GEORGIAN MATHEMATICAL JOURNAL: Vol. 2, No. 4, 1995, 361-384

NECESSARY AND SUFFICIENT CONDITIONS FOR WEIGHTED ORLICZ CLASS INEQUALITIES FOR MAXIMAL FUNCTIONS AND SINGULAR INTEGRALS. I

A. GOGATISHVILI AND V. KOKILASHVILI

Abstract. Criteria of various weak and strong type weighted inequalities are established for singular integrals and maximal functions defined on homogeneous type spaces in the Orlicz classes.

§ 1. Introduction

This paper is devoted to the study of one-weighted inequalities in Orlicz classes for singular integrals Kf(x) = ∫ X k(x, y)f(y) dμ and maximal functions Mf(x) = sup_{B∋x} 1 μB ∫ B |f(y)| dμ defined on a homogeneous type space X. Necessary and sufficient conditions are found that must be satisfied by the Orlicz class generating function φ and by the weight function w so that either of the following two inequalities be fulfilled: ∫ {x:|Kf (x)|>λ} w(x) dμ ≤ c ∫ X φ ( cf(x) ) w(x) dμ, (1.1) ∫ X φ ( Kf(x) ) w(x) dμ ≤ c ∫ X φ ( f(x) ) w(x) dμ. (1.2)

1991 Mathematics Subject Classification. 42B25, 26D15, 46E30. Key words and phrases. Singular integrals, maximal functions, homogeneous type spaces, Orlicz class, weak type inequality, strong type inequality. 361 1072-947X/95/0700-0361$07.50/0 © 1995 Plenum Publishing Corporation

A similar problem is solved for inequalities of the form ∫ X φ ( Kf(x)w(x) ) dμ ≤ c ∫ X φ ( f(x)w(x) ) dμ, (1.3) ∫ X φ ( Mf(x)w(x) ) dμ ≤ c ∫ X φ ( f(x)w(x) ) dμ (1.4)

and inequalities of some other forms.

The class of weight functions providing the validity of a one-weighted inequality in L^p (1 < p < ∞) for the Hilbert transform is given in [1]. Sufficient conditions for analogous inequalities for Calderon–Zygmund singular integrals in R^n are established in [2], [3], [4]. In the multidimensional case it is a well-known fact that for Riesz transforms the Muchenhoupt condition A_p completely describes the class of weight functions guaranteeing the validity of a one-weighted inequality in Lebesgue space L^p (p > 1) [5]. Some other cases are also described in [3].

In the nonweighted case (w ≡ 1) the criteria for the function φ in inequalities of form (1) and (2) are given in [6], [7] for Riesz transforms. Reference [6] also contains a study of the vector-valued case. These results are surveyed in the monograph [8].

The one-weighted problem for Hilbert transforms in Orlicz spaces was solved in [9] (see also [10]) under the a priori assumptions that the Young function φ and its complementary function satisfied the condition Δ_2. Earlier, an analogous problem for classical Hardy–Littlewood–Wiener functions was solved in [11] (see also [28]). Subsequently, an attempt was made in [12], [13] at solving a one-weighted problem for Hilbert transforms under less restrictive assumptions, but the conditions indicated in the said papers for the pair (φ, w) turned out difficult to survey.

The nonweighted L^p-theory for singular integrals given on homogeneous type spaces is developed in [14]–[20]. For analogous singular integrals the one-weighted problem in Lebesgue spaces is solved in [21].

The merit of this paper in solving the one-weighted problem for singular integrals given on homogeneous type spaces should be viewed in several directions. Firstly, the criteria obtained for the pair (φ, w) are as simple as possible; secondly, the investigation of general singular integrals enables one to take into consideration the previously known results for classical singular integrals such as multidimensional singular integrals in R^n, Hilbert transforms for odd and even functions and singular integrals with the Cauchy kernel on regular curves. We thereby generalize the results of many authors stated, for example, in [1], [2], [3], [12], [13], [22], [23], [24], [25]. Simultaneously, we derive a solution of the one-weighted problem in Orlicz classes also in the case of Hilbert transforms for even functions. The case of odd functions was investigated in [13], but the condition ensuing from our general theorem is easier to verify.

In conclusion, we would like to note that the solution of a one-weighted problem in Orlicz classes for maximal functions given on homogeneous type spaces was obtained by us in our recent paper [24]. In this paper an analogous problem is solved for other possible kinds of weighted inequalities.

The paper is organized as follows:

§2 is auxiliary. It contains the description of the class of quasiconvex functions and some properties of functions satisfying the condition Δ_2. §3 deals with the criteria of weak type multiweighted inequalities for maximal functions given on homogeneous type spaces. In §4 we prove the weighted inequalities for analogs in homogeneous type spaces of the Marcinkiewicz integral that arise naturally in the theory of singular integrals. §5 is devoted to the investigation of singular integrals with kernels of the Calderon–Zygmund kernel type. Sufficient conditions are established for weight functions as well as for functions generating Orlicz classes ensuring the validity of weak type weighted inequalities. In §6 we distinguish a class of kernels for which the sufficient conditions found in §5 prove to be the necessary ones as well. Based on the above-mentioned results, in §7 we develop the criteria for various strong type weighted inequalities both for maximal functions and for singular integrals. §8 presents concrete examples of classical singular integrals for which the criteria of weighted estimates are obtained from the formulated general theorems. The appendix descusses analogous problems for vector-valued maximal functions and singular integrals.

§ 2. On Some Classes of Functions

This section is auxiliary. It begins by describing the class of quasiconvex functions.

In what follows the symbol Φ will be used to denote the set of all functions φ : R^1 → R^1 which are nonnegative, even, and increasing on (0, ∞) such that φ(0+) = 0, lim_{t→∞} φ(t) = ∞.

To accomplish our task we shall need the following basic definitions of quasiconvex functions:

A function ω is called a Young function on [0, ∞) if ω(0) = 0, ω(∞) = ∞ and it is not identically zero on (0, ∞); at some point t > 0 it may have a jump up to ∞ but in that case it must be left continuous at t (see [7]).

A function φ is called quasiconvex if there exist a Young function ω and a constant c > 1 such that ω(t) ≤ φ(t) ≤ ω(ct), t ≥ 0.

To each quasiconvex function φ we can put into correspondence its complementary function ~φ defined by

~φ(t) = sup_{s≥0} ( st − φ(s) ) . (2.1)

The subadditivity of the supremum readily implies that ~φ is always a

Young function and^≈φ≤ φ. Equality (2.1) holds if φ is itself a Young function. If φ_1 ≤ φ_2, then ~φ_2 ≤ ~φ_1, and if φ_1(t) = aψ(bt), then ~φ_1(t) = a ~φ ( t ab ) . This and (2.1) imply ~ω ( t c ) ≤ ~φ(t) ≤ ~ω(t). Now from the definition of ~φ we obtain the Young inequality st ≤ φ(s) + ~φ(t), s, t ≥ 0. By definition, φ satisfies the global condition Δ_2 (φ ∈ Δ_2) if there is c > 0 such that φ(2t) ≤ 2φ(t), t > 0. If ψ ∈ Δ_2, then there exist constants p and c such that p > 1, c > 1 and t^{−p}_2 φ(t_2) ≤ ct^{−p}_1 φ(t_1) (2.2) for 0 < t_1 < t_2 (see [8], Lemma 1.3.2).

