General Mathematics Vol. 7 /1999

A condition for starlikeness

Gh. Oros

Abstract In this paper we obtain a sufficient condition for starlikeness, which are expressed by the argument of (1 − λ) f(z) z + λf^′(z).

1991 Mathematical Subject Classification .......

1 Introduction and preliminaries lim_{n→∞} Let A_n denote the class of functions of the form:

f(z) = z + a_{n+1}z^{n+1} + a_{n+2}z^{n+2} + . . . , which are analytic in the unit disc U = {z| |z| < 1}.

If n = 1, A_1 = A.

We let H[1, n] denote the class of analytic functions in the unit disc of the form:

f(z) = 1 + a_nz^n + a_{n+1}z^{n+1} + . . . , z ∈ U 1

and let S^∗ = { f ∈ A, Re zf^′(z) f(z) > 0, z ∈ U }

be the class of starlike functions in the unit disc U.

The function f ∈ A, is called strongly-starlike of order γ, 0 < γ ≤ 1, if: | | |arg zf^′(z) f(z) | | < γ π 2 . Let denote by S^∗[γ] the class of all such functions. If f and g are analytic functions in U, then we say that f is subordinate to g, written f ≺ g or f(z) ≺ g(z), if there is a function w analytic in U with w(0) = 0, |w(z)| < 1 for any z ∈ U such that f(z) = g(w(z)) for z ∈ U.

If g is univalent, then f ≺ g if and only if f(0) = g(0) and f(U) ⊂ g(U). In this paper we obtain a condition for strongly-starlikeness by using the argument of (1 − λ) f(z) z + λf^′(z).

For this aim we need to apply the following lemma. Lemma. [1] Let λ > 0, let n be a positive integer and let β_0 = β_0(λ, n) be the root of the equation: βπ = 3π 2 − arctan(nλβ).

Let α = α(β, λ, n) = β + 2 π arctan(nλβ), 0 < β ≤ β_0. (1) If P ∈ H[1, n] then P (z) + λzP^′(z) ≺ ( 1 + z 1 − z )_α implies P (z) ≺ ( 1 + z 1 − z )_β .

2 Main results

Theorem 1. If f ∈ A_n, λ ≥ 1, 0 < γ ≤ 1 and

(1 − λ) f(z) z + λf^′(z) ≺ ( 1 + z 1 − z )_α , (2) where α = α_n(λ, γ) satisfies the equation

2 arctan[λn(1 − α)] + π(γ − 2α) = 0, (3) then f ∈ S^∗[γ].

Proof. If we let P (z) = f(z) z and Q(z) = (1−λ) f(z) z +λf^′(z).

condition (2) can be written: Q(z) ≺ ( 1 + z 1 − z )_α , which is equivalent to P (z) + λzP^′(z) ≺ ( 1 + z 1 − z )_α .

By applying lemma we deduce P (z) ≺ ( 1 + z 1 − z )_β , (4) where β satisfies condition (1).

If we write (3) as

2 arctan[λn(γ − α)] + π(γ − α − α) = 0 and we let γ − α = β then (3) becomes 2 arctan λnβ + π(β − α) = 0 and by letting απ = βπ + 2 arctan(λnβ) we obtain α = β + 2 π arctan(λnβ) which is exactly (1). Hence, from (1) and (3) we deduce: α + β = γ. (5) Since λ ≥ 1 and f^′(z) = 1 λ Q(z) + λ − 1 λ P (z) = 1 λ Q(z) + ( 1 − 1 λ ) P (z), we deduce that f^′(z) is a convex combination of P and Q.

On the other hand, from (1) we deduce that α > β hence f^′(z) ≺ ( 1 + z 1 − z )_α . (6) If we let p(z) = zf^′(z) f(z) , then we have p ∈ H[1, n] and p(z) = zf^′(z) P (z) . From (4) we have | arg P (z)| < βπ 2 , from (6) we have | arg f^′(z)| < απ 2 and from (5) we have α + β = γ. Hence | arg p(z)| ≤ | arg f^′(z)|+| arg P (z)| < α π 2 +β π 2 = (α+β) π 2 = γ π 2 , which shows that f ∈ S^∗[γ].

Theorem 1 can be written in the following equivalent form. Theorem 2. If 0 < μ ≤ 1 and g ∈ H[1, n] satisfies the condition | arg g(z)| < θ_n(μ) = α_n ( 1 μ ) π 2 , where α_n(λ) is given by (3), then the function f(z) = μz ∫_1 0 t^{μ−1}g(tz)dt (7) is strongly-starlike.

Proof. If we let λ =^1_μ and g ∈ H[1, n] the equation

(μ − 1) f(z) z + f^′(z) = μg(z)

has the solution f ∈ A_n given by (7).

Since g(z) = (1 − λ) f(z) z + λf^′(z) we have

(1 − λ) f(z) z + λf^′(z) ≺ ( 1 + z 1 − z )_α and from Theorem 1 we deduce that f is strongly-starlike.

In the case γ = 1 this result was obtained in [4].

Bibliografie

[1] S.S. Miller and P.T. Mocanu, Marx-Strohhäcker differential subordination systems, Proc. Amer. Math. Soc., 99(1987), 527-534.

[2] S.S. Miller and P.T. Mocanu, Univalence of Gaussian and complement hypergeometric functions, Proc. Amer. Math. Soc., 110, 2(1990), 333- 342.

[3] P.T. Mocanu and Gh. Oros, On certain condition for starlikeness (to appear).

[4] Gh. Oros, A condition for starlikeness (to appear).

University of Oradea Department of Mathematics 3700 Oradea Romania