General Mathematics Vol. 4 /1996

A fundamental property of B–splines

Adrian Branga

Abstract

Let Δ_n : t_0 ≤ t_1 ≤ . . . ≤ t_n be a division on the real line, where n ∈ N^∗ and t_0, t_1, . . . , t_n ∈ R . We denote by B_{i,k}(x), k = 0, . . . , n − 1, i = 0, . . . , n − 1 − k, x ∈ R , the functions B– spline coresponding to division Δ_n.

Our aim in this paper is to prove a new fundamental property of B–splines.

AMS Subject Classification 65D07

1 Preliminaries

In this section we define the B–splines coresponding to division Δ_n and present some known properties of this functions, which will be used in the next section.

Definition 1 For ℓ = 0, . . . , n − 1, j = 1, . . . , n − ℓ and x ∈ R we define the functions ω_{ℓ,j}(x) = x − t_ℓ t_{ℓ+j} − t_ℓ , if t_ℓ < t_{ℓ+j}

0 , if t_ℓ = t_{ℓ+j} (1)

33

Definition 2 For k = 0, . . . , n − 1, i = 0, . . . , n − 1 − k and x ∈ R we define, using a recurrence relation, the functions B–spline coresponding to division Δ_n

B_{i,0}(x) =

1 , if x ∈ [t_i, t_{i+1}) 0 , if x ∈ R \ [t_i, t_{i+1}) (2) B_{i,k}(x) = ω_{i,k}(x) · B_{i,k−1}(x) + (1 − ω_{i+1,k}(x)) · B_{i+1,k−1}(x), k = 1, . . . , n − 1. (3) Remark 1 If k ∈ {0, . . . , n − 1}, i ∈ {0, . . . , n − 1 − k} and t_i = t_{i+1} = . . . = t_{i+k+1}, then B_{i,k}(x) = 0 for all x ∈ R . Lemma 1 (see [4]). If k = 0, . . . , n − 1, i = 0, . . . , n − 1 − k and x /∈ [t_i, t_{i+k+1}) then B_{i,k}(x) = 0 . (4) Lemma 2 (see [4]). If k = 0, . . . , n − 1, i = 0, . . . , n − 1 − k and x ∈ [t_i, t_{i+k+1}) then B_{i,k}(x) ≥ 0 . (5) 2 Main results

In this section we shall prove a new fundamental property of B–splines.

Further we denote by a^j_{i,k}(x) the functions a^j_{i,k}(x) =^{j∑}_{ℓ=0} B_{i+ℓ,k−ℓ}(x) = = B_{i,k−j}(x) + B_{i+1,k−j}(x) + . . . + B_{i+j,k−j} (x), (6) where k = 0, . . . , n − 1, i = 0, . . . , n − 1 − k, j = 0, . . . , k and x ∈ [t_i, t_{i+k+1}).

Theorem 1 The following inequality holds B_{i,k}(x) ≤ a^j_{i,k}(x) , (7) for all k = 1, . . . , n − 1, i = 0, . . . , n − 1 − k, j = 1, . . . , k and x ∈ [t_i, t_{i+k+1}).

Proof. We use the induction method. 1. If j = 1 we must to show B_{i,k}(x) ≤ a^1_{i,k}(x) = B_{i,k−1}(x) + B_{i+1,k−1}(x) , (8) where x ∈ [t_i, t_{i+k+1}).

From relation (3) we have B_{i,k}(x) = ω_{i,k}(x) · B_{i,k−1}(x) + (1 − ω_{i+1,k}(x)) · B_{i+1,k−1}(x). (9) We consider the following situations 1.1. Suppose that x ∈ [t_i, t_{i+1}).

Using relation (1), Lemma 1 and Lemma 2 we deduce 0 ≤ ω_{i,k}(x) ≤ 1 , B_{i,k−1}(x) ≥ 0 , B_{i+1,k−1}(x) = 0 (x /∈ [t_{i+1}, t_{i+k+1})) .

(10)

From (9) and (10) it follows that relation (8) is true for x ∈ [t_i, t_{i+1}).

1.2. Suppose that x ∈ [t_{i+1}, t_{i+k}).

Using relation (1), Lemma 1 and Lemma 2 we obtain 0 ≤ ω_{i,k}(x) ≤ 1 , B_{i,k−1}(x) ≥ 0 , 0 ≤ 1 − ω_{i+1,k}(x) ≤ 1 , B_{i+1,k−1}(x) ≥ 0 . (11)

From (9) and (11) it follows that the relation (8) is valid for x ∈ [t_{i+1}, t_{i+k}).

1.3. Suppose that x ∈ [t_{i+k}, t_{i+k+1}).

Using relation (1), Lemma 1 and Lemma 2 we deduce B_{i,k−1}(x) = 0 , (x /∈ [t_i, t_{i+k})) , 0 ≤ 1 − ω_{i+1,k}(x) ≤ 1 B_{i+1,k−1}(x) ≥ 0 . (12)

From (9) and (12) we obtain that relation (8) is true for x ∈ [t_{i+k}, t_{i+k+1}).

Hence, the relation (8) holds for all x ∈ [t_i, t_{i+k+1}).