Lemma 2.1 ([8], [24]). Let φ ∈ Φ. Then the following conditions are equivalent:

(i) φ is quasiconvex;

(ii) there is a constant c_1 > 0 such that t^{−1}_1 φ(t_1) ≤ c_1t^{−1}_2 φ(c_1t_2) (2.3) for each t_1 and t_2, 0 < t_1 < t_2 (t^{−1}φ(t) quasiincreases);

(iii) there is a constant c_2 > 0 such that

φ(t) ≤^≈φ (c_2t), t > 0; (2.4) (iv) there are positive ε and c_3 such that ~φ ( ε φ(t) t ) ≤ c_3φ(t), t > 0; (2.5) (v) there is a constant c_4 > 0 such that φ ( 1 μB ∫ B f(y) dμ ) ≤ c_4 μB ∫ B φ ( c_4f(y) ) dμ. (2.6) Remark 1. If the function t^{−1}φ(t) quasidecreases, then we have the inverse of Jensen’s inequality and therefore the inverse of (2.6).

Lemma 2.2 ([24]). For a quasiconvex φ we have εφ(t) ≤ φ(cεt), t > 0, ε > 1, (2.7) and φ(γt) ≤ γφ(ct), t > 0, γ > 1, (2.8) where the constants c do not depend on t, ε, and γ.

Lemma 2.3 ([24]). Let φ ∈ Φ and φ be quasiconvex. Then there is a constant δ > 0 such that for an arbitrary t > 0 we have ~φ ( δ φ(t) t ) ≤ φ(t) ≤ ~φ ( 2 φ(t) t ) (2.9) and φ ( δ ~φ(t) t ) ≤ ~φ(t) ≤ φ ( 2 ~φ(t) t ) . (2.10)

Lemma 2.4 ([8], [24]). Let φ ∈ Φ. Then the following conditions are equivalent:

(i) the function φ^α is quasiconvex for some α, 0 < α < 1; (ii) the function φ is quasiconvex and ~φ ∈ Δ_2; (iii) there is a constant α > 1 such that φ(at) ≥ 2aφ(t), t > 0; (2.11) (iv) there is a constant c > 0 such that ∫_t 0 φ(s) s^2 ds ≤ c φ(ct) t , t > 0. (2.12)

Lemma 2.5. Given a quasiconvex function φ and a number p, 1 < p < ∞, the following two conditions are equivalent:

(i) the function t^{−p}φ(t) quasiincreases; (ii) the function t^{−p′} ~φ(t) quasidecreases.

Here and in what follows p^′ will always denote^p_{p−1} .

Proof. Let t^{−p}φ(t) quasiincrease. Then there exists a constant c > 0 such that t^{−p}_1 φ(t_1) ≤ t^{−p}_2 (ct_2) for arbitrary t_1, t_2 provided that 0 < t_1 ≤ t_2. As a result, we have

~φ(t_2) = sup_s ( st_2 − φ(s) ) = sup_s ( c (t_2 t_1 )_p′_{−1} st_2 − φ ( c ( t_2 t_1 )_p′_{−1} s ) ≤ ≤ sup_s ( c (t_2 t_1 )_p′ st_1 − ( t_2 t_1 )_{(p}′_{−1)p} φ(s) ) = (t_2 t_1 )_p′ ~φ(ct_1).

The obtained inequality means that the function t^{−p′} ~φ(t) quasidecreases.

Now let the function t^{−p′} ~φ(t) quasidecrease. Then there exists a constant c > 0 such that

t^{−p′}_2 ~φ(t_2) ≤ t^{−p′}_1 ~φ(ct_1), 0 < t_1 ≤ t_2.

From this inequality we obtain ≈ φ (t_1) = sup_s ( st_1 − ~φ(s) ) = sup_s ( c (t_1 t_2 )_{p−1} st_1 − ~φ ( c (t_1 t_2 )_{p−1} s ) ≤ ≤ sup_s ( c (t_1 t_2 )_p st_2 − (t_1 t_2 )_p ~φ(s) ) = (t_1 t_2 )_{p ≈} φ (ct_2). Next, since^≈φ∼ φ (see Lemma 2.1), we have

φ(t_1)

t^p_1 ≤ ≈ φ (ct_1) t^p_1 ≤ ≈ φ (c^2t_2) t^p_2 ≤ φ(c^2t_2) t^p_2

, t^{−p}_1 φ(t_1) ≤ t^{−p}_1^≈φ (ct_1) ≤ · · · ,

i.e., the function t^{−p}φ(t) quasiincreases.

Definition 2.1. For any quasiconvex function φ we define a number p(φ) as 1 p(φ) = inf { β : φ^β is quasiconvex } . Lemma 2.6. The inequality 1 p(φ) + 1 p( ~φ) ≥ 1 (2.13)

holds for every quasiconvex function φ.

Proof. By the definition of number p(φ) we have p(φ) = sup{p : φ^{1p} is quasiconvex}. Further by Lemma 2.1 p(φ) = sup{p : t^{−p}φ(t) quasiincrease}. Therefore t^{−(p(φ)−ε)}φ(t) quasiincreases, which by Lemma 2.5 is equivalent to the fact that the function t^{−(p(φ)−ε)′} ~φ(t) quasidecreases. Thus p( ~φ) ≤ (p(φ) − ε)^′. Hence we have p(φ) − ε ≤ (p( ~φ))^′ from which we conclude that (2.13) holds since ε is an arbitrary number.

§ 3. Criteria of Multiweighted Weak Type Inequalities for Maximal Functions Defined on Homogeneous Type Spaces

Let (X, d, μ) be a homogeneous type space. It is a metric space with a complete measure μ such that the class of compactly supported continuous functions is dense in the space L^1(X, μ). It is also assumed that there is a nonnegative real-valued function d : X × X → R^1 satisfying the following conditions:

(i) d(x, x) = 0 for all x ∈ X;

(ii) d(x, y) > 0 for all x ≠ y in X;

(iii) there is a constant a_0 such that d(x, y) ≤ a_0d(y, x) for all x, y in X; (iv) there is a constant a_1 such that d(x, y) ≤ a_1(d(x, z) + d(z, y)) for all x, y, z in X; (v) for each neighborhood V of x in X there is an r > 0 such that the ball B(x, r) = {y ∈ X : d(x, y) < r} is contained in V ;

(vi) the balls B(x, r) are measurable for all x and r > 0; (vii) there is a constant b such that μB(x, 2r) ≤ bμB(x, r) for all x ∈ X and r > 0.

