Discrete Mathematics and Theoretical Computer Science 6, 2004, 497–522

Track Layouts of Graphs^†

Vida Dujmović^{1,2} and Attila Pór^3 and David R. Wood^{1,2}

1 School of Computer Science, McGill University, Montréal, Canada. ({vida,wood}@cs.mcgill.ca) 2 School of Computer Science, Carleton University, Ottawa, Canada.

3 Department of Mathematics, Case Western University, Cleveland, USA. (attila.por@case.edu)

received November 4, 2003, revised September 7, 2004, accepted December 2, 2004.

A (k,t)-track layout of a graph G consists of a (proper) vertex t-colouring of G, a total order of each vertex colour class, and a (non-proper) edge k-colouring such that between each pair of colour classes no two monochromatic edges cross. This structure has recently arisen in the study of three-dimensional graph drawings. This paper presents the beginnings of a theory of track layouts. First we determine the maximum number of edges in a (k,t)-track layout, and show how to colour the edges given fixed linear orderings of the vertex colour classes. We then describe methods for the manipulation of track layouts. For example, we show how to decrease the number of edge colours in a track layout at the expense of increasing the number of tracks, and vice versa. We then study the relationship between track layouts and other models of graph layout, namely stack and queue layouts, and geometric thickness. One of our principle results is that the queue-number and track-number of a graph are tied, in the sense that one is bounded by a function of the other. As corollaries we prove that acyclic chromatic number is bounded by both queue-number and stack-number. Finally we consider track layouts of planar graphs. While it is an open problem whether planar graphs have bounded track-number, we prove bounds on the track-number of outerplanar graphs, and give the best known lower bound on the track-number of planar graphs.

Keywords: graph layout, graph drawing, track layout, stack layout, queue layout, book embedding, track-number, queue-number, stack-number, page-number, book-thickness, geometric thickness, three-dimensional graph drawing, acyclic chromatic number

Mathematics Subject Classification: 05C62 (graph representations), 05C15 (coloring of graphs and hypergraphs)

†The research of V. Dujmović was supported by FCAR and NSERC. The research of D. Wood was partially supported by NSERC. The research of A. Por and D. Wood was partially completed at the Department of Applied Mathematics and the Institute for Theoretical Computer Science, Charles University, Prague, Czech Republic. Supported by project LN00A056 of the Ministry of Education of the Czech Republic, and by the European Union Research Training Network COMBSTRU (Combinatorial Structure of Intractable Problems).

1365–8050 © 2004 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

1 Introduction

In its simplest form, a track layout of a graph consists of a vertex colouring and a total order on each colour class, such that there is no pair of crossing edges between any two colour classes. The purpose of this paper is to develop the beginnings of a theory of track layouts. Our focus is on methods for the manipulation of track layouts, and the relationship between track layouts and other models of graph layout. We consider undirected, finite, and simple graphs G with vertex set V (G) and edge set E(G). The number of vertices and edges of G are respectively denoted by n = |V (G)| and m = |E(G)|.

A vertex |I|-colouring of a graph G is a partition {V_i : i ∈ I} of V (G) such that for every edge vw ∈ E(G), if v ∈ V_i and w ∈ V_j then i ≠ j. The elements of I are colours, and each set V_i is a colour class. The chromatic number of G, denoted by χ(G), is the minimum number k such that G has a vertex k-colouring.

Consider a vertex I-colouring {V_i : i ∈ I} of a graph G. Suppose that <_i is a total order on each colour class V_i. Then each pair (V_i,<_i) is a track, and {(V_i,<_i) : i ∈ I} is an |I|-track assignment of G. To ease the notation we denote track assignments by {V_i : i ∈ I} when the ordering on each colour class is implicit.

An X-crossing in a track assignment consists of two edges vw and xy such that v,x ∈ V_i, w,y ∈ V_j, v <_i x and y <_j w, for distinct colours i and j. An edge k-colouring of G is simply a partition {E_i : 1 ≤ i ≤ k} of E(G). A (k,t)-track layout of G consists of a t-track assignment of G and an edge k-colouring of G with no monochromatic X-crossing; that is, edges of the same colour do not form an X-crossing. A graph admitting a (k,t)-track layout is called a (k,t)-track graph. The minimum t such that a graph G is a (k,t)-track graph is denoted by tn_k(G).

(1,t)-track layouts (that is, with no X-crossing) are of particular interest due to applications in threedimensional graph drawing (see below). A (1,t)-track layout is called a t-track layout. A graph admitting a t-track layout is called a t-track graph. The track-number of G is tn_1(G), simply denoted by tn(G). Dujmović et al. [26] first introduced track layouts and track-number, although similar structures are implicit in many previous works [32, 39, 40, 50].

The graphs that admit 2-track layouts are easily characterised as follows, where a caterpillar is a tree such that deleting the leaves gives a path, as illustrated in Figure 1. Lemma 1. [37] A graph has a 2-track layout if and only if it is a forest of caterpillars.

Fig. 1: A 2-track layout of a forest of caterpillars.

Table 1 summarises the known bounds on the track-number.

Part of the motivation for studying track layouts is a connection with three-dimensional graph drawings. A three-dimensional straight-line grid drawing of a graph, henceforth called a 3D drawing, is a placement of the vertices at distinct points in Z^3 (called gridpoints), such that the line-segments representing the edges are pairwise non-crossing. That is, distinct edges only intersect at common endpoints, and each edge only intersects a vertex that is an endpoint of that edge. The bounding box of a 3D drawing is the minimum axis-aligned box containing the drawing. If the bounding box has side lengths X − 1, Y − 1 and Z − 1, then we speak of an X × Y × Z drawing with volume X · Y · Z. That is, the volume of a 3D

Tab. 1: Upper bounds on the track-number.

graph family track-number reference n vertices n trivial m edges 15m^{2/3} Dujmović and Wood [28] m edges, max. degree Δ 14 √ Δm Dujmović and Wood [28] no K_h-minor O(h^{3/2}n^{1/2}) Dujmović and Wood [28] genus γ O(γ^{1/2}n^{1/2}) Dujmović and Wood [28] tree-width w 3^w · 6^{(4w−3w−1)/9} Dujmović et al. [26] tree-width w, max. degree Δ 72Δw Dujmović et al. [26] queue-number k, acyclic chromatic number c c(2k)^{c−1} Dujmović et al. [26]; see Theorem 2 queue-number k 4k · 4^{k(2k−1)(4k−1)} Theorem 8 path-width p p + 1 Dujmović et al. [26] band-width b b + 1 Lemma 17 series-parallel graphs 15 Di Giacomo et al. [21] Halin 8^† Di Giacomo and Meijer [23] X-trees 6^† Di Giacomo and Meijer [23] outerplanar 5^† Lemma 22 1-queue graphs 4 Theorem 11 trees 3 Felsner et al. [32]

drawing is the number of gridpoints in the bounding box. Minimising the volume in 3D drawings is a widely studied problem [15, 18, 19, 20, 22, 23, 26, 28, 32, 38, 47]. The following general bounds are known for the volume of 3D drawings in terms of the track-number. Other papers to employ track layouts in the production of 3D drawings include [20, 23, 28, 32, 38].

Theorem 1. [26, 28] Let G be a c-colourable t-track graph with n vertices. Then

(a) G has a O(t) × O(t) × O(n) straight-line drawing with O(t^2n) volume, and

(b) G has a O(c) × O(c^2t) × O(c^4n) straight-line drawing with O(c^7tn) volume.

Moreover, if G has an X ×Y × Z straight-line drawing then G has track-number tn(G) ≤ 2XY .

The purpose of this paper is to present fundamental results in the theory of track layouts. In Section 2.1 we show how to colour the edges of a track assignment to obtain a track layout. In Section 2.2 we answer the extremal question: what is the maximum number of edges in a (k,t)-track layout? Section 3 presents methods for manipulating track layouts. In particular, we show how to ‘wrap’ a track layout. This process can be used to produce a track layout of a graph given track layouts of its biconnected components. Section 4 studies the tradeoff between the number of tracks and the number of edge colours in a track

† A track layout that allows edges between consecutive vertices in a track is called an improper track layout [26]. This concept, in the case of three tracks, was introduced by Felsner et al. [32], who proved that every outerplanar graph has an improper 3-track layout. It is easily seen that the tracks can be ‘doubled’ to obtain a (proper) 6-track layout [26]. Lemma 22 improves this bound to 5. Similarly, Di Giacomo and Meijer [23] proved that X-trees have improper 3-track layouts, and Halin graphs have improper 4-track layouts. Thus X-trees have (proper) 6-track layouts, and Halin graphs have (proper) 8-track layouts.

layout. In Sections 5 and 6 we explore the relationship between track layouts and other models of graph layout; in particular, stack and queue layouts in Section 5, and geometric thickness in Section 6. One of our main results is that track-number is tied to queue-number. As corollaries we prove that acyclic chromatic number is bounded by both stack-number and queue-number. In Section 7 we prove bounds on the track-number of outerplanar graphs, and prove the best known lower bound on the track-number of planar graphs. Section 8 concludes with some open problems regarding the computational complexity of recognising (k,t)-track graphs. Note that a number of results in this paper are used to prove results in our companion paper on layouts of graph subdivisions [29].

1.1 Definitions

Before we move on, here are some definitions. The subgraph of a graph G induced by a set of vertices A ⊆ V (G) is denoted by G[A]. For all disjoint A,B ⊆ V (G), we denote by G[A,B] the bipartite subgraph of G with vertex set A ∪ B and edge set {vw ∈ E(G) : v ∈ A,w ∈ B}. The spanning subgraph of G induced by a set of edges S ⊆ E(G) is denoted by G[S]. For v,w ∈ V (G), we denote by G ∪ vw the graph with vertex set V (G) and edge set E(G) ∪ {vw}.

A graph H is a minor of G if H is isomorphic to a graph obtained from a subgraph of G by contracting edges. A minor-closed class of graphs is proper if it is not the class of all graphs.

