choice of D(m)
is arbitrary. Recall that in the integration process, the arbitrary constants of integration of the
general solution (3.3) are taken as parameters.

Equations (3.13) and (3.14) assure that T is free from secular or mixed secular terms.
Moreover, these equations provide the tractability condition (3.9) as it will be shown in the
case of nonlinear oscillation problems presented in the next section.

Finally, it should be noted that D™ can be chosen at each order to simplify the
generating function T and the new system of differential equations (2.3). This aspect is
discussed thoroughly in the examples of Section 5.

4. Simplified Algorithms in the Theory of Nonlinear Oscillations

In this section two simplified algorithms will be derived from the general algorithm in the
case of nonlinear oscillations described by a second-order differential equation of the general
form:

X+x=cef(x,x). (4.1)

The first algorithm is applied to the system of first-order differential equations with
x and x as elements of the vector z, and, the second algorithm is applied to the system of
equations of variation of parameters associated to the differential equation with ¢’ and 0’ as
elements of the vector z; ¢’ and 0'are defined in (4.26).

4.1. Simplified Algorithm 1

For completeness, we present now the first simplified algorithm [1]. Additional remarks are
included at the end of section.
Introducing the variables z; = x and z; = %, (4.1) can be put in the form:

Z1 = Zo, Zp =—2z1+ Ef(Zl,Zz). (42)
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According to the notation introduced in (2.1) and (2.2):

70 = [ZZ ] z0 = [ (4.3)

_Zl

f(zlo, Zz)]'

Following the algorithm of the Hori method for noncanonical systems, one finds from
zero-th-order equation, (2.9), that

z*O0 = [ —ngl] . (4.4)

Applying Proposition 3.1, it follows that the undisturbed system (3.2) is given by

G =10, G =-01, (4.5)

general solution of which can be written in terms of the exponential matrix as [2]:

Gl _ ela
[éz =e ol (4.6)
where
| cost sint
€= [— sint cost|’ 47
and E is the symplectic matrix:
01
E= [_1 0], (4.8)

and ¢;, i = 1,2, are constants of integration. The Jacobian matrix A; associated with the
solution (4.6) is then given by

Ay =€, (4.9)

with inverse A;' = e™* = A], since A, is an orthogonal matrix.

In view of (4.6), the functions 11’](.’") defined at each order of the algorithm (see (2.13)
or (3.7)) are expressed by Fourier series with multiples of t as arguments such that the vector
function ‘Pﬁm) can be written as

o [ coskt +b{™ sin kt

(m)
() , (4.10)
! k=0 c](("Il) cos kt + d;{"ll) sin kt
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where the coefficients al(:;), b,(:}), c,(:}),

Fourier series can also be put in matrix form:

[ee]
(m) _ Ekt 4 (m) —Ekt p(m)
v = Z(e AT +e B )

k=0
with
(m) (m) (m) (m)
1| %1 —dy; app +dy;
A("”) i B(m) —
kI = o m) . (m) |’ kI 7o | (m) _ 4 (m)
by +cy cf —by;

The subscript I is introduced to denote the first simplified algorithm.
Substituting (4.9) and (4.11) into (3.13), one finds

" 0 ..
ZHm _ eEta{e*Et [teEtAgf'Il) + periodic terms]

_ _Et o(m)
I }—e ALI.

s
On the other hand,

—Etqqs(m) \ _ 5 (m)
<e vy >—A1,1'

where () stands for the mean value of the function.
Therefore, from (4.9), (4.13), and (4.14), it follows that

Z;(m) _ eEt<efEt1P§m)> _ A§<Ag1‘P§m)>.

and dl(c"}) are functions of the constants ¢;, i = 1,2. The

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

The second equation of the general algorithm, (3.14) can be simplified as described

bellow.
From (3.14), (4.14), and (4.15), one finds

te A" = A§I<A;1W§m)>dt - [Ang’") + A, f Agqu§m>dtJ :
S

On the other hand,

ADI™ + A, I A dt = [AgDY’” + A J AE“PY’”dtJ +teP AT
P

Thus, introducing (4.16) and (4.17) into (3.14), one finds

(m) (m) (™) Y S - (A
TIm _ [Angm N AnggllpIm dtJ _ AQDIm n AgIlAgllpIm _ <A€11P'Im >J dt.
P

(4.16)

(4.17)

(4.18)
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Equations (4.15) and (4.18) define the first simplified form of the general algorithm
applicable to the nonlinear oscillations problems described by (4.1) with x and x as elements
of vector z.

Finally, we note that (4.15) satisfies the tractability condition (3.9) up to order m. In
order to show this equivalence, one proceeds as follows. Since, from (4.14), (Agl‘PYn)) does
not depend explicitly on the time ¢, it follows that

ALY
o ot

<Agqu§m>> = ]A§<AE“P§’")> = Jz*m (4.19)

Using Proposition 3.1 and taking into account that | = 8Z;(O> / O¢k, this equation can be put in
the following form:

oz;™  u 0z;¥

o] A £ e n

which is the tractability condition (3.9) up to order m.

