Georgian Mathematical Journal Volume 10 (2003), Number 2, 311–317

ON THE EXISTENCE OF CONTINUOUS MODIFICATIONS OF VECTOR-VALUED RANDOM FIELDS

KATRIN MITTMANN AND INGO STEINWART

Abstract. We consider vector-valued random fields on a general index set in R^d and show the existence of continuous modifications if some Kolmogorov type condition is satisfied. Furthermore, we prove an extension result for Hölder continuous vector valued mappings.

2000 Mathematics Subject Classification: 60G60, 46E40. Key words and phrases: Continuous modification, vector valued random field, extension of Hölder continuous mappings.

1. Introduction

The main purpose of this paper is to prove the existence of locally Hölder continuous modifications of vector-valued random fields satisfying Kolmogorov type conditions.

Suppose we are given a complete probability space (Ω, F, P) and a separable real Banach space (E, ‖.‖_E). By B(E) we denote the σ-algebra of Borel sets of E. Furthermore, let Θ ⊂ R^d be a nonempty subset.

A random field X = (X_t)_{t∈Θ} indexed by Θ and taking values in E is a family of measurable mappings X_t : Ω → E, t ∈ Θ. The random field X is said to be continuous (Hölder continuous, locally Hölder continuous) if for each ω ∈ Ω the mapping t → X_t(ω) from Θ into E is continuous (Hölder continuous, locally Hölder continuous).

Let us recall that for given A ⊂ R^d, A ≠ ∅, and a Banach space (F, ‖.‖_F ) a mapping g : A → F is said to be α-Hölder continuous (α > 0) if there exists a constant c > 0 such that

‖g(x)‖_F ≤ c and ‖g(x) − g(y)‖ ≤ c · |x − y|^α

hold for all x, y ∈ A. The smallest constant with this property is denoted by |g|_α. Furthermore, the mapping g is called locally α-Hölder continuous if for each compact subset B ⊂ A the restriction of g to B is α-Hölder continuous.

In many applications, for instance, if one wants to show further measurability properties or the pathwise boundedness of X the continuity of the paths of the field is very helpful. Therefore sufficient conditions for the existence of continuous modifications are of high importance.

The paper is divided into three sections. The next section is devoted to the main result and its proof. In the third section we prove an extension result for Hölder continuous mappings taking values in a Banach space.

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de

2. Main Result

Before we formulate the main result of this paper let us recall that a subset O ⊂ R^d is said to be a domain if it is open, nonempty and connected.

We shall prove the following assertion.

Theorem 2.1. Let X = (X_t)_{t∈Θ} be an E-valued random field satisfying

E ‖X_t‖^p_E < ∞, t ∈ Θ, (1) and E ‖X_t − X_s‖^p_E ≤ c · |t − s|^{d+β}, s, t ∈ Θ, (2) for some constants c > 0, β > 0 and p ≥ 1. Furthermore, suppose that one of the following two conditions holds: (i) d + β p ∈ (0, 1];

(ii) Θ is a domain in R^d or the closure of a domain in R^d.

Then there exists a continuous modification X̃ of X that is locally Hölder continuous with exponent γ for every γ ∈ (0,^β_p ).

Condition (2) is a special case of the well known Kolmogorov condition. In case E = R, Θ = [0, 1]^d one can find proofs of the corresponding results, for instance, in [5] or in [8]. The authors in [6] consider more general Banach spaces. More general index sets are considered in [1] in the case of a general separable Banach space and in [3] and [4] respectively in the case of E = R. In the proof of the corresponding result in [1] the authors use Sobolev type embedding arguments. Therefore they have to assume that Θ satisfies some regularity condition like the cone condition. In our proof we do not need such an assumption. We use some of the ideas in [3, the proof of Theorem 7] and [4, pp. 493–496] in a modified form.

In order to show the existence of a continuous modification of the random field X we will use the following auxiliary results.

Theorem 2.2. Let A ⊂ R^d be a nonempty subset, F be a real Banach space and g : A → F be a mapping that is Hölder continuous with exponent α ∈ (0, 1]. Then there exists an extension g : R^d → F of g that is Hölder continuous with the same exponent.

For the proof of this result we refer to the following section. In the same way as in the real valued case one proves the next result.

Lemma 2.3. Let O ⊂ R^d be a domain and F be a real Banach space. Assume that g : O → F or g : O → F is a mapping that is locally Hölder continuous with exponent α > 1. Then g is a constant function.