A graph parameter is a function α that assigns to every graph G a non-negative integer α(G). Let G be a class of graphs. By α(G) we denote the function f : N → N, where f (n) is the maximum of α(G), taken over all n-vertex graphs G ∈ G. We say G has bounded α if α(G) ∈ O(1). A graph parameter α is bounded by a graph parameter β , if there exists a binding function g such that α(G) ≤ g(β(G)) for every graph G. If α is bounded by β and β is bounded by α then α and β are tied. Clearly, if α and β are tied then a graph family G has bounded α if and only if G has bounded β. These notions were introduced by Gyárfás [36] in relation to near-perfect graph families for which the chromatic number is bounded by the clique-number.

A vertex ordering of an n-vertex graph G is a bijection σ : V (G) → {1,2,...,n}. We write v <_σ w to mean that σ(v) < σ(w). One can thus view <_σ as a total order on V (G). We say G (or V (G)) is ordered by <_σ. At times, it will be convenient to express σ by the list (v_1,v_2,... ,v_n), where v_i <_σ v_j if and only if 1 ≤ i < j ≤ n. These notions extend to subsets of vertices in the natural way. Suppose that V_1,V_2,... ,V_k are disjoint sets of vertices, such that each V_i is ordered by <_i. Then (V_1,V_2,... ,V_k) denotes the vertex ordering σ such that v <_σ w whenever v ∈ V_i and w ∈ V_j with i < j, or v ∈ V_i, w ∈ V_i, and v <_i w. We write V_1 <_σ V_2 <_σ ··· <_σ V_k.

2 Basics

2.1 Fixed Track Assignment

We now show how to colour the edges in a track assignment so that no monochromatic edges form an X-crossing. A set S of k edges in a track assignment A is called a crossing k-tuple if each pair of edges in S form an X-crossing in A.

Lemma 2. A t-track assignment A of a graph G can be extended into a (k,t)-track layout if and only if A has no crossing (k + 1)-tuple.

Proof. Suppose that A has a crossing (k + 1)-tuple S. Each edge in S must receive a distinct colour. Thus A cannot be extended into a (k,t)-track layout. Now suppose A has no crossing (k + 1)-tuple. Consider any two tracks A,B ∈ A. For all edges vw,xy of G[A,B], say vw ⪯ xy if v ≤ x in A and w ≤ y in B. Clearly ⪯ is a partial order on E(G[A,B]). Two edges are incomparable under ⪯ if and only if they form an Xcrossing. Thus an antichain in ⪯ (that is, a set of pairwise incomparable elements) is a crossing tuple. By assumption, ⪯ has no antichain of size k + 1. By Dilworth’s Theorem [25], E(G[A,B]) can be partitioned into k chains. A chain in ⪯ is a set of edges of G[A,B], no two of which form an X-crossing. Thus the partition into k chains defines the desired edge colouring of a (k,t)-track layout.

Note that Lemma 2 essentially says that permutation graphs are perfect (see [16]).

2.2 Extremal Questions

Consider the maximum number of edges in a track layout. It follows from Lemma 1 that an n-vertex 2-track graph has at most n − 1 edges, which generalises to (k,2)-track graphs as follows. Lemma 3. Every (k,2)-track graph with n ≥ 1 vertices has at most k(n − 1) edges. Moreover, if n ≥ 2k − 1, then there are at most k(n − k) edges. Conversely, for all k ≥ 1 and n_1,n_2 ≥ k, there exists a (k,2)-track layout with k(n_1 + n_2 − k) edges, and with n_1 vertices in the first track and n_2 vertices in the second track.

Proof. First we prove the upper bounds. Let (v_1,v_2,... ,v_{n1} ) and (w_1,w_2,... ,w_{n2} ) be the tracks, where n = n_1 + n_2. For each edge v_iw_j, let λ(v_iw_j) = i + j. Observe that 2 ≤ λ(v_iw_j) ≤ n. Thus there are at most n − 1 possible λ values. If distinct edges e and f have λ(e) = λ( f ) then e and f form an X-crossing. Thus at most k edges have the same λ value. Hence the number of edges is at most k(n − 1). Now suppose that n ≥ 2k − 1. For all 1 ≤ i ≤ k − 1, at most i edges e have λ(e) = i + 1 (≤ k), and at most i edges e have λ(e) = n + 1 − i (≥ k + 1). Thus the number of edges is at most 2 k−1 ∑_{i=1}^{i + (n − 1 − 2(k − 1))k = k(n − k) .}

Now we prove the lower bound. Let A = (v_1,v_2,... ,v_{n1} ) and B = (w_1,w_2,... ,w_{n2} ). Construct a graph G with V (G) = A ∪ B. For each 1 ≤ ℓ ≤ k, let E_ℓ be the set of edges { v_ℓw_j : 1 ≤ j ≤ n_2 + 1 − ℓ }[ { v_iw_{n2+1−ℓ} : ℓ + 1 ≤ i ≤ n_1 } . Observe that E_{ℓ1} ∩ E_{ℓ2} = /0 for distinct ℓ_1 and ℓ_2. Let E(G) = S ℓ E_ℓ. Clearly no two edges in each E_ℓ form an X-crossing, as illustrated in Figure 2. Thus G has a (k,2)-track layout. The number of edges is k ∑_{ℓ=1}^{((n}2^{+ 1 − ℓ) + (n}1^{− ℓ)) = k(n}1^{+ n}2^{) − k}∑_{ℓ=1}^{(2ℓ − 1) = k(n}1^{+ n}2^{− k) .}

Note that the condition n ≥ 2k − 1 in Lemma 3 is implied if in fact there is a crossing k-tuple. Lemma 3 generalises to (k,t)-track layouts as follows.

Lemma 4. Every (k,t)-track graph with n vertices and no empty tracks has at most k ( (t − 1)n −

(_t 2 )) edges. Moreover, if every pair of tracks has at least 2k − 1 vertices, then there are at most k ( (t − 1)n − k (_t 2 )) edges. Conversely, for all k ≥ 1, t ≥ 2 and n ≥ kt there exists a (k,t)-track layout with n vertices and k ( (t − 1)n − k

(_t 2 )) edges.

Fig. 2: An edge-maximal (3,2)-track layout.

Proof. First we prove the upper bounds. Let n_i be the number of vertices in the i-th track. Let m_{i, j} be the number of edges between the i-th and j-th tracks. By Lemma 3, m_{i, j} ≤ k(n_i + n_j − 1). Hence the total number of edges is at most

∑_{1≤i< j≤t}^{k(n}i^{+ n} j^{− 1) = k(} ∑_{1≤i< j≤t}^{(n}i^{+ n} j^{) − (t}2^{)) = k( (t − 1)n − (t}2^{)) .}

Now suppose that every pair of tracks has at least 2k − 1 vertices. By Lemma 3, m_{i, j} ≤ k(n_i + n_j − k). Hence the total number of edges is at most

∑_{1≤i< j≤t}^{k(n}i^{+ n} j^{− k) = k(} ∑_{1≤i< j≤t}^{(n}i^{+ n} j^{) − k(t}2^{)) = k( (t − 1)n − k(t}2^{)) .}

Now we prove the lower bound. Given any k ≥ 1, t ≥ 2 and n ≥ kt, arbitrarily partition n into t integers n = n_1 + n_2 + ··· + n_t with each n_i ≥ k. Construct a (k,t)-track layout with n_i vertices in the i-th track, and k(n_i + n_j − k) edges between the i-th and j-th tracks, as in Lemma 3. By the above analysis, the total number of edges is k ( (t − 1)n − k

(_t 2 )) . Since

(_t 2 ) ≥ 1, Lemma 4 implies the following lower bound on tn_k(G).

Corollary 1. For all k ≥ 1, every graph G with n vertices and m ≥ 1 edges satisfies tn_k(G) ≥^{m+k}_{kn} +1.

3 Manipulating Track Layouts

3.1 The Wrapping Lemma

Consider a track assignment {V_i : 1 ≤ i ≤ t} with a fixed ordering of the tracks. The span of an edge vw in {V_i : 1 ≤ i ≤ t} is |i − j| where v ∈ V_i and w ∈ V_j. It will also be useful to consider track layouts whose index set is two-dimensional. Let {V_{i, j} : i ≥ 0,1 ≤ j ≤ b_i} be a track assignment of a graph G. Define the partial span of an edge vw ∈ E(G) with v ∈ V_{i1, j1} and w ∈ V_{i2, j2} to be |i_1 − i_2|.

The following lemma describes how to ‘wrap’ a track layout, and is a generalisation of a result by Dujmović et al. [26], which in turn is based on an idea due to Felsner et al. [32].

Lemma 5. Let {V_{i, j} : i ≥ 0,1 ≤ j ≤ b_i} be a (k,t)-track layout of a graph G with maximum partial span s (for some irrelevant value t). For each 0 ≤ α ≤ s, let t_α = max{b_i : i ≡ α (mod s + 1)}. For each

0 ≤ α ≤ 2s, let t^′_α = max{b_i : i ≡ α (mod 2s + 1)}. Then

(a) tn_{2k}(G) ≤ s ∑_{α=0}^tα^{, and (b) tn}k^{(G) ≤ 2s}∑_{α=0}^{t′}α^.

Proof. Let {E_ℓ : 1 ≤ ℓ ≤ k} be the edge colouring in the given track layout. First we prove (a). By adding extra empty tracks where necessary, we can assume that the track layout is indexed

{V_{i, j} : i ≥ 0,1 ≤ j ≤ t_α,α = i mod (s + 1)} .

For each 0 ≤ α ≤ s and 1 ≤ j ≤ t_α, let

W_{α, j} = [ {V_{i, j} : i ≡ α (mod s + 1), i ≥ 0} .

Order W_{α, j} by (V_{α, j}, V_{α+(s+1), j}, V_{α+2(s+1), j}, ... ) .