Remark 4.1. It should be noted that (4.15) and (4.18) for determining the vector functions
Z;(m) and TI(m), respectively, are invariant with respect to the form of the general solution
of the undisturbed system described by Z*©. This means that if the general solution of the
undisturbed system is written in terms of a second set of constants of integration, for instance,
if this solution is given by

¢1=ccos(t+0),

. (4.21)
{p = —csin(t +0),

where ¢ and 6 denote new constants of integration, then Z;(m) and Tl(m) are determined
through (4.15) and (4.18), with the Jacobian matrix A; given by

cos(t+0) —csin(t+0)

¢7 |-sin(t+0) —ccos(t+0)] (4.22)

This result can be proved as follows. The two sets of constants of integration (c1, ¢;) and (c, 0)
are related through the following transformation:

2= cf + c%,
4.23
tan @ = —2. ( )
1

In view of this transformation, the Jacobian matrix Aé can be written in terms of the Jacobian
matrix Aé as

A} = A%Ac, (4.24)
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where the superscripts 1 and 2 are introduced to denote the form of the general solution of
the undisturbed system described by Z*© with respect to the set of constants of integration
(c1,¢2) and (c, 0), respectively. Ac is the Jacobian matrix of the transformation. Since Ac does
not depend on the time ¢, it follows from (4.15) and (4.18) that

zm - Aé<(A§)_lw}(’")> = AEAC<A51(A§>_11P§"")>
- azaca{(a3) ™) = a3((82) "),
"™ = ALD}™ + Al f [<Aé>_qu}(m) - <(Ag>_1qf}(’"’>] dt
)_111%(”” - <A51(A§)'11P§"“)>] dt
= A2AcD}™ + AgAcAg”@g)*lw(m - <<A§>71‘P§(m)>]dt

= A2D2™ 4 A2 f [<A§>_1W§(m) - <(A§>_qu§<’”)>] dt.

Finally, we note that the general solution given by (4.21) is more suitable in practical
applications than the general solution given by (4.6), that, in turn, is more suitable for
theoretical purposes.

(4.25)
= A2AcDH™ + A2Ac f [Ag (a2

4.2. Simplified Algorithm II

In this section, a second simplified algorithm is derived from the general one. Introducing the
transformation of variables (x, %) — (c,0') defined by the following equations

x=c'cos(t+6), (4.26)
x=-csin(t+0'), '

equation (4.1) is transformed into

‘Z—C =—ef(c'cos(t+6"),—c'sin(t+6"))sin(t+6"),
d@’t . (4.27)
Tl —ng(c' cos(t+0"),—c'sin(t+0")) cos(t+6").

These differential equations are the well-known variation of parameters equations associated
to the second-order differential equation (4.1). Equation (4.27) define a nonautonomous
system of differential equations.

The sets (c,0) and (c’,0'), defined, respectively in (4.21) and (4.26), have different
meanings in the theory: in (4.21), c and 0 are constants of integration of the general solution
of the new undisturbed system described by 70 (¢1,8); in (4.26), ¢ and @' are new
variables which represent the constants of integration of the general solution of the original
undisturbed system described by Z(©)(z;,z,) in the variation of parameter method. These
sets, (¢,0) and (c',0'), are connected through a near identity transformation.
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Remark 4.2. 1t should be noted that a second transformation of variables involving a fast
phase, (x,x) — (c¢’,¢'), can also be defined. This second transformation is given by

x=c'cos ¢,

_ o (4.28)
X =—c'sing’.
In this case, (4.1) is transformed into
Z—i =—ef(c’cosP',—c’sin¢’) sin¢’,
(4.29)

d¢’' 1
d_dz =1- sgf(c’cos ¢, —c’sing’) cos §'.

These equations define an autonomous system of differential equations. In what follows, the
first set of variation of parameters equations, (4.27), will be considered.
Now, introducing the variables z; = ¢’ and z; = @', one gets from (4.27) that

e[y
—f(z1 cos(t + z2), —z1 sin(t + z2)) sin(t + z2) (4.30)

zW=| 1 :
—Z—f(21 cos(t + zp), —z1 sin(t + z2)) cos(t + z»)
1

Applying Proposition 3.1, it follows that the undisturbed system (3.2) is given by

=0,  &=0, (4.31)

and its general solution is very simple,

Ci = (i, i= 1,2, (432)

where ¢;, i = 1,2, are constants of integration. The Jacobian matrix A; associated with this
general solution is also very simple, and it is given by

Ar=1, (4.33)

where I is the identity matrix.
Substituting (4.33) into (3.13) and (3.14), it follows that

s(m) _ O (m) (m)
i~ 2o+ [ ),
S

(m) _ (m) (m)
T [D;; +qu;;1 dt] .
p

(4.34)

The subscript I1 is introduced to denote the second simplified algorithm.
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Equation (4.34) can be put in a more suitable form as follows. In view of (4.30), the
functions ‘P;m) defined at each order of the algorithm (see (2.13) or (3.7)) are expressed by
Fourier series with multiples of t + z;, as arguments such that the vector function ‘P}'I") can be
written as

(m)

o | At

v =3 o

k=0 c,(d)] cosk(t+cp)+d

(m)
k1T

(m)
k1T

cosk(t+cp) +b, sink(t+cp)

, (4.35)
sink(t + ¢;)

where the coefficients a'™, b ¢™ and d\™ are functions of the constant c;. The vector

k117 Ok, 117 k11 k11
function ‘PYI") can also be put in matrix form:

[ee)
Wi = 3 (P AL 4 e PR g (4.36)
k=0
with
(m) (m) (m) (m)
w1 g~ e w1 g+
A= 2| pm o m | kILZ o | m) ) (4.37)
k11 T Cirn Crir ~ P11

Note that ¥\ is very similar to W", defined by (4.11). They represent different forms of
Fourier series of ¥  but they are not the same, since they involve different sets of arbitrary
constants of integration.