For the definitions of homogeneous type spaces see [16],[17],[26]. An almost everywhere positive locally μ-summable function w : X → R^1 will be called a weight function. For an arbitrary μ-measurable set E we shall assume wE = ∫ E w(x) dμ. Definition 3.1. The weight function w ∈ A_p(X) (1 ≤ p < ∞) if

sup_B ( 1 μB ∫ B w(x) dμ ) ( 1 μB ∫ B ( w(x) )_{−1/(p−1)} dμ )_{p−1} < ∞, where the supremum is taken over all balls B ⊂ X and 1 μB ∫ B w(x) dμ ≤ c inf ess_{y∈B} w(y) for p = 1.

In the latter inequality c does not depend on B. The above conditions are the analogs of the well-known Muckenhoupt’s conditions.

Let us recall the basic properties of classes A_p (see [20],[26]).

Proposition 3.1. If w ∈ A_p for some p ∈ [1, ∞), then w ∈ A_s for all s ∈ [p, ∞) and there is an ε > 0 such that w ∈ A_{p−ε}.

Definition 3.2. The weight function w belongs to A_∞(X) if to each ε ∈ (0, 1) there corresponds δ ∈ (0, 1) such that if B ⊂ X is a ball and E is any measurable set of B, then μE < δμB implies wE < εwB.

On account of the well-known properties of classes A_p we have

A_∞(X) = ⋃ p≥1 A_p(X). Given locally integrable real functions f on X, we define the maximal function by

Mf(x) = sup(μB)^{−1} ∫ B |f(y)| dμ, x ∈ X, where the supremum is taken over all balls B containing x.

Proposition 3.2 ([20]). For 1 < p < ∞ the following conditions are equivalent:

(i) there exists a positive constant c such that for an arbitrary measurable f we have ∫ X ( Mf(x) )_p w(x)dμ ≤ c ∫ X |f(x)|^pw(x) dμ; (ii) w ∈ A_p.

Proposition 3.3 ([20], [26]). The following conditions are equivalent: (i) the operator M : f → Mf is of weak type with respect to the measure w, i.e., there exists a positive constant c such that w { x : Mf(x) > λ } ≤ c λ ∫ X |f(x)|w(x) dμ for all λ > 0 and measurable f : X → R^1 ;

(ii) w ∈ A_1(X).

The above propositions are proved in a standard manner using the covering lemma to be formulated below and the well-known Marcinkiewicz’s interpolation theorem.

Proposition 3.4 ([26], Lemma 2). Let F be a family {B(x, r)} of balls with bounded radii. Then there is a countable subfamily {B(x_i, r_i)} consisting of pairwise disjoint balls such that each ball in F is contained in one of the balls B(x_i, ar_i) where a = 3a^2_1 + 2a_0a_1. The constants a_0, a_1 are from the definition of the space (X, d, μ).

Further for any B = B(x, r) and a > 0 let aB denote the ball B(x, ar). Now let us prove the criteria of a weak type multiweighted inequality for the maximal functions defined on homogeneous type spaces.

In what follows the notation (f)_B =^1_{μB} ∫ B f(x) dμ will be used.

Theorem 3.1. Let φ ∈ Φ and w_i (i = 1, 2, 3, 4) be weight functions. Then the following conditions are equivalent:

(i) the inequality ∫ {x:Mf (x)>λ)} φ ( λw_1(x) ) w_2(x) dμ≤c_1 ∫ X φ ( c_1f(x)w_3(x) ) w_4(x) dμ (3.1)

with a constant c_1 independent of f and λ > 0 is valid;

(ii) there is a constant c_2 > 0 such that the inequality ∫ B φ ( (f)_B w_1(x) ) w_2(x) dμ ≤ c_2 ∫ B φ ( c_2f(x)w_3(x) ) w_4(x) dμ (3.2) is fulfilled for any nonnegative μ-measurable function f : X → R^1 and for any ball B;

(iii) there are positive constants ε and c_3 such that we have the inequality ∫ B ~φ ( ε ∫ Bφ(λw_1(y))w_2(y)dμ λμBw_3(x)w_4(x) ) w_4(x)dμ≤c_3 ∫ B φ ( λw_i(x) ) w_2(x)dμ (3.3)

for any λ > 0 and an arbitrary ball B.

Proof. The implication (i)⇒(ii) is a consequence of the obvious inclusion B ⊂ {x : M(2fχ_B )(x) > |f|_B }. Let us prove the implication (ii)⇒(iii). First we shall show that the condition (ii) implies that φ is quasiconvex.

Take k such that the set E = {x : k^{−1} ≤ w_1(x), k^{−1} ≤ w_2(x), w_3(x) ≤ k, w_4(x) ≤ k} has a positive measure and assume that x_0 ∈ E is a density point such that it is not an atom. Therefore there is a constant r_0 > 0 such that μB(x_0, r) ∩ E ≥ 1 2 μB(x_0, r) for all r, 0 ≤ r ≤ r_0. Assume further that for fixed s and t, 0 ≤ s ≤ t, we have r_1 = inf { r > 0 : μB(x_0, r) > s t μB(x_0, r) } . It is evident that μB(x_0, r_1) ≤ bμB ( x_0, r_1 2 ) ≤ bs t μB(x_0, r_0) ≤ bμB(x_0, 2r_1) ≤ b^2μB(x_0, r_1),

where the constant b is from the doubling condition.

Now let us consider the function f(x) = 2bktχ_{B(x0,r1)∩E} (x). We can readily see that ( f ) B(x_0,r_0) ≥ sk. Putting f in (ii), by the above-obtained chain of inequalities we have φ(s) ≤ c_2kb s t φ(2bc_2k^2t).

Therefore, on account of Lemma 2.1, we conclude that φ is quasiconvex. Let B be a fixed ball and λ > 0. Given k ∈ N, put

B_k = { x ∈ B : w_3(x)w_4(x) > 1 k } and g(x) = ( ∫ B φ(λw_1(y))w_2(y)dy λμBw_3(x)w_4(x) )−1 ~φ ( ε ∫ B φ(λw_1(y))w_2(y)dμ λμBw_3(x)w_4(x) ) χ_{Bk (x)} with ε to be specified later.