Remark. The statement of Theorem 2.2 is not true if α > 1 holds. A simple counterexample is given by the mapping g : [0, 1] ∪ [2, 3] → R with g(x) = 0, x ∈ [0, 1], and g(x) = 1, x ∈ [2, 3]. This mapping is α-Hölder continuous for any α > 1. By Lemma 2.3 an extension g : R → R of g that is Hölder continuous with an exponent greater than one has to be a constant function. This leads to a contradiction.

Now, we are able to prove our main result.

Proof of Theorem 2.1. For Θ = [0, 1]^d the existence of a continuous modification X̃ of X that is locally Hölder continuous with exponent γ for every γ ∈ (0, β/p) follows from [6, Theorem I.2.1]. From this we get the corresponding result in the the case of Θ = [−N, N]^d, N ∈ N, by means of a space transformation. Now, the existence of a locally γ-Hölder continuous modification in case of Θ = R^d follows by standard arguments.

Condition (1) yields X_t ∈ L_p(Ω; E) := L_p((Ω, F, P); (E, B(E))), t ∈ Θ. For each t ∈ Θ we identify X_t and its equivalence class and consider the mapping g : Θ → L_p(Ω; E) defined by g(t) := X_t, t ∈ Θ. By (2) this mapping is locally Hölder continuous with exponent^{d+β}_p . Let us assume now that the condition (ii) is satisfied and that^{d+β}_p > 1 holds. Since L_p(Ω; E) is a Banach space by Lemma 2.3, there exists an extension g : R^d → L_p(Ω; E) that is Hölder continuous with the same exponent. For every t ∈ R^d \ Θ we fix a representant ξ_t ∈ g(t) and define

Y_t := { X_t ; t ∈ Θ ξ_t ; t ∈ R^d \ Θ.

The random field Y = (Y_t)_{t∈R}d satisfies conditions (1) and (2). By the arguments at the beginning of the proof there exists a modification Ỹ = (Ỹ_t)_{t∈R}d of Y which is locally Hölder continuous with exponent γ for every γ ∈ (0, β/p). Now, the random field X̃ given by X̃_t := Ỹ_t, t ∈ Θ, has the desired properties.

For the remaining case (^{d+β}_p ≤ 1) let us assume for a while that Θ is bounded. Then the mapping g : Θ → L_p(Ω; E) is Hölder continuous with exponent^{d+β}_p . By Theorem 2.2 there exists an extension g : R^d → L_p(Ω; E) that is Hölder continuous with the same exponent, and we can proceed as in the previous case.

Finally, if Θ is unbounded and 0 <^{d+β}_p ≤ 1 holds, let N_0 be the smallest N ∈ N such that Θ ∩ [−N, N]^d ≠ ∅ and consider the fields X^N := (X_t)_{t∈Θ∩[−N,N]}d , N ≥ N_0. From the previous considerations there follows the existence of modifications X̃^N of X^N which are locally Hölder continuous with exponent γ for every γ ∈ (0, β/p). This yields the existence of the desired modification X̃ of X by standard arguments. □

3. Proof of the Extension Result

In this section we prove Theorem 2.2. In the case of F = R and of a closed subset A ⊂ R^d one can find a proof of the corresponding result in [7, Chapter IV]. Here the mapping g : R^d → R is constructed by means of an extension of Whitney type. We will use some of the ideas from this proof in the case of general Banach spaces F in a modified form.

Proof of Theorem 2.2. Step 1. Let us suppose that A is closed and nonempty. Without loss of generality we additionally assume A ≠ R^d.

Like in [7] we define the following concepts. By a cube we mean a closed cube in R^d with the sides parallel to the axis. Two such cubes are said to be disjoint if their interiors are disjoint. For a cube Q we denote its diameter by diam(Q) and its distance from A by dist(Q, A).

Furthermore, we construct a partition of unity analogously to the approach of [7], namely, there exists a countable family H = {Q_1, Q_2, . . . , Q_k, . . . } of cubes satisfying the following conditions (see [7, Chapter VI, Theorem 1 and its proof]): • ⋃ k Q_k = A^c;

• The cubes Q_k, k = 1, 2, . . . , are mutually disjoint; • diam(Q_k) ≤ dist(Q_k, A) ≤ 4 diam(Q_k).

For fixed ε ∈ (0, 1/4) we define cubes Q^∗_k by

Q^∗_k := (1 + ε) · (Q_k − x^k) + x^k k ∈ N.