Thus, it follows from (4.36) that

D' + | "™ gt = D 4+ (A™ + Bt + periodic terms, (4.38)
11 I 11 o011 T Po,rr p
with the periodic terms given by

S ((ER)TePK ) AL+ (-Ek) e ERse g ), (4.39)

T
A

Therefore,

(m) (m) (m) (m) (m)
[D,’I” + Il}f,’;’ dt] =D+ (AT + By,
- ° (4.40)
[D}’}” + fqr?;”dt] = > ((BR)eFR e AL 4 (<Ek) e R B
P k=1
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Substituting (4.40) into (4.34), one finds

) _ A(m)  plm) _ [ysm)
zi" = A+ By = (U, (4.41)

m) _ ym) (m) _ [gm)
T — pim +I<IPIT - (W) at. (4.42)

Note that Dg") depends only on ¢; = ¢;.
It should be noted that (4.41) and (4.42) can be straightforwardly obtained from (3.12)

by applying the averaging principle if Dg") is assumed to be zero, since in this second

approach:
0z:©
J(t) = < aék > =0, (4.43)

where O denotes the null matrix. Thus, the general algorithm defined by (3.13) and (3.14) is
equivalent to the averaging principle usually applied in the theory of nonlinear oscillations
[5,7].

Remark 4.3. Equations (4.41) and (4.42) are also obtained, if the second set of variation of
parameters equations is considered (see Remark 4.2). In this case, the undisturbed system
(3.2) is given by

H=0, &H=1, (4.44)
with general solution defined by

G1=oc1, G1=t+c, (4.45)

and Jacobian matrix A; = I.

Finally, we note that (4.41) is the tractability condition (3.9) up to order m. Since (‘P;T) )
does not depend explicitly on the time ¢, it follows that

oz
] — | zx(m) 7O)| _ P

— = |Z"",Z =0, =1,2, 4.46
ot [ ]j J (4.46)

which is the tractability condition (3.9) up to order m.

5. Application to Nonlinear Oscillations Problems

In order to illustrate the application of the simplified algorithms, two examples are presented.
The noncanonical version of the Hori method will be applied in determining second-order
asymptotic solutions for van der Pol and Duffing equations. For the van der Pol equation,
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two different choices of the vector D™ will be made, and two generating functions T
will be determined, one of these generating functions is the same function obtained by Hori
[4] through a different approach, and, the other function gives the well-known averaged
variation of parameters equations in the theory of nonlinear oscillations obtained through
Krylov-Bogoliubov method [5]. It should be noted that the solution presented by Hori defines
anew system of differential equations with a different frequency for the phase in comparison
with the solution obtained by Ahmed and Tapley [7] and by Nayfeh [5], using different
perturbation methods. For the Duffing equation, only one generating function is determined,
and the second simplified algorithm gives the same generating function obtained through
Krylov-Bogoliubov method.

The section is organized in two subsections: in the first subsection, the asymptotic solu-
tions are determined through the first simplified algorithm, and, in the second subsection,
they are determined through the second simplified algorithm.

5.1. Determination of Asymptotic Solutions through Simplified Algorithm I
5.1.1. Van der Pol Equation

Consider the well-known van der Pol equation:
5&+5<x2—1>x+x=0. (5.1)

Introducing the variables z; = x and z, = %, this equation can be written in the form:

dz dz
d_tl =2y, d_tl =-z - 5(2% - 1>zz. (5.2)
Thus

0 _ | =2
z0-[2], 53)

0
71 — ] . 5.4
(22 -1)z, (54

As described in preceding paragraphs, two different choices of D™ will be made, and
two generating functions T will be determined. Firstly, we present the solution obtained
by Hori [4].

(1) First Asymptotic Solution: Hori’s [4] Solution

Following the simplified algorithm I defined by (4.15) and (4.18), the first-order terms Z*()
and T are calculated as follows.
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Introducing the general solution given by (4.21) of the undisturbed system described
by Z*© (¢4, &) into (5.4), with ¢ replacing z, one gets

0
1 —
Z0 = [(—c + 41103> sin(t + 0) + 41163 sin3(t+0) | (5:5)
Computing A;Z(l),
1 1 1 1
§C<1 - A_LCZ> - EccosZ(t +0)+ §c3 cos4(t + 0)
A ZO = ) , (5.6)

1,\ . 1, .
§<1 Ec)sm2(t+9) 3¢ sin4(t + 0)

and taking its secular part, one finds
1 1,
(a7'z0) = [§C<1 s >] . (5.7)
From (4.15) and (4.22), it follows that Z*® is given by