By our notation we have I = ∫ B_k ~φ ( ε ∫ B φ(λw_1(y))w_2(y)dμ λμBw_3(x)w_4(x) ) w_4(x) dμ = = 1 λμB ∫ B φ ( λw_1(x) ) w_2(x) dμ ∫ B g(x) w_3(x) dμ. If the condition 1 μB ∫ B g(x) w_3(x) dμ < λ is satisfied, for the ball B and λ we have I ≤ ∫ B φ ( λw_1(x) ) w_2(x) dμ (3.4)

Let now 1 μB ∫ B g(x) w_3(x) dμ > λ. From (ii) for the function f(x) = cg(x)(w_3(x))^{−1} where the constant c is from condition (2.7), we derive the estimates I ≤ ∫ B φ ( c μB ( ∫ B g(t) w_3(t) dμ ) w_1(x) ) w_2(x) dμ ≤ ≤ c_2 ∫ B φ ( c_2cg(x) ) w_4(x) dμ. (3.5)

From (3.4) and (3.5) we conclude that I ≤ ∫ B φ ( λw_1(x) ) w_2(x) dμ + c_2 ∫ B φ ( c_2cg(x) ) w_4(x) dμ. Choosing ε so small that δ^{−1}c_2c^2ε < 1, where the constant δ is from inequality (2.10), by the definition of g, (2.8), and (2.9) (see Lemmas 2.2 and 2.3) we derive the estimate I ≤ ∫ B φ ( λw_1(x) ) w_2(x) dμ + c^2c^2ε δ I. (3.6)

Now we want to show that I is finite for a sufficiently small ε. If lim_{t→∞} t^{−1}φ(t) = ∞, then ~φ is finite everywhere and thus I ≤ ~φ ( εk ∫ B φ(λw_1(x))w_2(x)dμ λμB ) w_4B < ∞. (3.7)

If the function t^{−1}φ(t) is bounded, then the condition (ii) implies ∫ B φ ( (f)_B w_1(x) ) w_2(x) dμ ≤ c_4 ∫ B |f(x)|w_3(x)w_4(x) dμ. (3.8)

If in (3.8) we put f(x) = λμB(μE)^{−1}χ_E (x), where E is an arbitrary measurable subset of B, then 1 μB ∫ B φ ( λw_1(x) ) w_2(x) dμ ≤ c_4λ μE ∫ E w_3(x)w_4(x) dμ

which yields the estimate ∫ B φ(λw_1(y))w_2(y) dμ λμBw_3(x)w_4(x) ≤ c_4 almost everywhere on B, where c_4 is independent of B and λ. Thus we conclude that I ≤ ~φ(εc_4)w_4B. Choosing ε so small that ~φ(εc_4) < ∞, we see that I is finite.

Now inequality (3.6) implies ∫ B_k ~φ ( ε ∫ B φ(λw_1(y))w_2(y) dμ λμBw_3(x)w_4(x) ) w_4(x) dμ ≤ ≤ δ δ − c^2c^2ε ∫ B φ ( λw_1(x) ) w_2(x) dμ. Passing in the latter inequality to the limit as k → ∞, we derive the desired inequality (3.3).

Now let us prove the implication (iii)⇒(i). For each natural number n we put

M^nf(x) = sup 1 μB ∫ B |f(y)| dμ, where the supremum is taken over all balls B in X, containing x and rad B ≤ n.

First it will be shown that (iii) implies (i) if Mf is replaced by M^nf and the constant c_1 is independent of n. Once this has been done, the result follows by letting n tend to infinity.

Assume B to be any ball such that λ ≤ 1 μB ∫ B |f(y)| dμ. (3.9) Let a be the constant from Covering Lemma 3.4. By the doubling condition there exists a constant c_5 such that μaB ≤ c_5μB for any ball B in X.

Let the constants c_3 and ε be from (3.3). Applying the Young inequality, (3.9), and (3.3), we obtain the estimates ∫ aB φ ( λw_1(x) ) w_2(x) dμ ≤ 1 λμB ∫ B |f(x)| dμ = c_5 λμaB ∫ B |f(x)| dμ = = 1 2c_3 ∫ B 2c_3c_5 ε |f(x)|w_3(x) ε ∫ aB φ(λw_1(y))w_2(y)dμ λμaBw_3(x)w_4(x) w_4(x) dμ ≤ ≤ 1 2c_3 ∫ B φ ( 2c_3c_5 ε f(x)w_3(x) ) w_4(x) dμ + + 1 2c_3 ∫ B ~φ ( ε ∫ aB φ(λw_1(y))w_2(y)dμ λμaBw_3(x)w_4(x) ) w_4(x) dμ ≤ ≤ 1 2 c_1 ∫ B φ ( c_1f(x)w_3(x) ) w_4(x) dμ + 1 2 ∫ aB φ ( λw_1(x) ) w_2(x) dμ, where c_1 = sup(^1_{c3} ,^{2c3 c5}_ε ).

Therefore ∫ aB φ ( λw_1(x) ) w_2(x) dμ ≤ c_1 ∫ B φ ( c_1f(x)w_3(x) ) w_4(x) dμ. (3.10)

For any point x ∈ {x : M^nf(x) > λ} there exists a ball B_x = B(y, r) ∋ x, 0 < r ≤ n, such that ∫ B_x |f(y)| dμ > λμB_x. Let now {B_i} be the sequence of pairwise disjoint balls corresponding to the family F = {B_x} and existing on account of Covering Lemma 3.4. It is obvious that { x : M^nf(x) > λ } ⊆ ∪_{B∈F}B ⊂ ∪_i aB_i and by (3.10) ∫ aB_i φ ( λw_1(x) ) w_2(x) dμ ≤ c_1 ∫ B φ ( c_1f(x)w_3(x) ) w_4(x) dμ. Consequently ∫ {x:M^nf (x)>λ} φ ( λw_1(x) ) w_2(x) dμ≤ ∑ i ∫ aB_i φ ( λw_1(x) ) w_2(x) dμ≤

≤c_1 ∑ i ∫ B_i φ ( c_1f(x)w_3(x) ) w_4(x) dμ≤c_1 ∫ X φ ( c_1f(x)w_3(x) ) w_4(x) dμ. Remark 2. While proving Theorem 3.1, it was shown that condition (3.2) and hence either of conditions (3.1) and (3.3) guarantees the quasiconvexity of the function φ.

Below we shall consider concrete cases where criteria of different kinds of one-weighted inequalities have a quite simple form.

Theorem 3.2. Let φ ∈ Φ. Then the following statements are valid: (i) for w_1 ≡ w_3 ≡ 1 and w_2 ≡ w_4 ≡ w each of conditions (3.1), (3.2), and (3.3) is equivalent to the fact that φ is quasiconvex and w ∈ A_{p(φ)};

(ii) for w_1 ≡ w_3 ≡ w and w_2 ≡ w_4 ≡ 1 each of conditions (3.1), (3.2), and (3.3) is equivalent to the fact that φ is quasiconvex, w ∈ A_{p(φ)}, and w^{−p(}~^{φ)} ∈ A_{p(}~_{φ)};

(iii) for w_2 ≡ w_4 ≡ w and w_1 ≡ w_3 ≡^1_w each of conditions (3.1), (3.2), and (3.3) is equivalent to the fact that φ is quasiconvex and w ∈ A_{p(}~_{φ)}.

To prove Theorem 3.2 we must first prove some auxiliary statements.

Proposition 3.5. Let φ ∈ Φ. The following statements are valid: (i) if φ ∈ Δ_2 and condition (3.3) is fulfilled for w_1 ≡ w_3 and w_2 ≡ w_4, then the function φ(λw_1)w_2 ∈ A_∞ uniformly with respect to λ;

(ii) if ~φ ∈ Δ_2 and (3.3) holds for w_3 ≡ w_1 and w_4 ≡ w_2, then the function ~φ(^λ_{w1 w2} )w_2 ∈ A_∞ uniformly with respect to λ.