Since every edge vw ∈ E(G) has partial span at most s, if v ∈ W_{α1, j1} and w ∈ W_{α2, j2} then α_1 ≠ α_2 or j_1 ≠ j_2. Hence {W_{α, j} : 0 ≤ α ≤ s,1 ≤ j ≤ t_α} is a track assignment of G. For each 1 ≤ ℓ ≤ k, let

E^′_ℓ = {vw ∈ E_ℓ : v ∈ V_{i1, j1} ∩W_{α1, j1} , w ∈ V_{i2, j2} ∩W_{α2, j2} ,i_1 ≤ i_2, α_1 ≤ α_2}, and E^{′′}_ℓ = {vw ∈ E_ℓ : v ∈ V_{i1, j1} ∩W_{α1, j1} , w ∈ V_{i2, j2} ∩W_{α2, j2} , i_1 < i_2, α_2 < α_1} .

An X-crossing between edges both from some E^′_ℓ (or both from some E^{′′}_ℓ ) implies that the same edges form an X-crossing in the original track layout. Thus {E^′_ℓ,E^{′′}_ℓ : 1 ≤ ℓ ≤ k} defines an edge 2k-colouring with no monochromatic X-crossing. Thus we have a (2k,∑^s_{α=0} t_α)-track layout of G.

We now prove (b). Again by adding extra empty tracks where necessary, we can assume that the track layout is indexed {V_{i, j} : i ≥ 0,1 ≤ j ≤ t^′_α,α = i mod (2s + 1)}. For each 0 ≤ α ≤ 2s and 1 ≤ j ≤ t^′_α, let

W_{α, j} = [ {V_{i, j} : i ≡ α (mod 2s + 1), i ≥ 0} .

Order W_{α, j} by (V_{α, j}, V_{α+(2s+1), j}, V_{α+2(2s+1), j}, ... ) .

Clearly {W_{α, j} : 0 ≤ α ≤ 2s,1 ≤ j ≤ t^′_α} is a track assignment of G. It remains to prove that there is no monochromatic X-crossing, where edge colours are inherited from the given track layout. Notice that each E_ℓ = E^′_ℓ ∪ E^{′′}_ℓ . As in part (a), edges in E^′_ℓ or in E^{′′}_ℓ do not form an X-crossing.

Consider the track layout defined for part (b). Although the original track layout has maximum partial span s, wrapping modulo 2s + 1 produces edges having partial span greater than s. In particular, edges in E^′_ℓ have partial span at most s, and edges in E^{′′}_ℓ have partial span at least s + 1. Thus an edge from E^′_ℓ and an edge from E^{′′}_ℓ do not form an X-crossing. Hence we have a (k,∑^{2s}_{α=0} t^′_α)-track layout of G.

The full generality of Lemma 5 is used in our companion paper [29]. For other applications, the following two special cases suffice. By Lemma 5 with b_i = b for all i ≥ 0, we have: Lemma 6. Let {V_{i, j} : i ≥ 0,1 ≤ j ≤ b} be a (k,t)-track layout of a graph G with maximum partial span s. Then (a) tn_{2k}(G) ≤ (s + 1)b, and (b) tn_k(G) ≤ (2s + 1)b.

The next special case is Lemma 6 with b = 1. Lemma 7(b) with k = 1 was proved by Dujmović et al. [26].

Lemma 7. Let G be a (k,t)-track graph with maximum span s. Then (a) tn_{2k}(G) ≤ s + 1, and (b) tnk(G) ≤ 2s + 1.

3.2 Biconnected Components

Clearly the track-number of a graph is at most the maximum track-number of its connected components. We now prove a similar result for maximal biconnected components (blocks). Lemma 8. For every k ≥ 1, every graph G satisfies:

(a) tn_{2k}(G) ≤ 2 · max{tn_k(B) : B is a block of G}, and

(b) tn_k(G) ≤ 3 · max{tn_k(B) : B is a block of G}.

Proof. Suppose we have a (k,t)-track layout of each block of G, where t = max{tn_k(B) : B is a block of G}. Clearly we can assume that G is connected. Let T be the block-cut-tree of G. That is, there is one vertex in T for each block and for each cut-vertex of G. Two vertices of T are adjacent if one corresponds to a block B and the other corresponds to a cut-vertex v ∈ B. T is a tree, as otherwise a cycle in T would correspond to a single block of G. Root T at a node r corresponding to an arbitrary block.

A node of T that corresponds to a block of G is at even distance from r, and a node of T that corresponds to a cut-vertex of G is at odd distance from r. For all i ≥ 0, let D_i be the set of blocks of G whose corresponding node in T is at distance 2i from r. Consider a block B ∈ D_i. Let x be the node of T corresponding to B. Let p be the parent node of x in T . Then p corresponds to a cut-vertex of G, which we call the parent cut-vertex of B. Say i ≥ 1. Let y be the parent node of p in T . Then y corresponds to some block B^′ of G. We say B^′ is the parent block of B, and B is a child block of B^′. Observe that each cut-vertex v is the parent cut-vertex of all but one block containing v. If a vertex v of G is in only one block B then we say v is grouped with B. Otherwise v is a cut-vertex and we say v is grouped with the block for which it is not the parent cut-vertex.

Now order each D_i firstly with respect to the order of the parent blocks in D_{i−1}, and secondly with respect to the order of the parent cut-vertices in the track layouts of the parent blocks. More formally, for each i ≥ 1, let <_i be a total order of D_i such that for all blocks A,B ∈ D_i with parent blocks A^′,B^′ ∈ D_{i−1}, we have A <_i B whenever (1) A^′ <_{i−1} B^′, or (2) A^′ = B^′, A ∩ A^′ = {v}, B ∩ B^′ = {w}, and v < w in some track of the (k,t)-track layout of A^′. (If v and w are in different tracks of the (k,t)-track layout of the parent block then the relative order of A and B is not important.)

For each i ≥ 0 and 1 ≤ j ≤ t, let V_{i, j} be the set of vertices v of G in a some block B ∈ D_i such that v is grouped with B, and v is in the j-th track of the track layout of B. Now order each V_{i, j} firstly with respect to the order <_i of the blocks in D_i, and within a block B, by the order of the j-th track of the track layout of B. Colour each edge e of G by the same colour assigned to e in the (k,t)-track layout of the block containing e. We claim there is no monochromatic X-crossing.

The parent cut-vertex of a block B is grouped with the parent block of B, and no block and its parent block are in the same D_i. Thus if vw is an edge with v ∈ V_{i, j1} and w ∈ V_{i, j2} then both v and w are grouped with the block containing vw. Since within each track vertices are ordered primarily by their block, and by assumption there is no monochromatic X-crossing between edges in the same block, there is no monochromatic X-crossing between tracks V_{i, j1} and V_{i, j2} for all i ≥ 0 and 1 ≤ j_1, j_2 ≤ t.

If vw is an edge with v ∈ V_{i1, j1} and w ∈ V_{i2, j2} for distinct i_1 and i_2, then without loss of generality, i_2 = i_1 + 1 and v is the parent cut-vertex of the block containing vw. Since sibling blocks are ordered with respect to the ordering of their parent cut-vertices, there is no X-crossing amongst edges between tracks V_{i1, j1} and V_{i2, j2} for all i_1,i_2 ≥ 0 and 1 ≤ j_1, j_2 ≤ t. Thus {V_{i, j} : i ≥ 0,1 ≤ j ≤ t} is a k-edge colour track layout of G such that every edge has a partial span of one. By Lemma 6, G has tn_{2k}(G) ≤ 2t, and G has tnk(G) ≤ 3t.

4 Tracks vs. Colours

We now show how to reduce the number of tracks in a track layout, at the expense of increasing the number of edge colours.

Lemma 9. Let G be a (k,t)-track graph with maximum span s (≤ t − 1). For every vertex colouring {V_i : 1 ≤ i ≤ c} of G, there is a (2sk,c)-track layout of G with tracks {V_i : 1 ≤ i ≤ c}.

Proof. Let {T_j : 1 ≤ j ≤ t} be a (k,t)-track layout of G with maximum span s and edge colouring {E_ℓ : 1 ≤ ℓ ≤ k}. Given a vertex colouring {V_i : 1 ≤ i ≤ c} of G, order each V_i by (V_i ∩ T_1,V_i ∩ T_2,... ,V_i ∩ T_t ). Thus {V_i : 1 ≤ i ≤ c} is a c-track assignment of G. Now we define an edge 2sk-colouring. For all integers ℓ and α such that 1 ≤ ℓ ≤ k and 1 ≤ |α| ≤ s, let

E_{ℓ,α} = {vw ∈ E_ℓ : v ∈ V_{i1} ∩ T_{j1} , w ∈ V_{i2} ∩ T_{j2} , i_1 < i_2, j_1 − j_2 = α} .

Consider two edges vw and xy in some E_{ℓ,α} between a pair of tracks V_{i1} and V_{i2} . Without loss of generality i_1 < i_2, v ∈ V_{i1} ∩ T_{j1} , w ∈ V_{i2} ∩ T_{j1+α}, x ∈ V_{i1} ∩ T_{j2} , y ∈ V_{i2} ∩ T_{j2+α}, and j_1 ≤ j_2. If j_1 = j_2 then vw and xy are between the same pair of tracks in the given track layout, and the relative order of the vertices is preserved. Thus if vw and xy form an X-crossing in the c-track assignment then they are coloured differently. If j_1 < j_2 then v <_{i1} x and w <_{i2} y, and the edges do not form an X-crossing. Hence vw and xy do not form a monochromatic X-crossing, and we have a (2sk,c)-track layout of G.

We now show how to reduce the number of edge colours in a track layout, at the expense of increasing the number of tracks. A vertex colouring is acyclic if there is no bichromatic cycle; that is, every cycle receives at least three colours. The acyclic chromatic number of a graph G, denoted by χ_a(G), is the minimum number of colours in an acyclic vertex colouring of G. This concept was introduced by Grünbaum [35], and has since been widely studied [3, 4, 5, 10, 11, 12, 13, 14, 14, 17, 33, 34, 42, 46]. By Lemma 1, each 2-track subgraph in an (edge-monochromatic) track layout is a forest of caterpillars. Thus the underlying vertex colouring is acyclic. Hence,

χ_a(G) ≤ tn(G) . (1)

A number of the results in this paper bound the acyclic chromatic number by various ‘geometric’ graph parameters. Many other variations of the chromatic number (including star chromatic number [1, 34, 35] and oriented chromatic number [43, 49, 51]) are bounded by the acyclic chromatic number. Thus our results also apply to these other types of colourings—we omit the details.