1 1,
§c<1 ~ € ) cos(t + 0)

1

VAR :
1
—§c<1 - 4_162> sin(t + 0)

(5.8)

In view of (4.21), Z*) can be written explicitly in terms of the new variables ¢; and ¢, as
follows:

2o(1-1@+)

2e(1-3@+d)

N

z*D = (5.9)

To determine T, the indefinite integral f[Aglz(l) - (Aglz(l) )| dt is calculated:

1 1
—3€ sin2(t +0) + ﬁce’ sin4(t + 0)

I[Aglz(l)—<Aglz(1)>]dt: ( . . . (5.10)

Z_ 2 g
1 8C >c052(t+9)+320 cos4(t +0)
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Thus, from (4.18), it follows that T is given by

1 1 1
——c(l - 4—:c2) sin(t + 0) — §c3 sin3(t + 0)
TO = +A:DW. (5.11)

1 1, 3,
ZC<1 Zc)cos(t+9) @C cos3(t +0)

In view of (4.21), T® can be written explicitly in terms of the new variables ¢; and ¢, as
follows:

(14 5@+8)) - 34

+A:DW, (5.12)
(1 5@+ @) -3¢

with A, D put in the form:

AV +dVe,

A:DW = ,
¢ di”@ _ dé”gl

(5.13)

being dl.(l) = di(l) (¢),i=1,2, Dil) = cdil), and Dél) = d;l). The auxiliary vector d® is introduced
in order to simplify the calculations, and, it is calculated in the second-order approximation
as described below.

Following the algorithm of the Hori method described in Section 2, the second-order
equation, (2.11), involves the term ¥? given by

y@ _ %[zﬂ) + 220, 70]. (5.14)

The determination of ¥® is very arduous. The generalized Poisson brackets must be
calculated in terms of ¢; and ¢, through (2.12), and, the general solution of the undisturbed

system, defined by (3.1), must be introduced. It should be noted that dfl) ,i=1,2,in (5.12)
are functions of the new variables ¢; and ¢, through ¢? = gf +¢3. So, their partial derivatives
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must be considered in the calculation of the generalized Poisson brackets. After lengthy
calculations performed using MAPLE software, one finds

<A51‘P(2)>1 = (103 - ic ) sin2(t + 0)
1 1
- —c sm4(t + 9) - —8c sin6(t + 0)
+d(1 < —l = c cos4(t+9)>

+ d(1 <;csm2(t +0) - —c Ssin4(t + 6))

i 11/, 1,
+ i <_Z<C _ZC )cos(t+9)>
ddil) 3 2 1 4 . 1 4 -
+ i <Z<C _ZC >sm(t+9)—§c s1n3(t+9)>,

1 3 1 1 1
-1q5(2) — >~ 2 - 4 2 =
<A ¥ >2 8716 " 256° (32C e )Cosz(He)

(5.15)
1, 1 1
+ <—§c + — 128 >Cos4(t+9) - @c Cosé(t+9)

+ dil) <—31C2 sin 2([’ + 9) — %Cz Sll’l4(t + 9))

(3w pona)

dd’ s 1/ 1
+ d—€1<—1<c— ZC ) cos(t + 6))

ddél) 3 1 EAp 15
+ i <1< >sm(t+6)—§c sm3(t+9)>.

In order to obtain the same result presented by Hori [4] for the new system of
differential equations and the near-identity transformation, the following choice is made for
the auxiliary vector d). Taking

0
40 = [ 1 1 ], (5.16)
R

it follows from (5.15) that

0
(ae®y=11.1, 7 | (5.17)
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From (4.15), (4.21), and (5.17), one finds
50(1-@+ )+ 5@+2)
s0(1- @G+ 56+ 87)

7+@) _ (5.18)

In view of the choice the auxiliary vector d), (5.12) can be simplified, and T is then
given by

l 2 s
- |, 3% %) , (5.19)
igl (16 - 743 +5¢3)

Computing the indefinite integral [|A;"¥® — (A/'W®)|dt and substituting the
general solution of the new undisturbed system, it follows that T® is given by

1 5
EQ‘@? 768§1 _C3§§ 768g 16

T® =] 4 3, \ 5 A A:D®@, (5.20)
e el 16§2 768§2§ 192g &- 768C2
with A;D® put in the form:
AP ¢ +d g
A:D® = (5.21)

Pt -dPe |’

being dl@ = di@)(c), i=1,2, D;Z) = cdiz), and Df) = déz). D@ is obtained from the third-order
approximation.