Proof. (i) Let B be an arbitrary ball in X and E be its arbitrary μmeasurable subset. Applying the Young inequality and condition (3.3), we obtain ∫ B φ ( λw_1(x) ) w_2(x) dμ = = 1 2c_4 ∫ E ∫ B φ(λw_1(y))w_2(y)dμ λμBw_1(x)w_2(x) 2c_4 μB μE λw_1(x)w_2(x) dμ ≤ ≤ 1 2c_4 ∫ E ~φ ( ∫ B φ(λw_1(y))w_2(y)dμ λμBw_1(x)w_2(x) ) w_2(x) dμ + + 1 2c_4 ∫ E φ ( 2c_4 μB μE w_1(x) ) w_2(x) dμ ≤ ≤ 1 2 ∫ B φ ( λw_1(x) ) w_2(x) dμ + 1 2c_4 ∫ E φ ( 2c_4 μB μE w_1(x) ) w_2(x) dμ and hence ∫ B φ ( λw_1(x) ) w_2(x) dμ ≤ 1 c_4 ∫ E φ ( 2c_4 μB μE w_1(x) ) w_2(x) dμ. (3.11)

Since, by assumption, φ ∈ Δ_2, there exist a p > 1 and a constant c_5 > 0 such that φ(at) ≤ c_5a^pφ(t) for any a > 1 and (see §2).

Therefore from (3.11) we derive ∫ B φ ( λw_1(x) ) w_2(x) dμ ≤ c_6 (μB μE )_p ∫ E φ ( λw_1(x) ) w_2(x) dμ.

Since the constant c_6 is independent of λ, the latter inequality implies that φ(λw_1)w_2 ∈ A_∞ uniformly with respect to λ.

(ii) Assume that ~φ ∈ Δ_2. Then the reasoning will be as above. Put ∫ B φ(λw_1(x))w_2(x) dμ λμB = t. (3.12)

Condition (3.3) can be rewritten in the form ∫ B ~φ ( t w_1(x)w_2(x) ) dμ ≤ c_7λtμB. Hence it follows that ∫ B φ ( 1 c_7 w_1(x) μB · t ∫ B ~φ ( t w_1(y)w_2(y) ) w_2(y) dμ ) w_2(x) dμ ≤ ≤ ∫ B φ ( λw_1(x) ) w_2(x) dμ = λtμB. The Young inequality, equality (3.12), and the condition Δ_2 give us λtμB ≤ c_8 ∫ B ~φ ( t w_1(x)w_2(x) ) w_2(x) dμ. The latter two estimates yield ∫ B φ ( 1 c_7 w_1(x) μB · t ∫ B ~φ ( t w_1(y)w_2(y) ) w_2(y) dμ ) w_2(x) dμ ≤ ≤ c_8 ∫ B ~φ ( t w_1(y)w_2(y) ) w_2(x) dμ. (3.13)

Following (i), from (3.13) and the property^≈φ∼ φ for quasiconvex functions we conclude that ~φ(^t_{w1w2} )w_2 ∈ A_∞ uniformly with respect to t.

Lemma 3.1. If 1 ≤ p_1 < p_2 < ∞, ρ_1 ∈ A_{p1} , ρ_2 ∈ A_{p2} , then ρ^θ_1ρ^{1−θ}_2 ∈ A_p where p = θp_1 + (1 − θ)p_2, o < θ < 1.

It is easy to accomplish the proof using the Hölder inequality and the definition of the class A_p.

Our further discussion will essentially be based on the result we established earlier (see from [24], Proposition 2.4).

Propostion A [24]. Let φ ∈ Φ. Then the following conditions are equivalent:

(i) there is c_1 > 0 such that the inequality φ(λ)w { x ∈ X : Mf(x) > λ } ≤ c_1 ∫ X φ ( c_1f(x) ) w(x) dμ is fulfilled for any λ > 0 and locally summable function f : X → R^1 ;

(ii) there are positive constant ε and c_2 such that the inequality ∫ B ~φ ( ε φ(λ) λ wB μBw(x) ) w(x) dμ ≤ c_2φ(λ)wB is fulfilled for any ball B and positive number λ;

(iii) φ is quasiconvex and w ∈ A_{p(φ)}.

Proposition 3.6. Let φ ∈ Φ. Then the following conditions are equivalent:

(i) there exists ε > 0 and c_{10} > 0 such that for any λ > 0 and ball B ⊂ X we have ∫ B ~φ ( ε ∫ B φ(λw(y)) dμ λμBw(x) ) dμ ≤ c_{10} ∫ B φ ( λw(x) ) dμ; (3.14)

(ii) φ is quasiconvex, w^{p(φ)} ∈ A_{p(φ)}, and w^{−p(}~^{φ)} ∈ A_{p(}~_{φ)}.

Proof. First we shall show that the implication (i)⇒(ii) holds. The quasiconvexity of φ is obtained from Remark 3.1 to Theorem 3.1, since (3.14) is the particular case of (3.3) for w_1 ≡ w_3 ≡ w and w_2 ≡ w_4 ≡ 1. Therefore p(φ) ≥ 1. Let us show that w^{p(φ)} ∈ A_{p(φ)}. First we assume that p(φ) = 1. By (2.8) and (2.6) there exists a number ε_1 > 0 such that φ ( ε_1 1 μB ∫ B λw(x) dμ ) ≤ 1 μB ∫ B φ ( λw(x) ) dμ. Next, recalling that φ is quasiconvex and applying Lemma 2.2, from (3.14) we obtain 1 μB ∫ B ~φ ( ε φ(ε_1λ^{wB}_{μB} ) λw(x) ) dμ ≤ φ ( ε_1λ wB μB ) . If in this inequality we insert λ = 2s^{−1} ~φ(s)μB(wB)^{−1}, then by (2.7) and the right-hand side of (2.10) we shall have 1 μB ∫ B ~φ ( ε_2s wB μBw(x) ) dμ ≤ c_{11} ~φ(s) for some ε_2 > 0 not depending on the ball B.

Putting ~φ_1(t) = t ~φ(t), we rewrite the latter inequality as ∫ B ~φ_1 ( ε_2 swB μBw(x) ) w(x) dμ ≤ c_{11} ~φ(s)wB, which by Proposition 2.5 from [24] implies that w ∈ A_{p(φ1)}. Since, by assumption, p(φ) = 1, applying Lemma 2.4 we have ~φ ∉ Δ_2, i.e., ~φ_1 ∉ Δ_2, and again applying Lemma 2.4 we find that p(φ_1) = 1 and therefore w ∈ A_1.

Let now p(φ) > 1. Then by Lemma 2.4 ~φ ∈ Δ_2 and thus from Proposition 3.5 we conclude that ~φ(^t_w ) ∈ A_∞ uniformly with respect to t. Due to the inverse Hölder inequality (see [6]) there exist δ > 0 and c_{12} > 0 such that ( 1 μB ∫ B ~φ^{1+δ} ( t w(x) ) dμ ) 1_{1+δ}

≤ c_{12} 1 μB ∫ B ~φ ( t w(x) ) dμ for an arbitrary ball B and number t > 0.