Alon and Marshall [2] proved the following application of acyclic colourings that we will repeatedly use. Loosely speaking, it says how to transform an edge colouring into a vertex colouring. A vertex colouring C_1 is a refinement of a vertex colouring C_2 if every colour class of C_1 is a subset of some colour class of C_2.

Lemma 10. [2] Given an edge k-colouring of a graph G, any acyclic c-colouring of G can be refined to a ck^{c−1}-colouring so that the edges between any pair of (vertex) colour classes are monochromatic.

The following result, which is implicit in Lemma 5.3 of Dujmović et al. [26], easily follows from Lemma 10.

Theorem 2. [26] Let G be a (k,t)-track graph in which the underlying vertex t-colouring is acyclic. Then G has track-number tn(G) ≤ tk^{t−1}.

The following result is similar to Theorem 2 but without the assumption that G has an acyclic colouring. A track layout T_1 is a refinement of a track layout T_2 if every track in T_1 is a subset of, and has the same order as, some track in T_2.

Theorem 3. Every (k,t)-track layout of a graph G can be refined to an (edge-monochromatic) t ·4(^{k2})^{(t−1)}- track layout of G. That is, G has track-number tn(G) ≤ t · 4(^{k2})^{(t−1)}.

We will prove Theorem 3 by a series of lemmas. Recall that a crossing triple in a track assignment is a set of three edges, each pair of which forms an X-crossing. The following result is the key idea. Lemma 11. Every 2-track assignment with no crossing triple can be refined to an (edge-monochromatic) 8-track layout, with four tracks arising from each of the two given tracks.

Proof. Let {A,B} be a 2-track assignment of a graph G with no crossing triple. We consider each track to be ordered left-to-right. Construct a path P starting at the first vertex in A as follows. If v is the current endpoint of P, choose vw to be the next edge in P, where w is the rightmost vertex in the track that does not contain v, such that G ∪ vw has no crossing triple. (Note that vw is not necessarily an edge of G.) Repeat this process until v is the rightmost vertex in B. Then {A,B} is a 2-track assignment of G ∪ P with no crossing triple.

In the construction of P, we can always choose the edge vw, since if uv is the edge most recently added to P, then the first vertex w to the right of u satisfies the conditions on w (since if {vw,e_1,e_2} is a crossing triple, then {uv,e_1,e_2} is a crossing triple, or v was not chosen rightmost.) This also proves that P is plane (that is, non-self-crossing). Moreover, P is an induced path, as otherwise some vertex in P would not be rightmost.

Claim. Each edge of G crosses at most one edge of P.

Proof. Assume for the sake of contradiction that an edge xy of G crosses two edges of P. Then xy crosses some 2-edge path uvw ∈ P, such that without loss of generality u ∈ B, v ∈ A, w ∈ B, and u < w in B. We can assume that x is the rightmost vertex in its track that has an incident edge xy that crosses uvw, and x < v in A or x < u in B.

Case 1. x ∈ A (see Figure 3(a)): Since vw was added to P (and vy was not added to P), there are two edges pq,rs ∈ E(G) (with p,r ∈ A and q,s ∈ B), such that {pq,rs,vy} is a crossing triple. If pq or rs does not cross xy, then x < p < v or x < r < v, in which case pq or rs crosses uvw with p > x or r > x, which contradicts our choice of x. Otherwise {pq,rs,xy} is a crossing triple, which is again a contradiction.

Case 2. x ∈ B (see Figure 3(b)): Since uv was added to P (and uy was not added to P), there are two edges pq,rs ∈ E(G) (with p,r ∈ A and q,s ∈ B), such that {pq,rs,uy} is a crossing triple. If pq or rs does not cross xy then x < q < u or x < s < u, in which case pq or rs crosses uvw with x < q or x < s, which contradicts our choice of x. Otherwise {pq,rs,xy} is a crossing triple, which is again a contradiction.

Let P = (v_1,w_1,v_2,w_2,... ,v_t ,w_t ), where v_1 is the first vertex in A, and v_1 < v_2 < ··· < v_t in A, and w_t is the last vertex in B, and w_1 < w_2 < ··· < w_t in B.

For 1 ≤ i ≤ t − 1, let A_i be the subset of A consisting of the vertices strictly between v_i and v_{i+1}. Let A_t be the subset of A consisting of the vertices strictly after v_t . Let B_0 be the subset of B consisting of the vertices strictly before w_1. For 1 ≤ i ≤ t − 1, let B_i be the subset of B consisting of the vertices strictly between w_i and w_{i+1}.

Let X_1 = {v_i : i odd}, X_2 = {v_i : i even}, X_3 = ∪{A_i : i odd}, and X_4 = ∪{A_i : i even}.

Fig. 3: Illustration to show that every edge of G crosses at most one edge of P.

Let Y_1 = {w_i : i odd}, Y_2 = {w_i : i even}, Y_3 = ∪{B_i : i odd}, and Y_4 = ∪{B_i : i even}. Consider each of X_1, X_2, X_3 and X_4 to be tracks ordered as in A. Consider each of Y_1, Y_2, Y_3 and Y_4 to be tracks ordered as in B. Note that every vertex of G is in one of these tracks. We claim that there is no X-crossing between these tracks.

Since P is an induced path of G ∪ P, every edge of G[X_1 ∪ X_2,Y_1 ∪Y_2] is in P. Since P is non-crossing, there is no X-crossing between tracks X_α and Y_β for all α,β ∈ {1,2}.

Consider the subgraphs G[X_1,Y_3 ∪Y_4] and G[X_2,Y_3 ∪Y_4]. By the construction of P, G[X_1,Y_3 ∪Y_4] only has edges v_ix where i is odd and x ∈ B_{i−1} ∪ B_{i−2}, and G[X_2,Y_3 ∪Y_4] only has edges v_ix where i is even and x ∈ B_{i−1} ∪ B_{i−2}. Thus G[X_1,Y_3 ∪Y_4] and G[X_2,Y_3 ∪Y_4] consist of non-crossing stars rooted at vertices v_i of P. Similarly, G[Y_1,X_3 ∪ X_4] and G[Y_2,X_3 ∪ X_4] consist of non-crossing stars rooted at vertices w_i ∈ P. Thus there is no X-crossing in G[X_1,Y_3 ∪Y_4], G[X_2,Y_3 ∪Y_4], G[Y_1,X_3 ∪ X_4] and G[Y_2,X_3 ∪ X_4].

Now, assume for the sake of contradiction that two edges vw and xy in G[X_3,Y_3] form an X-crossing. Say v < x in A and y < w in B. Since no edge of G[X_3,Y_3] crosses two edges of P, we have v,x ∈ A_i and w,y ∈ B_i for some i. Thus v < x < v_{i+1} and w_i < y < w. Hence {vw,xy,w_iv_{i+1}} is a crossing triple, which is a contradiction. It is simple to verify that the same arguments prove that there is no X-crossing in G[X_3,Y_4], G[X_4,Y_3] and G[X_4,Y_4].

This completes the proof that {X_1,X_2,X_3,X_4,Y_1,Y_2,Y_3,Y_4} is the desired 8-track layout of G.

Fig. 4: Construction of an 8-track refinement of a (2,2)-track layout.

Lemma 12. Every (k,2)-track layout can be refined to an (edge-monochromatic) 2 · 4(^{k2})-track layout, with 4(^{k2}) tracks arising from each of the two given tracks.

Proof. Let {A,B} be the tracks and let {E_1,E_2,... ,E_k} be the edge colouring in a (k,2)-track layout of a graph G. By Lemma 11, for each pair {i, j} ∈

(_{[k]} 2 ) , there is an 8-track layout {X^{i, j}_α ,Y^{i, j}_α : 1 ≤ α ≤ 4} of G[E_i ∪ E_j], where every X^{i, j}_α ⊆ A and Y^{i, j}_α ⊆ B. For each vertex v ∈ A, define the vector (X^{i, j}_α : {i, j} ∈ (_{[k]} 2 ) ,v ∈ X^{i, j}_α ). For each vertex w ∈ B, define the vector (Y^{i, j}_α : {i, j} ∈

(_{[k]} 2 ) ,w ∈ Y^{i, j}_α ). Now group the vertices with a common vector into a track, ordered by A or B accordingly. Since each of the 8-track layouts is a refinement of {A,B}, the order of the vertices within each of the 8-track layouts is preserved. If two edges coloured i form an X-crossing, then the same pair of edges would form an X-crossing in the (k,2)-track layout of G. If two edges coloured i and j form an X-crossing, then the same edges would form an X-crossing in the 8-track layout of G[E_i ∪ E_j]. Hence there is no X-crossing. The number tracks for each of A and B is 4(^{k2}).

Proof of Theorem 3. Let {V_1,V_2,... ,V_t } be the tracks in a (k,t)-track layout of G. For each vertex v ∈ V_i, and for every other track V_j, let ϕ_j(v) be the track containing v in the track layout of G[V_i,V_j] determined by Lemma 12, where 1 ≤ ϕ_j(v) ≤ 4(^{k2}). For each vertex v ∈ V_i, define the vector

(i;ϕ_1(v),... ,ϕ_{i−1}(v),ϕ_{i+1}(v),... ,ϕ_t (v)) .

Group the vertices with a common vector into a track, ordered by the appropriate V_i. Since each track layout of G[V_i,V_j] is a refinement of {V_i,V_j}, the order of the vertices within each track layout of G[V_i,V_j] is preserved. If two edges are between the same pair of tracks, then their endpoints must be from the same pair of colour classes. Thus there is no X-crossing, as otherwise there would be an X-crossing in the track layout of some G[V_i,V_j]. The total number of tracks is t · 4(^{k2})^{(t−1)}.

Note that Lemma 12 can re-stated as follows:

Corollary 2. The vertices of a (k,2)-track graph can be coloured with 2 · 4(^{k2}) colours so that each bichromatic subgraph is a plane caterpillar; that is, each bichromatic subgraph has no X-crossing.