In order to get the same result presented by Hori [4], one finds, repeating the
procedure described in the preceding paragraphs, that the auxiliary vector d® must be taken
as follows:

1 15, 7,

4o _- 716" 2560C “512° | (5.22)

Accordingly, T® is given by

5
_ o3
153651 768€ G+ 1536€1§2 256g 256§1§2

T = (5.23)

1536€2_ﬁ§2§2 1536€2C4 256§2 256§1€2 g
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The new system of differential equations and the generating function are given, up to
the second-order of the small parameter, by
d 1 1 2
B tregn(1-7(8+8)) - —Cz<1— (@+8)+5(E+8)),
(5.24)
dé 1 Lio o 21 2, 2 7 (2, 2\?
= +5§€2<1 -1 (@+8) ) regn(1- (gl +8) 5 (8+8)),
_ 1 2 _ 2 2 5 3 5
Ti = e502(38 - ) + & (et - 7egtiB +
1

1536 1536516 256g 256 §1§2>

T2 =350 (16 =741 +56) + < T 768C2§2 53602+ 3503+ agglite g2>

(5.25)
These results are in agreement with the ones obtained by Hori [4] using a different approach

Following da Silva Fernandes [1], the Lagrange variational equations—equations of
variation of parameters—for the noncanonical version of the Hori method are given by
dc
— = AR, 5.26
) Zm:l em 4 i

where R* =

Z*m  and C is the n x 1 vector of constants of integration of the
general solution of the new undisturbed system (3.3). In view of (4.15), Lagrange variational
equations can be put in the form
ac ~1gs(m)
— Zlgm@g W), (5.27)
=

Accordingly, the Lagrange variational equations for the new system of differential equations,
(5.24), are given by

dc ec 1,
E = ?<1 ZC ), (5283)
e

(5.28b)

The solution of the new system of differential equations can be obtained by
introducing the solution of the above variational equations into (4.21)

The originalvariables x and x are calculated through (2.6), and the second-order
asymptotic solution is
1

1
x=bregta(30 - 8) + (gt + 30724:142 2 g+ 256«; 2564@)
x:§2+53}_2§1<16_7§%+5§§>+5< 6115454§2 3072g2§1 671141541@511 256Cz 256€2C2 52)'

(5.29)
Equations (5.29) define exactly the same solution presented by Hori
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(2) Second Asymptotic Solution

Now, let us to consider a different choice of the auxiliary vector dV). Taking d® as a null
vector, it follows straightforwardly from (5.15) that

0
@)
(A7'w®) = [_1+3 2_164]. (5.30)

816" 256

Thus, from (4.15), (4.21), (5.28a), and (5.28b), one finds

1 3 11
50(1-3@ )+ 5@ +8)

7@ = (5.31)
1 3 11 2
0(1-3@+ 8+ 3@ +))
Since dV) is a null vector, (5.12) simplifies, and TV is given by
1 1 1
e(1+5@+ @) -3¢
TO = . ; s | (5.32)
(1 5@+ @) - 34

Now, repeating the procedure described in the previous section, that is, computing
the indefinite integral I[AghPQ) - (AE“P(Z) )] dt, substituting the general solution of the new

undisturbed system defined by (4.21), and taking d® is a null vector, it follows that T® is
given by

5
o - €3 16€1€2 384§ —@g%z 384§1€2‘ 559)

64 §1C2 §2 384 €2C4 6€%§g 384 §2
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So, the new system of differential equations and the generating function are given, up
to the second-order of the small parameter ¢, by

B pregt(1-3(8+8)) -5 (1- 2@+ &) + 5 (6+8)),

(5.34)
% =—{ +£§§2<1 - %(g% + g§>> +52%§ <1 - ;(gf + g§> + ;—;(ﬁ + §§>2>,
T, = €< C2<1 +3 <§1 §§>> - é§g>
(- grth+ Tghi+ 37 - 1optE + qazhéd). -

r-e(30 (145 (§1+§2))——¢%>

62<—ac%g2+1 R 384c2>

The Lagrange variational equations for the new system of differential equations,
defined by (5.34), are given by

dc ec 1,

E = ?<1 - ZC ), (536&)
e,/ 1 3, 11 4>
T —5( 8+16C 256C . (5.36b)

These differential equations are the well-known averaged equations obtained through
Krylov-Bogoliubov method [5]. Note that (5.28b) and (5.36b) define the phase 6 with slightly
different frequencies.

As described in the preceding subsection, the solution of the new system of differential
equations, defined by (5.34), can be obtained by introducing the solution of the above
variational equations into (4.21).

The original variables x and x are calculated through (2.6), which provides the
following second-order asymptotic solution,

X=ites g2<1+ (&- 3g§)>
1

1
(6144§1 3072€3€2 6144§1§2 16g 16g1§2 32€>

X=0+ €—§1 (1 - —<5§% - 7§§>>
143 193
2( 6144 BYTIch 3072 3072521 6144 §2§4 64§ gzgz zgz)‘

(5.37)

Finally, note that (5.29) and (5.37) give different second-order asymptotic solution for
van der Pol equation.
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5.1.2. Duffing Equation

Consider the well-known Duffing equation:

i+ex®+x=0. (5.38)

Introducing the variables z; = x and z; = %, this equation can be written in the form:

d21 _ de _ 3
T o = AT e (5.39)

Thus,

zO = [ 03]. (5.40)

_Zl

Following the simplified algorithm I and repeating the procedure described in
Section 5.1.1, the first-order terms Z*() and TV are obtained as follows. Introducing (4.21)
into (5.40), and computing the secular part, one gets

<Agl z(1)> - [iz] , (5.41)

8

Thus, from (4.15) and (5.41), it follows that Z*(V) is given by

—éc3 sin(t + 0)
AR 3 . (5.42)
—§c3 cos(t + 0)

