General Mathematics Vol. 4 /1996

The construction of some means

J. Sándor, Gh. Toader, I. Raşa

Abstract Some methods of construction of means are considered and certain relations between means are established. AMS Subject Classification 26D15

1 Introduction

A mean of two positive real numbers is defined as a function M : R_+ ×R_+ → R_+, where R_+ = (0, ∞), which has the property: min(a, b) ≤ M(a, b) ≤ max(a, b) , ∀a, b > 0 . (1) As M(a, a) = a, we will suppose in what follows that 0 < a < b.

The following ”exponential mean” was defined in [12]: E = E(a, b) = a · e^a − b · e^b e^a − e^b − 1 This mean was further studied and generalized in [10] and [11]. In [2] appears also the mean: S = S(a, b) = (a^a · b^b)^{1a+b} . (2) which is called symmetric geometric mean. It was also studied in [5], [6], [7] and [9]. 63

Another exponential mean which we have in view in the present paper is: F = F (a, b) = a · e^a + b · e^b e^a + b^b . (3) In fact, some methods of construction of similar means will be considered and certain relations among means will be established.

2 Some families of means

In [4] the following family of means is defined. Let f, g, h : R_+ → R_+ be three positive functions, h being moreover strictly monotone. Then: F_{f,g,h} = F_{f,g,h}(a, b) = h^{−1} h(a)f(a) + h(b)g(b) f(a) + g(b) defines a mean. If f = g and h(x) = x, we shall denote it by F_f . In the special case when f = exp, we get the mean defined by (3). For h = log, F_{f,g,h} becomes: S_{f,g} = S_{f,g}(a, b) = [a^{f(a)} · b^{g(b)}]^{1f(a)+g(b)} . Again S_f = S_{f,f} and in the special case when f(x) = x, we get the mean S given by (2).

On the other hand, S remembers the ”identic mean” I defined by: I = I(a, b) = 1 e · a^a b^b 1 a−b . We can look for a generalization of the form:

I_f = I_f (a, b) = k · a^{f(a)} b^{f(b)} 1 f(a)−f(b) (4)

The relation (1) impose the conditions 1 k ≤ ( a b ) f(b) f(a)−f(b) and (a b ) f(b) f(a)−f(b) ≤ 1 k . (5) Let us now suppose that f is a differentiable function on R_+. When b tends to a, from the inequalities (5) we get: exp f(a) af^′(a) = 1 k . This is a simple differential equation, having the general solution f(a) = c · a^n (6) where c > 0 and n = −1 log k , i.e. k = e^{− 1}n .

Conversely, is f is given by (6) and n > 0, then the expression I_f from (4) will represent a mean for k = e^{− 1n} .

Indeed, the first inequality of (1) gives

e^{1n} ≤ ( a b ) bn an−bn . Denoting a b = x ∈ (0, 1), after taking logarithms, this becomes 1 x^n − 1 log x ≥ 1 n , which for y = x^n ∈ (0, 1) is a well-known inequality. Analogously, the second inequality from (1) may be written as x^n x^n − 1 log x ≤ 1 n , which, with the notation y = x^n, also becomes a standard inequality.

Therefore, we have obtained the general identic mean

I_n = I_n(a, b) = 1 e^1n a^{an} b^{bn} 1 an−bn . Turning now to the mean E, we also look for functions f such that E_f = E_f (a, b) = af(a) − bf(b) f(a) − f(b) − k (7) define a mean (for certain well chosen k). Again from (1) we have: (a − b)f(b) f(a) − f(b) ≥ k and (a − b)f(a) f(a) − f(b) ≤ k , so, if we suppose that f has a derivative, for b tending to a we deduce the equation f(a) f^′(a) = k , giving f(a) = c · q^a(q > 0) . (8) Conversely, if E_f is given by (7) and f by (8), we get a mean E_q taking k = 1 log q : E_q = E_q(a, b) = a · q^a − b · q^b q^a − q^b − 1 log q . This can be verified directly, or by using a method developed in [13]: If f is continuous and monotonic, and g is positive, then the expression:

V_{f,g} = V_{f,g}(a, b) = f^{−1} b∫ a f(x)g(x)dx b∫ a g(x)dx defines a mean. For f(x) = x and g(x) = q^x, we reobtain the mean E_q.