Theorem 3 and (1) imply:

Corollary 3. Acyclic chromatic number is bounded by track-number. In particular, every (k,t)-track graph G has acyclic chromatic number χ_a(G) ≤ t · 4(^{k2})^{(t−1)}.

Note that the converse of Corollary 3 is not true. Let K^{′′}_n be the graph obtained from the complete graph K_n by subdividing every edge twice. Colour each original vertex of K_n red, and colour the two division vertices of each edge blue and green. Clearly there is no bichromatic cycle. Thus χ_a(K^{′′}_n ) = 3 for n ≥ 3. However, K^{′′}_n has track-number tn(K^{′′}_n ) ∈ Ω(n^{1/4}) [29]. Thus track-number is not bounded by acyclic chromatic number.

5 Stack and Queue Layouts

Let σ be a vertex ordering of a graph G. Let L(e) and R(e) denote the endpoints of each edge e ∈ E(G) such that L(e) <_σ R(e). Consider two edges e, f ∈ E(G) with no common endpoint such that without loss of generality L(e) <_σ L( f ). If L(e) <_σ L( f ) <_σ R(e) <_σ R( f ) then e and f cross. If L(e) <_σ L( f ) <_σ R( f ) <_σ R(e) then e and f nest, and f is nested inside e.

A stack (respectively, queue) in σ is a set of edges no two of which cross (nest) in σ. A k-stack (queue) layout of G consists of a vertex ordering σ of G and a partition {E_ℓ : 1 ≤ ℓ ≤ k} of E(G), such that each E_ℓ is a stack (queue) in σ. A graph admitting a k-stack (queue) layout is called a k-stack (queue) graph. The stack-number (queue-number) of a graph G, denoted by sn(G) (qn(G)), is the minimum k such that G is a k-stack (k-queue) graph. Note that stack-number is also called page-number and book-thickness in the literature.

Bernhart and Kainen [6] observed that the 1-stack graphs are precisely the outerplanar graphs, and that 2-stack graphs are characterised as the subgraphs of planar Hamiltonian graphs. Heath and Rosenberg [40] characterised 1-queue graphs as the ‘arched levelled planar’ graphs. See our companion paper [27] for other results and numerous references related to stack and queue layouts.

The following lemma highlights the fundamental relationship between track layouts, and queue and stack layouts. Its proof follows immediately from the definitions, and is illustrated in Figure 5 for k = 1.

Lemma 13. Let {A,B} be a track assignment of a bipartite graph G. Then the following are equivalent:

(a) {A,B} admits a (k,2)-track layout of G,

(b) the vertex ordering (A,B) admits a k-queue layout of G, and

(c) the vertex ordering (A, ←− B ) admits a k-stack layout of G,

where ←− B denotes the reverse vertex ordering of B.

Fig. 5: Layouts of a caterpillar: (a) 2-track, (b) 1-queue, (c) 1-stack.

Lemma 13 implies that a (k,2)-track layout can be thought of as a k-stack layout of a bipartite graph in which the two colour classes are ‘separated’ in the ordering. In Corollary 2 we proved that the vertices of (k,2)-track layout can be coloured with 2·4(^{k2}) colours so that each bichromatic subgraph is crossing-free. This result can be generalised as follows.

Theorem 4. Every k-stack graph has a vertex 80(^{k2})-colouring so that each bichromatic subgraph is contained in a single stack, and is thus crossing-free and outerplanar.

Proof. Every 2-stack graph is planar [6], and thus has an acyclic 5-colouring [10]. By Lemma 10 using the stack assignment as an edge 2-colouring, every 2-stack graph has a vertex colouring with 5 · 2^4 = 80 colours, so that the edges of each bichromatic subgraph are in a single stack.

Now suppose that G is a k-stack graph. Let {E_1,E_2,... ,E_k} be the stacks. For each pair {i, j} ∈

(_{[k]} 2 ) , there is a vertex 80-colouring of G[E_i ∪E_j], such that the edges in each bichromatic subgraph are contained in a single stack. Let ϕ_{i, j}(v) ∈ {1,2,...,80} be the colour assigned to each vertex v. Now colour v by the vector ϕ(v) = (ϕ_{i, j}(v) : {i, j} ∈

(_{[k]} 2 ) ). Suppose there are two edges vw and xy in some bichromatic subgraph of ϕ, and vw and xy are in distinct stacks E_i and E_j. Without loss of generality, ϕ(v) = ϕ(x) and ϕ(w) = ϕ(y). Thus ϕ_{i, j}(v) = ϕ_{i, j}(x) and ϕ_{i, j}(w) = ϕ_{i, j}(y). Hence in the vertex 80-colouring of G[E_i ∪ E_j], there is a bichromatic subgraph with two edges in distinct stacks, which is a contradiction. Thus each bichromatic subgraph of ϕ is contained in a single stack. The number of colours is 80(^{k2}).

Theorem 5. Acyclic chromatic number is bounded by stack-number. In particular, every k-stack graph G has acyclic chromatic number χ_a(G) ≤ 80^{k(2k−1)}.

Proof. The edges of an outerplanar graph can be partitioned into two acyclic subgraphs [45]. Thus G has a 2k-stack layout in which each stack is acyclic. The result follows from Theorem 4.

Note that the converse of Theorem 5 is not true. Blankenship and Oporowski [7, 8, 9] proved that the stack-number of K^{′′}_n is unbounded, but χ_a(K^{′′}_n ) = 3 for n ≥ 3 (see Section 4). Thus stack-number is not bounded by acyclic chromatic number.

5.1 Queue and Track Layouts

Consider how to convert a track layout into a queue layout. The following lemma was proved by Dujmović et al. [26] for k = 1, and with t = 2 is nothing more than Lemma 13(b).

Lemma 14. Queue-number is bounded by track-number. In particular, every (k,t)-track graph with maximum span s (≤ t − 1) has a ks-queue layout.

Proof. Let {V_i : 1 ≤ i ≤ t} be a (k,t)-track layout of a graph G with maximum span s and edge colouring {E_ℓ : 1 ≤ ℓ ≤ k}. Let σ be the vertex ordering (V_1,V_2,...,V_t ) of G. Let E_{ℓ,α} be the set of edges in E_ℓ with span α in the given track layout. Two edges from the same pair of tracks are nested in σ if and only if they form an X-crossing in the track layout. Since no two edges in E_ℓ form an X-crossing in the track layout, no two edges in E_ℓ and between the same pair of tracks are nested in σ. If two edges not from the same pair of tracks have the same span then they are not nested in σ. (This idea is due to Heath and Rosenberg [40].) Thus no two edges are nested in each E_{ℓ,α}, and we have a ks-queue layout of G.

While the relationship between stack and track layouts is not as pronounced as that between queue and track layouts, Lemmata 9 and 13 imply the following analogous result to Lemma 14 for stack layouts of bipartite graphs.

Lemma 15. Stack-number is bounded by track-number for bipartite graphs. In particular, every bipartite (k,t)-track graph with maximum span s (≤ t − 1) has a 2ks-stack layout.

Now consider how to convert a vertex ordering into a track layout. The proof of the next result follows immediately from the definitions, and is illustrated in Figure 6.

Lemma 16. Let σ be a vertex ordering of a graph G. Let {V_i : 1 ≤ i ≤ c} be a vertex colouring of G. For all 1 ≤ i, j ≤ c, a pair of edges vw,xy ∈ E(G[V_i,V_j]) form an X-crossing in the track assignment {(V_i,σ) : 1 ≤ i ≤ c} if and only if:

• vw and xy are nested in σ (Figures 6(a)-(b)), or

• vw and xy cross in σ with v <_σ y <_σ w <_σ x, and v,x ∈ V_i and w,y ∈ V_j (Figure 6(e)).

Fig. 6: From a linear layout to a track layout: (a)-(b) nested, (c)-(d) disjoint, (e)-(f) crossing.

Consider a vertex ordering σ = (v_1,v_2,... ,v_n) of a graph G. For each edge v_iv_j ∈ E(G), let the width of v_iv_j in σ be |i − j|. The band-width of σ is the maximum width of an edge of G in σ. The band-width of G, denoted by bw(G), is the minimum band-width of a vertex ordering of G.

Lemma 17. Every graph G with band-width bw(G) has track-number tn(G) ≤ bw(G) + 1.

Proof. Let σ = (v_0,v_1,... ,v_{n−1}) be a vertex ordering of G with band-width b = bw(G). For each 0 ≤ ℓ ≤ b, let V_ℓ = {v_i : i ≡ ℓ mod (b + 1)}. Not only is {V_ℓ : 0 ≤ ℓ ≤ b} a vertex colouring of G, but for every edge vw, if there is a vertex x with v <_σ x <_σ w, then all three vertices are in distinct colour classes. Thus, it follows from Lemma 16 that with each V_ℓ ordered by σ, there is no X-crossing.

Note that Lemma 17 is in fact weaker than the bound due to Dujmović et al. [26] that track-number is at most one more than the path-width. However, we consider that this particularly simple proof deserves mention. The following observation is implicit in Lemma 5.3 of Dujmović et al. [26].

Lemma 18. For every vertex colouring {V_i : 1 ≤ i ≤ c} of a q-queue graph G, there is a (2q,c)-track layout of G with tracks {V_i : 1 ≤ i ≤ c}.

Proof. Let σ be the vertex ordering in a q-queue layout of G with queues {E_ℓ : 1 ≤ ℓ ≤ q}. Let {(V_i,σ) : 1 ≤ i ≤ c} be a c-track assignment of G, and for each 1 ≤ ℓ ≤ q, let

E^′_ℓ = {vw ∈ E_ℓ : v ∈ V_i,w ∈ V_j,i < j,v <_σ w}, and E^{′′}_ℓ = {vw ∈ E_ℓ : v ∈ V_i,w ∈ V_j,i < j,w <_σ v} .

By Lemma 16, an X-crossing in the track assignment between edges both from some E^′_ℓ (or both from some E^{′′}_ℓ ) implies that these edges are nested in σ. Since no two edges in E_ℓ are nested in σ, the set {E^′_ℓ,E^{′′}_ℓ : 1 ≤ ℓ ≤ q} defines an edge 2q-colouring with no monochromatic X-crossing in the track assignment. Thus we have a (2q,c)-track layout of G.