In view of (4.21), Z*(® can be written explicitly in terms of the new variables ¢; and ¢p:

S0+ )
(1) _ , (5.43)

3
—5o1 (61 +¢)
Calculating the indefinite integral I[A;Z(l) - (A;Z(l) y|dt, one finds

—31—2c3(4 cos2(t+0) + cos4(t +0))
I[Aglzﬂ) - <Aglz(1) >]dt =1 : (5.44)
502(8 sin2(t + 0) +sin4(t + 0))
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Multiplying this result by A;, it follows, according to (4.18), that T™ is given by

3 3 L3
176¢ cos(t +0) + 3° cos3(t +0)

TO = +A:DW. (5.45)

3, 3, .
“1¢ sin(t + 0) — 3° sin3(t + 6)

Taking D) as a null vector and using (4.21), T can be written explicitly in terms of the new
variables ¢; and ¢, as follows:

5 9
—56 — 556183
T | 327 32 ) (5.46)

15,, 3,
3_2€1§2+3_2§2

In the second-order approximation, one finds after lengthy calculations using MAPLE
software:

69 .\, 27 . 27 s
po _ | 256 G162+ 55616 ¥ 25642

165

o - (5.47)
it el 352 iy
35651 T 1089192 T 255028

Repeating the procedure described in the above paragraphs, one finds

0
<A;11P<2>>=[ 51 ]
——C
256
51 5.48
—ﬁ@(ﬁﬂﬁ)z (548)

7*2) =

51 2
sees1 (G +8)
Taking D@ as a null vector, it follows that

19
256
95
256

6
256

13 13 5|
4 253 5
§2§1 32 §1§2 256 gz

13
&+ 5?}’@% + &g,

T = (5.49)
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The new system of differential equations and the generating function are given, up to
the second-order of the small parameter ¢, by

B ppred «;z(él +)- 225516 (54)’ (550)
d,;z el 4:1 (E+3)+e 256 (g + g§>2,
- _£<35_2§§, . %gﬁ%) + 52<256§5 Ci’@% 256§1§2> (5.51)

—e( 3G+ o) + (-t - - ).

The Lagrange variational equations for the new system of differential equations,
defined by (5.50), are given by

i 3 (5.52)
8

_ 2 291 4
dt '

€ 256°

These differential equations are the well-known equations obtained through Krylov-
Bogoliubov method [5].

As described in Section 5.1.1, the solution of the new system of differential equations,
defined by (5.50), can be obtained by introducing the solution of the above variational
equations into (4.21).

The original variables x and x are calculated through (2.6), which provides the
following second-order asymptotic solution:

x=li-egs g1 (5@2 + 9@2) &5 014 5 (227g§ + 7420382 + 547@14‘2*),

$=lavers gz (5g1 + gz) &5 014 5 (77g§ +92203¢82 + 6854;2;1*).

(5.53)

These equations are in agreement with the solution obtained through the canonical version
of the Hori method [6].

5.2. Determination of Asymptotic Solutions through Simplified Algorithm II
5.2.1. Van der Pol Equation
For the van der Pol equation, the function f(x, X) is written in terms of the variables z; = ¢’

and z; = 0' by

f(x, %) = f(z1c08(t + z2), —z1 sin(t + 23)) = —(zf co(t + z5) - 1>z1 sin(t+2,).  (5.54)
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Thus, it follows from (4.30) that

1 1 1
-z <1 - ZZ% —cos2(t+ zp) + ZZ% cos4(t + zz)>
zW = (5.55)

1 1 1
5 (1 - Ez%) sin2(t + zp) — ng sin4(t + zp)

As mentioned before, two different choices of D™ will be made, and two generating
functions will be determined.

(1) First Asymptotic Solution

Following the simplified algorithm II defined by (4.41) and (4.42), the first-order terms Z*()
and T are calculated as follows.
Taking the secular part of Z, with ¢ replacing z, one finds

1 1
z® = l§§1<1 - ng%)], (5.56)

0

and, integrating the remaining part,

—%gl sin2(t + &) + 31—2(;? sin4(t + &)

TO = +DO, (5.57)

_411 (1 - %gf) cos2(t +¢p) + 31—2& cos4(t + ¢p)

with DY = DV (¢y),i=1,2.
Following the algorithm of the Hori method described in Section 2, the second-order
equation, (2.11), involves the term ¥? given by

P _ l[zm L 7 T(l)] (5.58)
2 ol '
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After tedious lengthy calculations using MAPLE software, one finds

2) _ 13 5
Y= <64§1 128§ >sm2(t+§2)

- —§3 sin4(t + ¢p) — @gS sin 6(t + §2)
+D“><1—-g2—1cosz(t+§ )+ — gzcos4(t+§ ))
2 8 2T 167 2

+ D;l) <—§1 sin2(t + &) — Zéi’ sin4(t + C2)>

dDy"
+ d§1< &+ §f+%§1c052(t+§2)—11—6§?cos4(t+§2)>,

(2)___ _2 4 lz 14
¥ = 8+16§1 256€ (32§1+ §1>c052(t+§2)