2. Now assuming the relation (7) to be true for ℓ, where ℓ ∈ {1, . . . , k − 1}, i.e B_{i,k}(x) ≤ a^ℓ_{i,k}(x) = = B_{i,k−ℓ}(x) + B_{i+1,k−ℓ}(x) + . . . + B_{i+ℓ,k−ℓ}(x), (13) x ∈ [t_i, t_{i+k+1}) , we must to show that it is also valid for ℓ + 1 B_{i,k}(x) ≤ a^{ℓ+1}_{i,k} (x) = = B_{i,k−ℓ−1}(x) + B_{i+1,k−ℓ−1}(x) + . . . + B_{i+ℓ+1,k−ℓ−1}(x), (14) x ∈ [t_i, t_{i+k+1}). From relations (3) and (13) we deduce B_{i,k}(x) ≤ ω_{i,k−ℓ}(x) · B_{i,k−ℓ−1}(x)+ +B_{i+1,k−ℓ−1}(x) + . . . + B_{i+ℓ,k−ℓ−1}(x)+ +(1 − ω_{i+ℓ+1,k−ℓ}(x)) · B_{i+ℓ+1,k−ℓ−1}(x). (15)

Further we consider the following situations 2.1. If 1 ≤ ℓ < k − 1 2 then i < i + ℓ + 1 < i + k − ℓ < i + k + 1, i.e. t_i ≤ t_{i+ℓ+1} ≤ t_{i+k−ℓ} ≤ t_{i+k+1} . We have tree posibilities 2.1.1. Suppose that x ∈ [t_i, t_{i+ℓ+1}).

Using relation (1), Lemma 1 and Lemma 2 we deduce 0 ≤ ω_{i,k−ℓ}(x) ≤ 1 , B_{i,k−ℓ−1}(x) ≥ 0 , B_{i+ℓ+1,k−ℓ−1}(x) = 0 (x /∈ [t_{i+ℓ+1}, t_{i+k+1})) . (16)

From (15) and (16) we obtain that relation (14) is true for x ∈ [t_i, t_{i+ℓ+1}).

2.1.2. Suppose that x ∈ [t_{i+ℓ+1}, t_{i+k−ℓ}).

Using relation (1), Lemma 1 and Lemma 2 it follows that 0 ≤ ω_{i,k−ℓ}(x) ≤ 1 , B_{i,k−ℓ−1}(x) ≥ 0 , 0 ≤ 1 − ω_{i+ℓ+1,k−ℓ}(x) ≤ 1 , B_{i+ℓ+1,k−ℓ−1}(x) ≥ 0 . (17)

Using relations (15) and (17) we deduce that (14) is valid for x ∈ [t_{i+ℓ+1}, t_{i+k−ℓ}). 2.1.3. Suppose that x ∈ [t_{i+k−ℓ}, t_{i+k+1}).

Using relation (1), Lemma 1 and Lemma 2 it follows that B_{i,k−ℓ−1}(x) = 0 , (x /∈ [t_i, t_{i+k−ℓ})) 0 ≤ 1 − ω_{i+ℓ+1,k−ℓ}(x) ≤ 1 , B_{i+ℓ+1,k−ℓ−1}(x) ≥ 0 . (18)

Using (15) and (18) we obtain that relation (14) is true for x ∈ [t_{i+k−ℓ}, t_{i+k+1}). Hence, if 1 ≤ ℓ < k − 1 2 then relation (14) holds for all x ∈ [t_i, t_{i+k+1}). 2.2. If k − 1 2 ≤ ℓ ≤ k − 1 then i < i+k−ℓ < i+ℓ+1 < i+k+1, i.e. t_i ≤ t_{i+k−ℓ} ≤ t_{i+ℓ+1} ≤ t_{i+k+1} . We have two posibilities 2.2.1. Suppose that x ∈ [t_i, t_{i+ℓ+1}).

Using relation (1), Lemma 1 and Lemma 2 we obtain 0 ≤ ω_{i,k−ℓ}(x) ≤ 1 , B_{i,k−ℓ−1}(x) ≥ 0 , B_{i+ℓ+1,k−ℓ−1}(x) = 0 (x /∈ [t_{i+ℓ+1}, t_{i+k+1})) . (19)

From (15) and (19) we deduce that the relation (14) is valid for x ∈ [t_i, t_{i+ℓ+1}).

2.2.2. Suppose that x ∈ [t_{i+ℓ+1}, t_{i+k+1}).

Using relation (1), Lemma 1 and Lemma 2 it follows that B_{i,k−ℓ−1}(x) = 0 (x /∈ [t_i, t_{i+k−ℓ})) , 0 ≤ 1 − ω_{i+ℓ+1,k−ℓ}(x) ≤ 1 , B_{i+ℓ+1,k−ℓ−1}(x) ≥ 0 . (20)

From (15) and (20) we deduce that the relation (14) is true for x ∈ [t_{i+ℓ+1}, t_{i+k+1}).

Hence, if k − 1 2 ≤ ℓ ≤ k − 1 then the relation (14) holds for all x ∈ [t_i, t_{i+k+1}).

Therefore, relation (7) is true for all x ∈ [t_i, t_{i+k+1}) and j ∈ {1, . . . , k}. References

[1] De Boor, C., Höllig, K., B–splines without divided differences, in Geometric modeling, SIAM, 1987.

[2] Farin, G., Courbes et surfaces pour la CGAO, Masson, 1992.

[3] Lupaş, Al., Branga A., Sofonea, F., Analiză numerică. Lucrări de laborator. Probleme, Ed. Univ. ”Lucian Blaga”, Sibiu, 1997.

[4] Risler, J.J., Méthodes mathématiques pour la CAO, Masson, 1991.

Department of Mathematics Faculty of Sciences University ”Lucian Blaga” of Sibiu 2400 – Sibiu Romania