Lemma 18 is similar to a result by Pemmaraju [48] which says that a queue layout can be ‘separated’ by a vertex colouring, although the proof by Pemmaraju, which is based on the characterisation of 1-queue graphs as ‘arched levelled planar’, is much longer. Pemmaraju [48] used separated queue layouts to prove the next result, which follows from Lemmata 13 and 18.

Theorem 6. [48] Stack-number is bounded by queue-number for bipartite graphs. In particular, sn(G) ≤ 2 qn(G) for every bipartite graph G.

The 2-track thickness of a bipartite graph G is the minimum k such that G has a (k,2)-track layout (see [29]). Lemmata 13 and 18 imply:

Theorem 7. Queue-number and 2-track thickness are tied for bipartite graphs. In particular, for every bipartite graph G, if qn(G) ≤ k then G has a (2k,2)-track layout, and if G has a (k,2)-track layout then qn(G) ≤ k.

In our companion paper [27], we prove that every q-queue graph is 4q-colourable. Thus Lemma 18 implies:

Corollary 4. Every q-queue graph has a (2q,4q)-track layout.

The next corollary of Theorem 2 and Lemma 18 is by Dujmović et al. [26].

Corollary 5. [26] Every q-queue graph G with acyclic chromatic number χ_a(G) ≤ c has track-number tn(G) ≤ c(2q)c−1.

Nešetřil and Ossona de Mendez [46] proved that every proper minor-closed graph family has bounded acyclic chromatic number. Thus Corollary 5 implies that for every proper minor-closed graph family, track-number is bounded by queue-number [26]. However, this does not imply that track-number is bounded by queue-number for all graphs. For example, in our companion paper [29] we prove that there are 2-queue graphs with unbounded clique minors, for which we cannot apply the result of Nešetřil and Ossona de Mendez [46]. By Theorem 3 and Corollary 4, we have the following result which is qualitatively stronger than Corollary 5.

Theorem 8. Track-number is bounded by queue-number. In particular, every graph G with queue-number qn(G) ≤ q has track-number tn(G) ≤ 4q · 4q(2q−1)(4q−1).

Theorem 8 and (1) imply:

Corollary 6. Acyclic chromatic number is bounded by queue-number. In particular, every graph G with queue-number qn(G) ≤ q has acyclic chromatic number χ_a(G) ≤ 4q · 4^{q(2q−1)(4q−1)}.

Again the converse of Corollary 6 is not true. In particular, qn(K^{′′}_n ) ∈ Ω(n^{1/4}) [29], but χ_a(K^{′′}_n ) = 3 for n ≥ 3 (see Section 4). Thus queue-number is not bounded by acyclic chromatic number.

Lemma 10 and Corollary 6 imply:

Theorem 9. Every q-queue graph has a (4q · 4^{q(2q−1)(4q−1)})q^{4q·4q(2q−1)(4q−1)−1}-colouring in which each bichromatic subgraph is contained in a single queue, and is thus (arched-levelled) planar.

Theorem 8 and Lemma 14 prove the following result, which is one of the main contributions of the paper.

Theorem 10. Queue-number and track-number are tied.

5.2 1-Queue Graphs

In the case of 1-queue graphs, much improved bounds can be obtained. Di Giacomo and Meijer [23] proved that every 1-queue graph has a 5-track layout, and that there exists a 1-queue graph with tracknumber at least 4. We now prove that the lower bound is the right answer.

Theorem 11. Every 1-queue graph has a (2,3)-track layout and a 4-track layout.

To prove Theorem 11 we will use the following characterisation of 1-queue graphs that may be of independent interest. It is similar but not the same as the characterisation in terms of ‘arched levelled’ planar graphs due to Heath and Rosenberg [40].

Lemma 19. A graph G has a 1-queue layout if and only if G has a track layout {V_i : 1 ≤ i ≤ t} with maximum span two, such that for every edge vw ∈ E(G) that has span two (v ∈ V_i, w ∈ V_{i+2}), w is the first vertex in V_{i+2}, and there is no edge xy ∈ E(G) with v <_i x ∈ V_i and y ∈ V_{i+1}.

Proof. Suppose that T = {V_i : 1 ≤ i ≤ t} is a track layout of a graph G that satisfies the conditions of the lemma. Let σ be the vertex ordering (V_1,V_2,... ,V_t ). Suppose that there is an edge xy nested inside another edge vw in σ. Without loss of generality, v <_σ x <_σ y <_σ w. By the proof of Lemma 14, edges that have the same span in T are not nested in σ. Thus the span of xy is one, and the span of vw is two. Hence v ∈ V_i and w ∈ V_{i+2} for some 1 ≤ i ≤ t − 2. By assumption, w is the first vertex in its track. Thus x ∈ V_i and y ∈ V_{i+1}. But this contradicts the assumption about T . Thus no two edges are nested in σ, and we have a 1-queue layout of G.

Now suppose that σ is the vertex ordering in a 1-queue layout of a graph G. Partition the vertices into non-empty independent sets V_1,V_2,... ,V_t such that σ = (V_1,V_2,... ,V_t ), and for all 2 ≤ i ≤ t, there exists an edge from the first vertex in V_i to some vertex in V_{i−1}. Such a partition can be computed greedily as follows. First let V_1 be the largest independent set at the start of σ. Then for all i = 2,3,...,t, let V_i be the largest independent set starting with the vertex immediately after the last vertex in V_{i−1}. We claim that T = {(V_i,σ) : 1 ≤ i ≤ t} is the desired track layout.

Since σ has no nested edges, by Lemma 16, T is a track layout (with no X-crossing). For all s ≥ 3, there is no edge in any G[V_i,V_{i+s}], as otherwise it would be nested in σ with the edge from the first vertex in V_{i+2} to some vertex in V_{i+1}. Thus the track layout has span at most two. If an edge vw has span two with v ∈ V_i and w ∈ V_{i+2}, then w is the first vertex in V_{i+2}, as otherwise vw would be nested with the edge between the first vertex in V_{i+2} and some vertex in V_{i+1}. Moreover, there is no edge xy ∈ E(G) with v <_i x ∈ V_i and y ∈ V_{i+1}, as otherwise xy would be nested inside vw in σ.

Proof of Theorem 11. Let T_1 = {V_i : i ≥ 0} be the track layout of G from Lemma 19. Since T_1 has maximum span at most two, G has a (2,3)-track layout and a 5-track layout by Lemma 7. Let T_2 = {W_0,W_1,W_2,W_3} be the track assignment obtained by wrapping T_1 modulo four; that is, for j ∈ {0,1,2,3},

W_j = (V_j,V_{j+4},V_{j+8},...) .

An edge that has span one in T_1 has span one or three in T_2. An edge that has span two in T_1 has span two in T_2. Suppose for the sake of contradiction that two edges vw and xy form an X-crossing in T_2. As in Lemma 5, two edges that have span one in T_1, do not form an X-crossing in T_2. Two edges, one with span one and the other with span two in T_1 do not form an X-crossing in T_2, as they have different spans in T_2. Thus vw and xy both have span two in T_1. Thus, by the above observation and without loss of generality, v is the first vertex in some V_i and x is the first vertex in some V_j with i < j. Moreover, j ≥ i + 2 since v, w, x and y belong to two tracks of T_2. Thus either y ∈ V_ℓ such that ℓ > i or y ∈ V_i and y > v. In either case, as in Lemma 5, vw and xy do not form an X-crossing in T_2, which is a contradiction, as desired.

Theorem 11 and (1) imply:

Corollary 7. Every 1-queue graph G has acyclic chromatic number χ_a(G) ≤ 4.

6 Geometric Thickness

The geometric thickness of a graph G, denoted by θ(G), is the minimum number of colours such that G can be drawn in the plane with edges as coloured straight-line segments, and monochromatic edges do not cross [24, 30, 41]. Stack-number (when viewed as book-thickness) is equivalent to geometric thickness with the additional requirement that the vertices are in convex position [6]. Thus θ(G) ≤ sn(G) for every graph G. While it is an open problem whether stack number is bounded by track-number or by queuenumber (see our companion paper [29]), we prove the weaker results that geometric thickness is bounded by track-number, and geometric thickness is bounded by queue-number.

Theorem 12. Geometric thickness is bounded by track-number. In particular, every (k,t)-track graph G has geometric thickness θ(G) ≤ k⌈^t_2 ⌉⌊^t_2 ⌋.

Proof. Let p ≥ t be a prime. Position the j-th vertex in the i-th track at (i, p j + (i^2 mod p)). Wood [53] proved that in this layout no three vertices are collinear, unless all three are in a single track. Since a track is an independent set, the only vertices that an edge intersects are its own endpoints. The vertices in each track are positioned on a line parallel to the Y -axis, in the order defined by the track layout. Thus monochromatic edges between any pair of tracks do not cross. If we let each pair of tracks use a distinct palette of k edge colours, then we obtain a drawing of G with k

(_t 2 ) edge colours, such that monochromatic edges do not cross. That is, θ(G) ≤ k

(_t 2 ) . This bound can be improved by partitioning the pairs of tracks into sets that can use the same palette of k colours. This amounts to edge-colouring the complete graph K_t with a fixed vertex ordering (v_1,v_2,... ,v_t ), so that overlapping edges receive distinct colours. To this end, define a partial order on E(K_t ) as follows. For all edges v_iv_j and v_av_b (with i < j and a < b), let v_iv_j ≺ v_av_b if j ≤ a. Clearly ⪯ is a partial order on E(K_t ), such that distinct edges are overlapping if and only if they are incomparable under ⪯. By Dilworth’s Theorem [25], there is a partition of E(K_t ) into r sets, each pairwise non-overlapping, where r is the size of the largest set of pairwise overlapping edges. Clearly r = ⌈^t_2 ⌉⌊^t_2 ⌋. For each such set, assign a distinct palette of k colours to the edges between pairs of tracks corresponding to edges of K_t in this set. In total we have kr edge colours, and θ(G) ≤ kr = k⌈^t_2 ⌉⌊^t_2 ⌋.