Here x^k denotes the center of Q_k. For the family H there exists N ∈ N such that each point x ∈ A^c is contained in a neighborhood intersecting at most N cubes Q^∗_k. (cf. [7, VI.1, proof of Proposition 3]) Moreover, there exist continuously differentiable mappings φ^∗_k : R^d → [0, 1], k ∈ N, having the following three properties:

• φ^∗_k(x) = 1, x ∈ Q_k, and φ^∗_k(x) = 0, x ∉ Q^∗_k, • ∑ k φ^∗_k(x) = 1, x ∈ A^c, • There exists a constant c_1 > 0 such that | | | ∂ ∂x_i φ^∗_k(x) | | | ≤ c_1 · ( diam(Q_k))^{−1} , i = 1, . . . , d,

holds for all x ∈ A^c and all k ∈ N. For each k ∈ N we fix a point p_k ∈ A with

dist(Q_k, A) = dist(Q_k, p_k).

Since A is closed one can easily verify that such a point exists. Moreover, there exists a suitable constant c_2 > 0 with

|y − p_k| ≤ c_2 · |y − x|

for all k ∈ N, each x ∈ Q^∗_k and each y ∈ A (see [7, VI.2(11)]). We define the mapping g : R^d → F by

g(x) := { g(x) if x ∈ A ∑ k φ^∗_k(x) · g(p_k) if x ∈ A^c.

Since every point x ∈ A^c is contained in a neighborhood that intersects at most N cubes Q^∗_k, only at most N mappings φ^∗_k do not vanish in this neighborhood. Hence g(x) is well defined for x ∈ A^c. Moreover, we have

‖g(x)‖_F ≤ ∑ k φ^∗_k(x) · ‖g(p_k)‖_F ≤ |g|_α · ∑ k φ^∗_k(x) = |g|_α, x ∈ A^c.

For the proof of the Hölder continuity of g we need an estimate for the Fréchet derivative of g. For this purpose let δ(x) := dist(x, A), x ∈ A^c. Then

c_3 · diam(Q_k) ≤ δ(x) ≤ c_4 · diam(Q_k), x ∈ Q^∗_k,

holds for all k ∈ N and two suitable constants c_3, c_4 > 0. Since φ^∗_k are continuously differentiable and since at most N mappings φ^∗_k are different from zero in a neighborhood of each point x ∈ A^c, we see that g is continuously Fréchet differentiable in A^c. In the following we will show the existence of a constant c_5 > 0 with ‖g^′(x)‖ ≤ c_5 · δ(x)^{α−1}, x ∈ A^c. (3) For this let x ∈ A^c be arbitrary but fixed. Then there exist M ∈ {1, . . . , N}, k_1, . . . , k_M ∈ N and ρ > 0, such that the ball B_ρ(x) := {y ∈ R^d : |x − y| < ρ} intersects only the cubes Q^∗_{k1} , . . . , Q^∗_{kM} . Hence only the mappings φ^∗_{k1} , . . . , φ^∗_{kM} are different from zero in B_ρ(x). We can choose M, k_1, . . . , k_M and ρ such that x ∈ Q^∗_{ki} , i = 1, . . . , M, holds for all i = 1, . . . , M. (Otherwise there exists a neighborhood of x that is not contained in Q^∗_{ki} .) For each z ∈ B_ρ(x) we get

g(z) = M∑ i=1 φ^∗_{ki} (z) · g(p_{ki} ),

and thus

g^′(z)h = M∑ i=1 ⟨∇φ^∗_{ki} (z), h⟩ · g(p_{ki} ), h ∈ R^d.

From 1 = ∑ k φ^∗_k(z) =

∑_M i=1 φ^∗_{ki} (z), z ∈ B_ρ(x), follows

∑_M i=1 ∇φ^∗_{ki} = 0 on B_ρ(x). Consequently,

g^′(z)h = M∑ i=1 ⟨∇φ^∗_{ki} (z), h⟩ · (g(p_{ki} ) − g(y))

holds for all y ∈ A and all h ∈ R^d. Choosing y ∈ A with |y − x| = δ(x) we get

‖g^′(x)‖ = sup_{|h|=1} ‖g^′(x)h‖_F

≤ sup_{|h|=1} M∑ i=1 ‖(g(p_{ki} ) − g(y))‖_F · |∇φ^∗_{ki} (x)| · |h|

≤ M∑ i=1 c_g · |p_{ki} − y|^α · √ d · c_1 · diam(Q_{ki} )^{−1}

≤ M∑ i=1 c_g · c^α_2 · |x − y|^α · √ d · c_1 · c^{−1}_4 · δ(x)^{−1}

≤ N · c_g · c^α_2 · δ(x)^α √ d · c_1 · c^{−1}_4 · δ(x)^{−1} = c_5 · δ(x)^{α−1}

for a suitable constant c_5. Thus (3) is shown.