’ <_31_2§% @C4> cosd(t+G) - 128§4 cosb(t+62)

(5.59)

D (~Lisina(t4 ) - persind(+2)

(
+D{" <<% - }lﬁ) cos2(t + &) — %éf cos4(t + §2)>

D’ /1, 1, 1 1,
d—§1<—§€1 + ggl + ch Cosz(t + €2) — Egl COS4:(t + €2)>

In order to obtain the same averaged Lagrange variational equations given by (5.28a)
and (5.28b), D must be taken as

0
DY = _1 1 2 (5.60)
1671
Thus, it follows that
0
z7®=11 1o §4. (5.61)
871 25671

In view of the choice of DV, T is then given by

—lgl sin2(t + &) + igf sin4(t + o)
TO = ) (5.62)

1 gl (1 - —§2> cos2(t+ &) + —gl cos4(t + &)
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Repeating the procedure for the third-order approximation, and, taking

1, 15,
D@ — [—EQ %5 —EQI (5.63)

one finds

T = L (~96¢; +90¢] - 21@5’)+< G-l —§5>c082(t+éz)

1536 768
<_m§3 2;6§?) cos4(t+ &) + —gf cos6(t + o),
1 (5.64)
T2(2) - < E QCZ §4> sin2(t+ &) + <128§ 256C4> sin4(t + &)
- 7—68§4 sin6(f + ¢2).

The new system of differential equations is given, up to the second-order of the small
parameter ¢, by

o a(1-18). (5.65a)
% _ g2 <__ _gz _ ﬁ&) (5.65b)

These differential equations are exactly the same equations given by (5.28a) and (5.28b).
The generating function is obtained from (5.62), (5.64), and it is given, up to the
second-order of the small parameter ¢, by

T, = g(—%gl sin2(t + {p) + %@i’ sin4(t + §2)>

+ 52<15136 < 96¢1 + 90§1 21@) + < 81— 128C 768§1) cos2(t+ &)

——§3 §5 cos4(t+ &) + §5 cos6(t + &)
( 12871 25671 > 768 71 > (5.66)

T, = g<11—6§% - 1(1 - —Q%) cos2(t + &) + ;—ZQ% cos4(t + §2))

+£2<< 116 64(;1 g§> sin2(t + &) + (1;84 256§1>

x sind(t + ¢) — §4 s1n6(t+§2))

768!
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The original variables x and x are calculated through (2.7), which provides, up to the
second-order of the small parameter, the following solution:

x = glcos(t+§2)—£ §331r13(t+§2)

1§3

12851 cos3(t + &)

€5

cos(t+ &) — [

Iy, 5
”{ 256g 2048 1024§]

—— % cos5(t + &)
3072 1 } (5.67)

X =—{1sin(t+ {p) + e{ ={1— —§3] cos(t + &) — —§1 cos 3(t + §2)}

{561~ 25660+ ] 9+ - |56 - sl

xsin3(t + &) + 2—§5 sin5(t + §2)}

307271

with ¢; and ¢, given by the solution of (5.65a) and (5.65b).

Note that (5.29) and (5.67) give the same second-order asymptotic solution for the van
der Pol equation. Recall that {; and ¢, have different meaning in these equations, but they are
related through an equation similar to (4.21).

(2) Second Asymptotic Solution

Now, let us to take DY and D® as null vectors. Equations (5.59) simplifies, and Z*@ is given
by

0
7@ = [ 1 .\ 3 ] (5.68)

3, 11,
16él 256C

The functions T and T® are then given by

—}Lgl sin2(t + o) + 3%@;’ sin4(t + {p)

TO = ,
—1 (1 - 1@%) cos2(t + &) + l@% cos4(t + ¢p)

4
@_ (7
O - (1284 256§5>c052(t+§2)+128§3C054(t+§2) e
768§1 cos6(t + (o),
1
T2<2>:_<_§§ 128;*) sm2(t+§2)+< 128g 512§4> sin4(t + ¢)
g4 sin6(t + &).

76871



Mathematical Problems in Engineering 29

The new system of differential equations is obtained from (5.56) and (5.68), and it is
given, up to the second-order of the small parameter, by

iftl =e5 Cl(l— €2>
% - gZ(‘% * E'ﬁ 256€4>

These differential equations are exactly the same equations given by (5.36a) and (5.36b).
The generating function is obtained from (5.69), and it is given, up to the second-order
of the small parameter ¢, by

(5.70)

h= 5(‘}1& sin2(t + &) + 3l2§f sin4(t + g2)>
+ & (‘(@{;3 2§6§?> cos2(t+ &) + 128§3 cos4(t+{) + 768 —— {3 cosb(t + gz))

T, = 5(—31 (1 - Egi) cos2(t+ &) + lg% cos4(t + §2)) (5.71)

+ € <—<l§% m€4> sin2(t + &) + < 1;8'; 5@&) sin4(t + )

—%C‘l sin6(t + §2)>

Equations (5.71) are in agreement with the solution obtained by Ahmed and Tapley [7]
through a different integration theory for the Hori method.