Theorem 12 and Lemma 18 imply:

Corollary 8. Every q-queue c-colourable graph G has geometric thickness θ(G) ≤ 2q⌈^c_2 ⌉⌊^c_2 ⌋.

Theorem 12 and Corollary 4 imply:

Corollary 9. Geometric thickness is bounded by queue-number. In particular, every graph G has geometric thickness θ(G) ≤ 8 qn(G)^3.

Note that queue-number is not bounded by geometric thickness. For example, the graph K^′_n obtained from K_n by subdividing every edge once has geometric thickness two [31] but has queue-number Θ( √ n) [29]. Similarly, acyclic chromatic number is not bounded by geometric thickness, since χ_a(K^′_n) ∈ Θ( √ n) [52]. In fact, in Lemma 20 below we prove a stronger result that provides a counterpoint to Theorems 4 and 9.

Let G be a graph with a straight line drawing in the plane with the vertices in convex position. Suppose that there is a k-colouring of the edges so that monochromatic edges do not cross. Then Theorem 4 implies G has a vertex colouring with 80(^{k2}) colours so that each bichromatic subgraph is plane (that is, no two edges cross). Theorem 9 gives a similar result for k-queue graphs. This type of result does not extend to the case of graphs with geometric thickness k ≥ 2. Again our example is K^′_n which has geometric thickness two [31].

Lemma 20. For every c ∈ N there is an n ∈ N, such that in every vertex c-colouring of K^′_n there is a bichromatic subgraph that is not planar.

To prove Lemma 20 we need the following lemma.

Lemma 21. Let {V_i : 1 ≤ i ≤ c} be a vertex vertex c-colouring of a graph G such that each bichromatic subgraph G[V_i,V_j] has acyclic chromatic number at most k. Then G has acyclic chromatic number χ_a(G) ≤ c · k^{c−1}.

Proof. For each vertex v ∈ V_i and for all j ≠ i, let ϕ_j(v) be the colour assigned to v in an acyclic kcolouring of G[V_i,V_j]. Colour v by the vector ϕ(v) = (i;ϕ_1(v),... ,ϕ_{i−1}(v),ϕ_{i+1}(v),... ,ϕ_c(v)). If C is a bichromatic cycle between colour classes (i;λ_1,... ,λ_{i−1},λ_{i+1},... ,λ_c) and ( j;γ_1,... ,γ_{j−1},γ_{j+1},... ,γ_c), then C is a bichromatic cycle between colour classes λ_j and γ_i in the acyclic colouring of G[V_i,V_j]. Thus ϕ is an acyclic colouring of G. The number of colours is c · k^{c−1}.

Proof of Lemma 20. Suppose on the contrary that there is a c ∈ N such that every K^′_n has a vertex ccolouring in which every bichromatic subgraph is planar. By Lemma 21 and since planar graphs have acyclic 5-colourings [10], every K^′_n has a c · 5^{c−1}-acyclic colouring. However, the acyclic chromatic number of K^′_n is Ω( √ n) [52]. Thus we obtain a contradiction for sufficiently large n.

7 Planar Graphs

Whether planar graphs have bounded track-number is probably the most important open problem in the field. A crossing-free drawing of a graph in the plane in which all the vertices are on the boundary of the outerface is called outerplanar. A graph is outerplanar if it has an outerplanar drawing. In this section we prove bounds on the track-number of outerplanar graphs, and prove the best known lower bound on the track-number of planar graphs.

Lemma 22. Every outerplanar graph has a 5-track layout.

Proof. We proceed by induction on n with the following hypothesis: Every maximal outerplanar graph G on n ≥ 2 vertices has a straight-line outerplanar drawing (in which the coordinates of each vertex v are denoted by (X(v),Y (v))) such that:

• Y (v) ∈ Z for every vertex v ∈ V (G),

• |Y (v) −Y (w)| ∈ {1,2} for every edge vw ∈ E(G),

• the boundary of the drawing is a strictly monotone polygon; that is, every vertical line intersects the boundary in at most two places.

The result will follow since this drawing obviously defines a track layout of G with span two, which can be wrapped onto five tracks by Lemma 7(b). The basis of the induction with n = 2 is trivial. Every maximal outerplanar graph on n ≥ 3 vertices has a vertex v that is adjacent to exactly two vertices u and w, such that uw is an edge on the boundary. Let G^′ = G \ v. Then G^′ is also maximal outerplanar. By induction, G^′ has the desired drawing. The upper envelope of the drawing is the portion of the boundary that is visible from (0,+∞), and the lower envelope of the drawing is the portion of the boundary that is visible from (0,−∞). By the third invariant, every edge that is on the boundary of the drawing is on the upper or lower envelope. Without loss of generality Y (u) < Y (w). As illustrated in Figure 7, position v in the drawing of G^′ as follows. (For an edge on both envelopes we can use either rule.) Case (a). uw is on the upper envelope and Y (w) = Y (u) + 1: Position v at (^1_2 X(w) +^1_2 X(u),Y (w) + 1). Case (b). uw is on the upper envelope and Y (w) = Y (u) + 2: Position v at (^3_4 X(u) +^1_4 X(w),Y (u) + 1). Case (c). uw is on the lower envelope and Y (w) = Y (u) + 1: Position v at (^1_2 X(u) +^1_2 X(w),Y (u) − 1). Case (d). uw is on the lower envelope and Y (w) = Y (u) + 2: Position v at (^3_4 X(w) +^1_4 X(u),Y (u) + 1).

Draw the edges vu and vw straight. It is simple to check that the invariants are maintained.

We now consider lower bounds on the track-number of outerplanar and planar graphs. Lemma 23. There is an outerplanar graph H with track-number tn(H) ≥ 4.

Proof. Let H_1,H_2,...,H_5 be copies of K_3. Nominate a vertex w_j of each H_j. Construct H by adding an additional vertex v adjacent to each w_j. Clearly H is outerplanar. Suppose that tn(H) ≤ 3. Without loss of generality, v is in track 1. Thus {w_1,w_2,w_3,w_4,w_5} are in tracks 2 and 3. Hence there are three w_j vertices in a single track. Without loss of generality, w_1 < w_2 < w_3 in track 2. One vertex x of H_2 is in track 1, since H_2 = K_3. But this implies that w_2x forms an X-crossing with w_1v or w_3v. Hence tn(H) ≥ 4.

Whether every outerplanar graph has a 4-track layout is an interesting open problem. We conjecture that a large enough outerplanar graph whose weak dual is the ‘cubic’ tree has track-number 5.

Fig. 7: Construction of a track layout of an outerplanar graph in Lemma 22.

Lemma 24. For every outerplanar graph H, there is a planar graph G with track-number tn(G) ≥ tn(H) + 3.

Proof. We construct G incrementally. Start with an edge v_1v_2. Let t = tn(H) and n = 2t + 1. Add n new vertices {w_1,w_2,... ,w_n} each adjacent to both v_1 and v_2. Let H_1,H_2,... ,H_n be copies of H. For all 1 ≤ j ≤ n, add an edge between w_j and every vertex of H_j. As illustrated in Figure 8, G is planar. Suppose that G has a (t + 2)-track layout. Without loss of generality, v_i is in track i. Thus {w_1,w_2,... ,w_n} are in tracks {3,4,...,t + 2}. Hence there are three w_j vertices in a single track. Without loss of generality, w_1 < w_2 < w_3 in track 3. No vertex x of H_2 is in track 1 or 2, as otherwise xw_2 would form an X-crossing with one of {v_1w_1,v_1w_3,v_2w_1,v_2w_3}. No vertex x of H_2 is in track 3, since x and w_2 are adjacent, and w_2 is in track 3. Thus all the vertices of H_2 are in tracks {4,5,...,t + 2}, implying tn(H) ≤ t − 1, which is a contradiction. Therefore tn(G) ≥ t + 3.

Fig. 8: The graph G in Lemma 24.

Lemmata 23 and 24 imply:

Theorem 13. There is a planar graph G with track-number tn(G) ≥ 7.

The best previous lower bound for the track-number of a planar graph was six due to Giuseppe Liotta and the third author [unpublished].

Corollary 10. There is a planar graph with ‘improper track-number’ at least 7.

Proof. Let G be the planar graph from Theorem 13. Let G^′ be the graph obtained from G by the following construction. For each edge vw of G, add six new vertices to G^′, each adjacent to v and w. Clearly G^′ is planar. Dujmović et al. [26] proved that if G^′ has an improper 6-track layout, then G has a (proper) 6-track layout. Thus G^′ has no improper 6-track layout by Theorem 13.

8 Computational Complexity

We conclude with some open problems regarding the computational complexity of determining whether a given graph admits a particular type of track layout. Note that there is a simple linear time algorithm to recognise 2-track graphs. Is it N P -complete to recognise (2,2)-track graphs? Is it N P -complete to recognise 3-track graphs? Given a vertex ordering σ of a graph G, is it N P -complete to test if G has a 3-colouring {V_1,V_2,V_3} such that {(V_1,σ),(V_2,σ),(V_3,σ)} is a track layout?

References

[1] MICHAEL O. ALBERTSON, GLENN G. CHAPPELL, HAL A. KIERSTEAD, ANDRÉ KÜNDGEN, AND RADHIKA RAMAMURTHI. Coloring with no 2-colored P_4’s. Electron. J. Combin., 11 #R26, 2004.

[2] NOGA ALON AND T. H. MARSHALL. Homomorphisms of edge-colored graphs and Coxeter groups.

J. Algebraic Combin., 8(1):5–13, 1998.

[3] NOGA ALON, COLIN MCDIARMID, AND BRUCE REED. Acyclic coloring of graphs. Random Structures Algorithms, 2(3):277–288, 1991.

[4] NOGA ALON, BOJAN MOHAR, AND DANIEL P. SANDERS. On acyclic colorings of graphs on surfaces. Israel J. Math., 94:273–283, 1996.

[5] DAVID M. BERMAN. Critical graphs for acyclic colorings. Canad. Math. Bull., 21(1):115–116, 1978.

[6] FRANK R. BERNHART AND PAUL C. KAINEN. The book thickness of a graph. J. Combin. Theory Ser. B, 27(3):320–331, 1979.