Thus from (3.14) we can obtain 1 μB ∫ B ~φ^{1+δ} ( ε ∫ B φ(λw(y))dμ λμBw(x) ) dμ ≤ ≤ c_{13} ( 1 μB ∫ B φ ( λw(x) ) dμ )_{1+δ} . (3.15)

Further, by the definition of the number p(φ) the function φ(t^{1p(φ)−ε} ) is quasiconvex for all sufficiently small ε > 0. Let this number be chosen so that (p(φ) − ε)^′ 1 + δ < p^′(φ). By Lemma 2.1 there exists a ε_3 > 0 such that φ ( c_3λ ( 1 μB ∫ B w^{p(φ)−ε}(x) ) 1_{p(φ)−ε} ) ≤ 1 μB ∫ B φ ( λw(x) ) dμ. Hence from (3.15) we have 1 μB ∫ B ~φ^{1+δ} ( ε 1 λw(x) φ ( c_3λ ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{p(φ)−ε} )) dμ ≤ ≤ c_{14}φ^{1+δ} ( ε_3λ ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{p(φ)−ε} ) . If in this inequality we insert

λ = 2 ~φ(s^{1p(φ)−ε} ) s^{1p(φ)−ε} ( μB ε ∫ B w^{p(φ)−ε}(x)dμ ) 1_{p(φ)−ε}

and apply Lemmas 2.2 and 2.3, then we shall find 1 μB ∫ B ~φ^{1+δ} ( ε_4 s^{1p(φ)−ε} w(x) ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) ) ≤ c_{15} ~φ^{1+δ} ( s^{1p(φ)−ε} ) .

Putting ~ψ_1(t) = ~φ^{1+δ}(t^{1p(φ)−ε} ) · t, we can rewrite the latter inequality as ∫ B ~ψ_1 ( ε_4s μBw^{p(φ)−ε}(x) ∫ B w^{p(φ)−ε}(y) dμ ) w^{p(φ)−ε}(x) dμ ≤ ≤ c_{15} ~ψ_(s) ∫ B w^{p(φ)−ε}(x) dμ. Hence by virtue of Proposition A we conclude that w^{p(φ)−ε} ∈ A_{p(ψ1 )}.

Now let us show that p(ψ_1) ≤ p(φ) − ε. Let the number ε_5 be chosen so that (p(φ) − ε)^′ 1 + δ = ( p(φ) + ε_5 )_′ . By the definition of p(φ) the function^{φ(t)}_{tp(φ)+ε5} is not quasiincreasing and therefore by Lemma 2.5 the function t^{−p(φ)+ε5)′} ~φ(t) cannot be decreasing. This means that the function

t^{− (1+δ)(p(φ)+ε5 )} ′ p(φ)−ε −1 ~ψ(t) is not quasiincreasing. Thus by Lemma 2.5 the function t^{−(p(φ)−ε)}ψ_1(t) cannot quasiincrease. Hence it follows that p(ψ_1) ≤ p(φ) − ε. On the other hand, as shown above, w^{p(φ)−ε} ∈ A_{p(ψ1)}. We finally conclude that w^{p(φ)−ε} ∈ A_{p(φ)−ε} for p(φ) > 1 and w ∈ A_1 for p(φ) = 1.

Using a reasoning similar to the above one and taking ~φ instead of φ, one can prove that w^{−(p(}~^{φ)−ε)} ∈ A_{p(}~_{φ)−ε} for p( ~φ) > 1 and w^{−1} ∈ A_1 for p( ~φ) = 1.

Now we shall show that w^{p(φ)} ∈ A_{p(φ)} for p(φ) > 1. Let first p( ~φ) = 1. As shown above, then w^{p(φ)−ε} ∈ A_{p(φ)−ε} and w^{−1} ∈ A_1. The function w^{−1} satisfies the inverse Hölder inequality by which we have ( 1 μB ∫ B w^{−(1+δ)}(x) dμ ) 1_{1+δ} ( 1 μB ∫ B w^{(1+δ)′} (x) dμ ) 1_{(1+δ)′} ≤ ≤ c_{17} ( 1 μB ∫ B w^{−1}(x) dμ )( 1 μB ∫ B w^{(1+δ)′} (x) dμ ) ≤ c_{18}.

Therefore w^{(1+δ)′} ∈ A_{(1+δ)}′ . Choose the number δ so small that p(φ) < (1 + δ)^′. Thus by the latter inclusion, the condition w^{p(φ)−ε} ∈ A_{p(φ)−ε}, and Lemma 3.1 we conclude that w^{p(φ)} ∈ A_{p(φ)}. If p( ~φ) > 1, then due to the above-said w^{−(p(}~^{φ)−ε)} ∈ A_{p(}~_{φ)−ε}. Hence we conclude that w^{(p(}~^{φ)−ε)′} ∈ A_{(p(φ)−ε)}′ . Further by Lemma 2.6 we have p(φ) ≤ p^′( ~φ) ≤ (p( ~φ) − ε)^′. Again from Lemma 3.1 we conclude that w^{p(φ)} ∈ A_{p(φ)}. In a similar way we show that w^{−p(}~^{φ)} ∈ A_{p(}~_{φ)}.

Finally, let us show that (ii)⇒(i). By the definition of the number p( ~φ) the function ~φ(^1_{tp(}~_{φ)−ε} ) is quasiconvex and therefore by Lemma 2.5

t^{−(p(}~^{φ)−ε)′} φ(t) quasidecreases. Using Remark 2.1 and the definition of the class A_p, we obtain 1 μB ∫ B φ ( λw(x) ) dμ ≤ φ ( c_{18} ( 1 μB ∫ B ( λw(x) )_{(p(}^∼_{φ)−ε)}′ dμ ) 1_{(p(} ~φ)−ε)^′ ) ≤ ≤ φ ( c_{18} ( 1 μB ∫ B ( λw(x) )_{−(p(}^∼_{φ)−ε)} dμ ) 1_{p(} ~φ)−ε ) ≤ ≤ φ ( c_{19}λ ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{(p(φ)−ε} ) . Hence we conclude ∫ B ~φ ( ε λw(x) 1 μB ∫ B φ ( λw(y) ) dμ ) dμ ≤ ≤ ∫ B ~φ ( ε λw(x) φ ( c_{19}λ ( 1 μB ∫ B w^{p(φ)−ε}(y) dμ )) 1_{p(φ)−ε} ) dμ. Let E = { x ∈ X : c_{19} ( 1 μB ∫ B w^{p(φ)−ε}(y) dμ ) 1_{p(φ)−ε} ≥ w(x) } . By Lemma 2.3 we derive the estimate ∫ B\E ~φ ( ε λw(x) φ ( c_{19}λ ( 1 μB ∫ B w^{p(φ)−ε}(y) dμ ) 1_{p(φ)−ε} )) dμ ≤ ≤ ∫ B\E ~φ ( ε φ(c_{20}λw(x)) λw(x) ) dμ ≤ c_{21} ∫ B φ ( λw(x) ) dμ. (3.16)

Since the function ~φ(t)t^{−(p(φ)−ε)′} quasidecreases, there exists a constant c_{22} > 0 such that ~φ(at) ≤ c_{22}a^{(p(φ)−ε)′} ~φ(t) for an arbitrary a > 1.