Now we will show the Hölder continuity of g. Let y ∈ A and x ∈ A^c be arbitrary but fixed, and k_1, . . . , k_M such that x ∈ Q^∗_{ki} , i = 1, . . . , M, and x ∉ Q_k, k ∉ {k_1, . . . , k_M } holds. Then

‖g(x) − g(y)‖_F = ‖ ‖^M∑ i=1 φ^∗_{ki} (x) · g(p_{ki} ) − g(y) ‖ ‖ F = ‖ ‖ ‖ M∑ i=1 φ^∗_{ki} (x) · (g(p_{ki} ) − g(y)) ‖ ‖ ‖_F

≤ M∑ i=1 φ^∗_{ki} (x) · ‖g(p_{ki} ) − g(y)‖_F

≤ |g|_α · c^α_2 · |y − x|^α M∑ i=1 φ^∗_{ki} (x)

= |g|_α · c^α_2 · |y − x|^α.

Now, let x, y ∈ A^c be arbitrary but fixed. First we assume that the line segment xy connecting x and y satisfies dist(xy, A) > |x−y|. In this case there exists an open neighborhood of xy that is contained in A^c. From the mean value theorem for the Fréchet derivative ([2, Theorem 175.3]) there follows

‖g(x) − g(y)‖_F ≤ |x − y| · sup_{z∈xy} ‖g^′(z)‖ ≤ c_5 · |x − y| · sup_{z∈xy} δ(z)^{α−1}

≤ c_5 · |x − y|^α.

In the case of dist(xy, A) ≤ |x − y| there exist x^′ ∈ xy and y^′ ∈ A with |x^′ − y^′| ≤ |x − y|. Since |x − y^′| ≤ 2|x − y| and |y − y^′| ≤ 2|x − y| holds, from the above considerations we get

‖g(x) − g(y)‖_F ≤ ‖g(x) − g(y^′)‖_F + ‖g(y^′) − g(y)‖_F ≤ |g|_α · c^α_2 · (|x − y^′|^α + |y^′ − y|^α)

≤ 2^{α+1} · |g|_α · c^α_2 · |x − y|^α.

Step 2. Now, let A ⊂ R^d be an arbitrary nonempty subset. Since g is uniformly continuous on A, by standard arguments one can construct a continuous extension g̃ : A → F , where g̃ is even Hölder continuous with the same exponent α. From the above considerations we get an α-Hölder continuous extension g : R^d → F of g̃. Obviously, g is an extension of g, too. □

Acknowledgement

We thank Prof. Hans-Jürgen Engelbert who inspired the second step of the proof of Theorem 2.2.

The work of the first author was partially supported by DFG. The work of the second author was supported by DFG grant Ca 179/4-1.

References

1. G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions. Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, 1992.

2. H. Heuser, Lehrbuch der Analysis, Teil 2. B. G. Teubner, Stuttgart, 1991. 3. I. A. Ibragimov, Conditions for smoothness of trajectories of random functions. (Russian) Teor. Veroyatnost. i Primenen. 28(1983), No. 2, 229–250.

4. I. A. Ibragimov and R. Z. Khasminskii, Asymptotic theory of estimation. (Russian) Nauka, Mosow, 1979.

5. I. Karatzas and S. E. Shreve, Brownian motion and stochastic calculus. Graduate Texts in Mathematics 113, Springer, New York–Berlin–Heidelberg–London–Paris–Tokyo, 1988.

6. D. Revuz and M. Yor, Continuous martingales and Brownian motion. Grundlehren der mathematischen Wissenschaften 293, Springer, Berlin–Heidelberg–New York, 1991.

7. E. M. Stein, Singular integrals and differentiability properties of functions. Princeton University Press, Princeton, New Jersey, 1970.

8. J. B. Walsh, An introduction to stochastic partial differential equations. École d’été de probabilites de Saint-Flour, XIV—1984, 265–439, Lecture Notes in Math., 1180, Springer, Berlin, 1986.

(Received 3.07.2002)

Authors’ address:

Friedrich-Schiller-Universität Fakultät für Mathematik and Informatik Ernst-Abbe-Platz 1-4, 07743 Jena Germany E-mail: mittmann@minet.uni-jena.de ingo@minet.uni-jena.de