3 Some relations between means

The mean S can be also defined otherwise. For a given function p : R_+ × R_+ → [0, 1] let us consider its pair q, given by q(a, b) = 1 − p(a, b). It is easy to see that G_p = G_p(a, b) = a^{p(a,b)}b^{q(a,b)} and A_p = A_p(a, b) = a · p(a, b) + b · q(a, b) define means, of geometric respectively arithmetic type. So G_p ≤ A_p . For p(a, b) = a a + b we get G_p = S and

A_p = C = C(a, b) = a^2 + b^2 a + b the contraharmonic mean. And we have S ≤ C, which was proved in [5] and [7]. Also for p(x) = e^a e^a + e^b we get A_p = F and so we can obtain a similar inequality for F .

But we can deduce also some relations between F and S. As f(x) = e^x x is increasing on [1, ∞), for 1 ≤ a < b we have e^b b > e^a a which gives C(a, b) < F (a, b) , for 1 ≤ a < b and also S(a, b) < F (a, b) , for 1 ≤ a < b. Similarly, f is decreasing on (0, 1), so for 0 < a < b < 1 we have the previous inequalities reversed.

In [1] the so–called Gini means are used: P_r(a, b) = exp a^r log a + b^r log b a^r + b^r . They are related to the mean F by: log P_r(a, b) = 1 r F (r · log a, r · log b). Here we use also another sort of relations. In [13] it is remarked that if M is a mean and f is a bijection, we can define another mean by: M(f) = M(f)(a, b) = f^{−1}(M(f(a), f(b))). With this notation, we have I_n(exp) = E_{exp(n)} or E_q = I_{log q}(exp) which, for n = 1, or q = e, become E = I(exp) (9) that was given in [10]. It is also easy to see that F = S(exp).

(10)

Let us introduce two new means on the same way. Denote as usual (see [7]) by A, G and L the arithmetic, geometric respectively logarithmic mean (of the numbers a, b). Then define the means Δ and Λ by:

Δ = A(exp) ,

(11) respectively Λ = L(exp).

(12)

We have the following results:

Theorem 1 One has the inequalities: 3Λ > 2A + Δ

(13) and 3E > 2Δ + A. (14) Proof. In [8] it is proved that I^3 > A^2G while from [3] it is known that L^3 > G^2A. Replacing a by e^a and b by e^b, after logarithmating we get (13) and (14). Theorem 2 The following identity is valid: F − E = 1 − exp[2A − (Δ + Λ)] .

(15) Proof. In [5] it is proved that log S I = 1 −

G^2 A · L . Replacing a by e^a, b by e^b, and using the relations (9) and (10), we get (15).

Remark 1 In [10] the following inequalities are proved: A + Δ − Λ < E < 2Λ − A . In a similar way, we can prove:

Theorem 3 The following inequalities hold true: 2Δ − E < F < 4Δ − 3E . (16) Proof. It is known (see [6]) that: A^2 I < S < A^4 I^3 . Taking into account (10) and (11), we get (16).

References

[1] Allasia, G., Una generalizazzione della disugualianza di Liapunoff, Rend. Sem. Mat. Univ. Politech. Torino, 33(1974–1975), 213–222.

[2] Daróczy, Z., Páles, Zs., Multiplicative mean values and entropies, In:

Functions Series and Operators, Colloq. Math. Soc. J. Bolyai 35(1980), 343–359.

[3] Leach, E.B., Sholander, M.C., Extended mean values II, J. Math. Anal.

Appl. 92(1983), 207–223.

[4] Losonczi, L., Uber eine neue Klasse von Mittelwerte, Acta Sci. Math.

(Szeged) 32(1971), 71–78.

[5] Pečarić, J.E., Raşa, I., Some inequalities and identities for means, Studia Univ. Babeş–Bolyai, Math. 39(1944), 1.

[6] Raşa, I., Sándor, J., Inequalities for certain means in two arguments (to appear).

[7] Sándor, J., On the identic and logarithmic means, Aequat. Math.

40(1990), 261–270.

[8] Sándor J., A note on some inequalities for means, Arch. Math. (Basel), 56(1991), 471–473.

[9] Sándor, J., On certain identities for means, Studia Univ. Babeş– Bolyai, Math. 38(1993), 7–14.

[10] Sándor, J., Toader, Gh., On some exponential means, Babeş–Bolyai Univ. Preprint 7(1990), 35–40.

[11] Sándor J., Toader, Gh., Some general means, (to appear).

[12] Toader, Gh., An exponential mean, Babeş–Bolyai Univ. Preprint 7(1988), 51–54.

[13] Toader, Gh., Some remarks on means, Anal. Numér. Théor. Approx.

20(1991), 1–2, 97–109.

RO–4160 Forţeni nr.79 Department of Mathematics Jud. Harghita Technical University Romania 3400 Cluj–Napoca Romania