Thus we can derive the estimates ∫ E ~φ ( ε λw(x) φ ( c_{19}λ ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{p(φ)−ε} )) dμ ≤

≤ c_{23} ~φ cc^{24} φ ( c_{25}λ

(_1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{p(φ)−ε} )

λc_{25} (_1 μB ∫ B w^{p(φ)−ε}(x) dμ ) ×

× ∫ E ( 1 μB ∫ B w^{p(φ)−ε}(y) dμ )^{(p(φ)−ε)′} p(φ)−ε w^{−(p(φ)−ε)′} (x) dμ ≤

≤ φ ( cλ ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{p(φ)−ε} ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ )^{(p(φ)−ε)′} p(φ)−ε × × ∫ B w^{−(p(φ)−ε)′} (x) dμ ) ≤ φ ( c ( 1 μB ∫ B w^{p(φ)−ε}(x) dμ ) 1_{p(φ)−ε} ) μB ≤ ≤ c ∫ B φ ( λw(x) ) dμ. From the above estimates and (3.16) we conclude that (i) is valid.

Proof of Theorem 3.2. The validity of statements (i) and (iii) follows from Propositions 2.4 and 2.7 in [24], while that of (ii) from Proposition 3.6.

Since the particular cases of Theorem 3.2 are very interesting, we shall formulate them as separate theorems.

Theorem 3.3. Let φ ∈ Φ. Then the following conditions are equivalent: (i) the inequality φ(λ) w { x ∈ X : Mf(x) > λ } ≤ c_1 ∫ X φ ( cf(x) ) w(x) dμ holds, where the constant c_1 is independent of λ > 0 and f;

(ii) φ is quasiconvex and w ∈ A_{p(φ)}.

Theorem 3.4. Let φ ∈ Φ. The following statements are equivalent: (i) the inequality ∫ {x∈X:Mf (x)>λ} φ ( λw(x) ) dμ ≤ c_2 ∫ X φ ( c_2f(x)w(x) ) dμ

holds, where the constant c_2 is independent of λ > 0 and f;

(ii) φ is quasiconvex, w^{p(φ)} ∈ A_{p(φ)}, and w^{−p(}~^{φ)} ∈ A_{p(}~_{φ)}.

Theorem 3.5. Let φ ∈ Φ. Then the following conditions are equivalent: (i) the inequality ∫ {x∈X:Mf (x)>λ} φ ( λ w(x) ) dμ ≤ c_3 ∫ X φ ( c_3 f(x) w(x) ) w(x) dμ

holds, where the constant c_3 is independent of f and λ > 0;

(ii) φ is quasiconvex and w ∈ A_{p(}~_{φ)}.

Theorem 3.3 was proved by us earlier in [24] (see Proposition 2.4). The other two theorems are new.

§ 4. Weighted Inequalities for the Marcinkiewicz Integral

We shall investigate the Marcinkiewicz integral in weighted Orlicz classes. This integral plays an important role in the theory of singular integrals. Conceptually, the investigation of this paragraph is close to [27]. We introduce some analogues of the Marcinkiewicz integral in homogeneous type spaces and generalize the results of [24] for weighted Orlicz classes. The results obtained will further be used in investigating weighted problems for singular integrals defined on homogeneous type spaces.

In what follows a nonnegative function h : [0, ∞) × [0, ∞) → R^1 will be assumed to be such that for arbitrary t ≥ 0 and x ∈ X the function h(t, s) μB(x, t + s) nondecreases and there exists a positive constant c such that ∫_∞ 0 h(t, s) t + s μB(x, s) μB(x, t + s) ds < ∞ (4.1) for an arbitrary t > 0.

Fix a measurable nonnegative function F : X → R^1 . The expression If(x) = ∫ X h(F (y), d(y, x)) μB(y, d(y, x) + F (y)) f(y) dμ will be called the generalized Marcinkiewicz integral of a nonnegative measurable function f : X → R^1 .

Theorem 4.1. There exists a positive constant c such that the inequality ∫ X If(x)g(x) dμ ≤ c ∫ X f(x)Mg(x) dμ (4.2) holds for arbitrary nonnegative measurable functions f : X → R^1 and g : X → R^1 .

We omit the proof because it repeats that of the corresponging theorem from [27].

Theorem 4.2. Let φ ∈ Φ and be a quasiconvex function satisfying the condition Δ_2. If w ∈ A_{p(φ)}, then there exists some constant c > 0 such that the inequality ∫ X φ(If)(x)w(x) dμ ≤ c ∫ X φ ( f(x) ) w(x) dμ (4.3)

holds for any measurable f : X → R^1 .

The proof of this theorem is based on Theorem A [24]. Let φ ∈ Φ. Then the following statements are equivalent:

(i) there is a constant c_1 > 0 such that the inequality ∫ X φ ( Mf(x) w(x) ) w(x) dμ ≤ c_1 ∫ X φ ( c_1 f(x) w(x) ) w(x) dμ holds for all μ-measurable f : X → R^1 ;

(ii) φ^α is quasiconvex for some α ∈ (0, 1) and w ∈ A_{p(}~_{φ)}.

Proof of Theorem 4.2. By Theorem 4.1 and the Young inequality we obtain the estimates ∫ X φ ( If(x) ) w(x) dμ = ∫ X φ(If(x)) If(x) If(x)w(x) dμ ≤ ≤ x ∫ X (φ(If(x)) If(x) w(x) ) f(x) dμ ≤ 1 2c ∫ X φ ( 2c ε f(x) ) w(x) dμ +

+ 1 2c ∫ X ~φ εM (_{φ(If (x))} If (x) w(x) ) w(x) w(x) dμ (4.4)

with ε to be specified later.

Since φ ∈ Δ_2, the function ~φ is quasiconvex for some α ∈ (0, 1) and, using the condition w ∈ A_{p(φ)} from Theorem A, we can estimate the second term as follows: I = 1 2c ∫ X ~φ εM (_{φ(If (x))} If (x) w(x) ) w(x) w(x) dμ ≤

≤ 1 2 ∫ X ~φ ( εc φ(If(x)) If(x) ) w(x) dμ. Choosing εc < 1 appropriately, by Lemma 2.3 we have I ≤ 1 2 ∫ X φ ( If(x) ) w(x) dμ. (4.5) From (4.4) and (4.5) we obtain (4.3).

Theorems 4.1 and 4.2 lead to some corollaries which will further be used in investigating weighted problems for singular integrals defined on homogeneous type spaces.