A second-order asymptotic solution for the original variables x and x is calculated
through (2.7), and it is given by

1 1
——§1 + =

X = §ycos(t+ () + e{ 16@] sin(f + ) — Blgf sin3(t + §2)}
gz{ 3l2€1 L 2048§1] cos(t+62) + [ 312§ 1024‘;5]
xcos3(t+¢p) — mgl cos5(t + gz)}

(5.72)
X =—{1sin(t+{p) + g{

a——gk%wwg——fmwa+@}

ve{ |50 - 3580+ soggtt] sinCe+ i) + |

6%~ 0t §5]

xsin3(t + &) + 3375’ sin5(t + Cz)}

with ¢; and ¢, given by the solution of (5.70).

As before, note that (5.37) and (5.72) give the same second-order asymptotic solution
for the van der Pol equation. Recall that ¢; and ¢, have different meaning in these equations,
but they are related through an equation similar to (4.21).
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5.2.2. Duffing Equation

For the Duffing equation, the function f (x, x) is written in terms of the variables z; = ¢ and
Zy = o’ P by

f(x,%) = f(z1cos(t + z2), —z1 sin(t + z)) = —z? cos(t+ z). (5.73)

Thus, it follows from (4.30) that

1 1
Zz? sin2(t + zp) + gz% sin4(t + zp)
zW = ) (5.74)

1 1
gz% + Ez% cos2(t + zp) + gZ% cos4(t + z»)

Following the simplified algorithm II and repeating the procedure described in
Section 5.2.1, the first-order terms Z*() and TV are obtained as follows. Taking the secular
part of Z*(), with ¢ replacing z, and, integrating the remaining part, one finds

0

Z*(l): §§2 , (575)
8 1

—%gf(zl cos 2(f + &) + cos 4(t + ()
TO = ) (5.76)

%g?(S sin2(t + o) + sin4(t + ¢»))

In the second-order approximation, one finds

;RQ?(—?)B sin2(t + &) — 12sin4(t + &p) + 3sin6(t + &2))
y@ - ) (5.77)

;Rgﬁ(—& —99cos2(t + ¢p) — 18 cos4(t + &p) + 3cos6(t + &2))

Taking the secular part of ¥?), and, integrating the remaining part, one finds

0
7*x(2) = [_ig‘l] , (5.78)
25671
1
512
1
512

(7 (33cos2(t + {p) + 6cos4(t + &) — cosb6(t + &)
T® = (5.79)

C‘f(—99 sin2(t + ) —9sin4(t + ¢p) + sin6(t + ¢»)) .
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The new system of differential equations is given, up to the second-order of the small
parameter ¢, by

o
ar =
dy 251

> 2
at - 5391 ¢ 25

(5.80)
§4

These differential equations are exactly the same equations given by (5.52).
The generating function is obtained from (5.76) and (5.79), and it is given, up to the
second-order of the small parameter ¢, by

Ti = —e=—=C3(4cos2(t + &) + cosd(t + &p))

1
3—2C1
te 51—2C1 (33 o8 2(t + &) + 6 cos 4(t + &) — cos 6(t + ),

T, = g §2(8 sin2(t + ¢p) +sin4(t + {p))

(5.81)

+e mg‘*( 99sin 2(t + &) — 9sin4(t + &) +sin6(t + &2)).

A second-order asymptotic solution for the original variables x and % is calculated
through (2.7), and it is given by

x={ cos(t + &)+ sl§3(—6 cos(t + &) +cos3(t+ &)

2048 7(303 cos(t + ¢2) — 78 cos 3(t + (2) +2cos 5(t + (),

X == sin(t +{) - 5—§§’(6 sin(t + o) +3sin3(t + p))

(5.82)

2048 7(249 sin(t + ¢) + 162sin3(t + &) — 10sin5(¢ + {2)).

These equations are in agreement with the solution obtained through the canonical version
of the Hori method [6]. Note that (5.53) and (5.82) give the same second-order asymptotic
solution for the Duffing equation. Recall that {; and ¢, have different meaning in these
equations, but they are related through an equation similar to (4.21).

6. Conclusions

In this paper, the Hori method for noncanonical systems is applied to theory of nonlinear
oscillations. Two different simplified algorithms are derived from the general algorithm
proposed by Sessin. It has been shown that the mth-order terms Tj(m) and Z;(m) that define the
near-identity transformation and the new system of differential equations, respectively, are
not uniquely determined, since the algorithms involve at each order arbitrary functions of the
constants of integration of the general solution of the undisturbed system. This arbitrariness
is an intrinsic characteristic of perturbation methods, since some kind of averaging principle
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must be applied to determine these functions. The simplified algorithms are then applied in
determining second-order asymptotic solutions of two well-known equations in the theory
of nonlinear oscillations: van der Pol and Duffing equations. For van der Pol equation, the
appropriate use of the arbitrary functions allows the determination of the solution presented
by Hori. This solution defines a new system of differential equations with a different
frequency for the phase in comparison with the solution obtained by Ahmed and Tapley,
who used a different approach for determining the near-identity transformation and the new
system of differential equations for the Hori method, and, with the solution obtained by
Nayfeh through the method of averaging. For the Duffing equation, only one generating
function is determined, and the second simplified algorithm gives the same generating
function obtained through Krylov-Bogoliubov method.
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