First we introduce one lemma which is an analogue of Whitney’s covering lemma for homogeneous type spaces.

Lemma 4.1 ([16]). Let Ω ⊆ X be an open bounded set and c ≥ 1. Then there exists a sequence of balls B_j = B(x_j , r_j ) such that

(i) Ω =^∞∪_{j=1}B_j , B_j = B(x_j cr_j );

(ii) there exists a positive number M = M(c, b, a_0, a_1) such that ∞∑ j=1 χ_{Bj} (x) ≤ M;

(iii) (X\Ω)∩^=B_j ≤ ∅ for each j, where^=B_j = B(x_j , 3ca_1r_j ).

Let h(t, s) = ω(t/(t + s)), where ω : [0, 1] → R^1 is a nondecreasing function with the condition ω(0) = 0, and ∫_1 0 ω(s) s ds < ∞, (4.6) Then condition (4.1) will be fulfilled.

Let Ω be an open bounded set and F (y) = dist(y, X\Ω). By Lemma 4.1 for c > 2a^1_0a_1 there exists a sequence of balls B(x_j , r_j ) with the abovementioned conditions.

Under our assumptions, for f ≥ 0, supp f ⊂ Ω we easily obtain If(x) ∼ ∞∑ j=1 ω ( r_j r_j + d(x, x_j ) ) ∫ B_j f(y) dμ μB(x_j , d(x_j , x_j + r_j )) . In what follows it will be assumed that f(x) = χ_{∪j Bj} and the corresponding Marcinkiewicz integral will be denoted by I_ω.

Theorems 4.1 and 4.2 yield the following corollaries.

Corollary 4.1. By condition (4.6) for an arbitrary nonnegative μ-measurable function g : X → R^1 we have ∫ X\∪_j B_j I_ω (x)g(x) dμ ≤ c ∫ ∪_j B_j Mg(x) dμ,

where the constant c does not depend on g and {B_j }.

Corollary 4.2. Let 1 ≤ p < ∞ and w ∈ A_p. Then the inequality ∫ X\∪_j B_j I^p_ω (x)g(x) dμ ≤ c ∫ ∪_j B_j w(x) dμ

holds, where the constant c does not depend on {B_j } .

References

1. R. A. Hunt, B. Muckenhoupt, and R. L. Wheeden, Weighted norm inequalities for the conjugate function and Hilbert transform. Trans. Amer. Math. Soc. 176(1973), 227–251.

2. R. R. Coifman and C. Fefferman, Weighted norm inequalities for maximal functions and singular integrals. Studia Math. 51(1974), 241–250.

3. M. Kaneko and S. Jano, Weighted norm inequalities for singular integrals. J. Math. Soc. Japan 27(1975), No. 4, 570–588.

4. C. Fefferman and E. M. Stein, Singular integrals on product spaces. Adv. Math. 45(1982), 117–143.

5. J. Garcia-Cuerva and J. Rubio de Francia, Weighted norm inequalities and related topics. North Holland, Amsterdam, 1985.

6. A. Gogatishvili, General weak type inequalities for maximal operators and singular integrals. Proc. A. Razmadze Math. Inst. Georgian Acad. Sci. 101(1992), 47–63.

7. J. O. Strömberg, Bounded mean oscillation with Orlicz norms and duality of Hardy spaces. Indiana University Math. J. 28(1979), 511–544.

8. V. M. Kokilashvili and M. Krbec, Weighted inequalities in Lorentz and Orlicz spaces. World Scientific, Singapore, New Jersey, London, Hong Kong, 1991.

9. V. Kokilashvili, Singular integrals in weighted Orlicz spaces. (Russian) Trudy Tbilissk. Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR 89(1988), 42–50.

10. ———, Maximal functions and singular integrals in weighted function spaces. (Russian) Metsniereba, Tbilisi, 1985.

11. R. Kerman and A. Torchinsky, Integral inequalities with weights for the Hardy maximal functions. Studia Math. 71(1982), 277–284.

12. A. Gogatishvili and L. Pick, Weak and extra-weak type inequalities for the maximal operator and Hilbert transform. Czech. Math. J. 43(118) 1993, 547–566.

13. L. Pick, Weighted estimates for Hilbert transforms of odd functions. Georgian Math. J. 1(1994), No. 1, 77–97.

14. A. Koranyi and S. Vagi, Singular integrals in homogeneous spaces and some problems of classical analysis. Ann. Scuola Norm. Sup. Pisa 25(1971), 575–648.

15. N. Riviere, Singular integrals and multiplier operators. Ark. Mat. 9(1971), No. 2, 243–278.

16. R. R. Coifman and G. Weiss, Analyse harmonique noncommutative sur certains espaces homogenes. Lect. Notes Math. 242, Springer Verlag, Berlin and New York, 1971.

17. ———, Extensions of Hardy spaces and their use in analysis. Bull. Amer. Math. Soc. 83(1977), No. 4, 569–645.

18. R. A. Macías and C. Segovia, Singular integrals on generalized Lipschitz and Hardy spaces. Studia Math. 65(1979), No. 1, 55–75.

19. R. A. Macías, C. Segovia, and J. L. Torrea, Singular integral operators with not necessarily bounded kernels on spaces of homogeneous type. Advances in Math. 93(1992), 25–60.

20. R. A. Macías and C. Segovia, A well-defined quasi-distance for spaces of homogeneous type. Trab. Mat. Inst. Argentina Mat. 32(1981), 1–18.

21. S. Hoffman, Weighted norm inequalities and vector-valued inequalities for certain rough operators. Indiana University Math. J. 42(1993), No. 1, 1–14.

22. K. F. Andersen, Weighted norm inequalities for Hilbert transforms and conjugate functions of even and odd functions. Proc. Amer. Math. Soc. 56(1976), No. 4, 99–107.

23. Qian Tao, Weighted inequalities concerning the Radon measure of the arc length of curves on the complex plane. J. Syst. Sci. and Math. Sci. 6(1986), No. 2, 146–152.

24. A. Gogatishvili and V. Kokilashvili, Criteria of weighted inequalities in Orlicz classes for maximal functions defined on homogeneous type spaces. Georgian Math. J. 1(1994), No. 6, 641–673.

25. F. J. Ruiz-Torrea and J. L. Torrea. Vector-valued Calderon–Zygmund theory and Calderon measures on spaces of homogeneous nature. Studia Math. 88(1988), 221–243.

26. J. O. Strömberg and A. Torchinsky, Weighted Hardy spaces. Lect. Notes Math. 1381, Springer-Verlag, New York, 1989.

27. A. P. Calderon, On an integral of Marcinkiewicz. Studia Math. 57(1976), Fasc. 3, 279–284.

28. S. Bloom and R. Kerman, Weighted Orlicz space integral inequalities for the Hardy-Littlewood maximal operator. Preprint.

(Received 23.02.1994)

Authors’ address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, Z. Rukhadze St., Tbilisi 380093 Republic of Georgia