[7] ROBIN BLANKENSHIP. Book Embeddings of Graphs. Ph.D. thesis, Department of Mathematics, Louisiana State University, U.S.A., 2003.

[8] ROBIN BLANKENSHIP AND BOGDAN OPOROWSKI. Drawing subdivisions of complete and complete bipartite graphs on books. Tech. Rep. 1999-4, Department of Mathematics, Louisiana State University, 1999.

[9] ROBIN BLANKENSHIP AND BOGDAN OPOROWSKI. Book embeddings of graphs and minor-closed classes. In Proc. 32nd Southeastern International Conf. on Combinatorics, Graph Theory and Computing. Department of Mathematics, Louisiana State University, 2001.

[10] OLEG V. BORODIN. On acyclic colorings of planar graphs. Discrete Math., 25(3):211–236, 1979.

[11] OLEG V. BORODIN, DMITRY G. FON-DER-FLAASS, ALEXANDR V. KOSTOCHKA, ANDRÉ RAS-

PAUD, AND ÉRIC SOPENA. Acyclic list 7-coloring of planar graphs. J. Graph Theory, 40(2):83–90,

2002.

[12] OLEG V. BORODIN, ALEXANDR V. KOSTOCHKA, JAROSLAV NEŠETŘIL, ANDRÉ RASPAUD, AND É_{RIC} S_{OPENA}. On the maximum average degree and the oriented chromatic number of a graph. Discrete Math., 206(1-3):77–89, 1999.

[13] OLEG V. BORODIN, ALEXANDR V. KOSTOCHKA, ANDRÉ RASPAUD, AND ÉRIC. SOPENA.

Acyclic colouring of 1-planar graphs. Discrete Appl. Math., 114(1-3):29–41, 2001.

[14] OLEG V. BORODIN, ALEXANDR V. KOSTOCHKA, AND D. R. WOODALL. Acyclic colourings of planar graphs with large girth. J. London Math. Soc. (2), 60(2):344–352, 1999.

[15] PROSENJIT BOSE, JUREK CZYZOWICZ, PAT MORIN, AND DAVID R. WOOD. The maximum number of edges in a three-dimensional grid-drawing. J. Graph Algorithms Appl., 8(1):21–26, 2004.

[16] ANDREAS BRANSTÄDT, VAN BANG LE, AND JEREMY P. SPINRAD. Graph classes: a survey.

SIAM, 1999.

[17] M. I. BURŠTEĬN. Every 4-valent graph has an acyclic 5-coloring. Soobshch. Akad. Nauk Gruzin.

SSR, 93(1):21–24, 1979.

[18] TIZIANA CALAMONERI AND ANDREA STERBINI. 3D straight-line grid drawing of 4-colorable graphs. Inform. Process. Lett., 63(2):97–102, 1997.

[19] ROBERT F. COHEN, PETER EADES, TAO LIN, AND FRANK RUSKEY. Three-dimensional graph drawing. Algorithmica, 17(2):199–208, 1996.

[20] EMILIO DI GIACOMO. Drawing series-parallel graphs on restricted integer 3D grids. In [44], pp.

238–246.

[21] EMILIO DI GIACOMO, GIUSEPPE LIOTTA, AND HENK MEIJER. 3D straight-line drawings of k-trees. Tech. Rep. 2003-473, School of Computing, Queens’s University, Kingston, Canada, 2003.

[22] EMILIO DI GIACOMO, GIUSEPPE LIOTTA, AND STEPHEN K. WISMATH. Drawing series-parallel graphs on a box. In Proc. 14th Canadian Conf. on Computational Geometry (CCCG ’02), pp. 149– 153. The University of Lethbridge, Canada, 2002.

[23] EMILIO DI GIACOMO AND HENK MEIJER. Track drawings of graphs with constant queue number.

In [44], pp. 214–225.

[24] MICHAEL B. DILLENCOURT, DAVID EPPSTEIN, AND D. S. HIRSCHBERG. Geometric thickness of complete graphs. J. Graph Algorithms Appl., 4(3):5–17, 2000.

[25] ROBERT P. DILWORTH. A decomposition theorem for partially ordered sets. Ann. of Math. (2), 51:161–166, 1950.

[26] VIDA DUJMOVIĆ, PAT MORIN, AND DAVID R. WOOD. Layout of graphs with bounded tree-width.

SIAM J. Comput., to appear.

[27] VIDA DUJMOVIĆ AND DAVID R. WOOD. On linear layouts of graphs. Discrete Math. Theor.

Comput. Sci., 6(2):339–358, 2004.

[28] VIDA DUJMOVIĆ AND DAVID R. WOOD. Three-dimensional grid drawings with sub-quadratic volume. In JÁNOS PACH, ed., Towards a Theory of Geometric Graphs, vol. 342 of Contemporary Mathematics, pp. 55–66. Amer. Math. Soc., 2004.

[29] VIDA DUJMOVIĆ AND DAVID R. WOOD. Layouts of graph subdivisions. In JÁNOS PACH, ed., Proc. 12th International Symp. on Graph Drawing (GD ’04), Lecture Notes in Comput. Sci., Springer, to appear. For the full version see: VIDA DUJMOVIĆ AND DAVID R. WOOD. Stacks, queues and tracks: Layouts of graph subdivisions, Tech. Rep. TR-2003-08, School of Computer Science, Carleton University, Ottawa, Canada, 2003.

[30] CHRISTIAN A. DUNCAN, DAVID EPPSTEIN, AND STEPHEN G. KOBOUROV. The geometric thickness of low degree graphs. In Proc. 20th ACM Symp. on Computational Geometry (SoCG ’04), pp. 340–346. ACM Press, 2004.

[31] DAVID EPPSTEIN. Separating geometric thickness from book thickness.

arXiv.org:math.CO/0109195, 2001.

[32] STEFAN FELSNER, GIUSSEPE LIOTTA, AND STEPHEN K. WISMATH. Straight-line drawings on restricted integer grids in two and three dimensions. J. Graph Algorithms Appl., 7(4):363–398, 2003.

[33] GUILLAUME FERTIN, EMMANUEL GODARD, AND ANDRÉ RASPAUD. Minimum feedback vertex set and acyclic coloring. Inform. Process. Lett., 84(3):131–139, 2002.

[34] GUILLAUME FERTIN, ANDRÉ RASPAUD, AND BRUCE REED. On star coloring of graphs. J. Graph Theory, 47(3):163–182, 2004.

[35] BRANKO GRÜNBAUM. Acyclic colorings of planar graphs. Israel J. Math., 14:390–408, 1973.

[36] ANDRÁS GYÁRFÁS. Problems from the world surrounding perfect graphs. Zastos. Mat., 19(3- 4):413–441, 1987.

[37] FRANK HARARY AND ALLEN SCHWENK. A new crossing number for bipartite graphs. Utilitas Math., 1:203–209, 1972.

[38] TORU HASUNUMA. Laying out iterated line digraphs using queues. In [44], pp. 202–213.

[39] LENWOOD S. HEATH, F. THOMSON LEIGHTON, AND ARNOLD L. ROSENBERG. Comparing queues and stacks as mechanisms for laying out graphs. SIAM J. Discrete Math., 5(3):398–412, 1992.

[40] LENWOOD S. HEATH AND ARNOLD L. ROSENBERG. Laying out graphs using queues. SIAM J.

Comput., 21(5):927–958, 1992.

[41] PAUL C. KAINEN. Thickness and coarseness of graphs. Abh. Math. Sem. Univ. Hamburg, 39:88–95, 1973.

[42] ALEXANDR V. KOSTOCHKA AND LEONID S. MEL^′NIKOV. Note to the paper of Grünbaum on acyclic colorings. Discrete Math., 14(4):403–406, 1976.

[43] ALEXANDR V. KOSTOCHKA, ÉRIC SOPENA, AND XUDING ZHU. Acyclic and oriented chromatic numbers of graphs. J. Graph Theory, 24(4):331–340, 1997.

[44] GUISEPPE LIOTTA, ed. Proc. 11th International Symp. on Graph Drawing (GD ’03), vol. 2912 of Lecture Notes in Comput. Sci. Springer, 2004.

[45] CRISPIN ST. J. A. NASH-WILLIAMS. Decomposition of finite graphs into forests. J. London Math.

Soc., 39:12, 1964.

[46] JAROSLAV NEŠETŘIL AND PATRICE OSSONA DE MENDEZ. Colorings and homomorphisms of minor closed classes. In BORIS ARONOV, SAUGATA BASU, JÁNOS PACH, AND MICHA SHARIR, eds., Discrete and Computational Geometry, The Goodman-Pollack Festschrift, vol. 25 of Algorithms and Combinatorics, pp. 651–664. Springer, 2003.

[47] JÁNOS PACH, TORSTEN THIELE, AND GÉZA TÓTH. Three-dimensional grid drawings of graphs.

In BERNARD CHAZELLE, JACOB E. GOODMAN, AND RICHARD POLLACK, eds., Advances in discrete and computational geometry, vol. 223 of Contemporary Mathematics, pp. 251–255. Amer. Math. Soc., 1999.

[48] SRIRAM V. PEMMARAJU. Exploring the Powers of Stacks and Queues via Graph Layouts. Ph.D.

thesis, Virginia Polytechnic Institute and State University, U.S.A., 1992.

[49] ANDRÉ RASPAUD AND ÉRIC SOPENA. Good and semi-strong colorings of oriented planar graphs.

Inform. Process. Lett., 51(4):171–174, 1994.

[50] S. RENGARAJAN AND C. E. VENI MADHAVAN. Stack and queue number of 2-trees. In D. DING- ZHU AND L. MING, eds., Proc. 1st Annual International Conf. on Computing and Combinatorics (COCOON ’95), vol. 959 of Lecture Notes in Comput. Sci., pp. 203–212. Springer, 1995.

[51] ÉRIC SOPENA. Oriented graph coloring. Discrete Math., 229(1-3):359–369, 2001.

[52] DAVID R. WOOD. Acyclic, star and oriented colourings of graph subdivisions, 2004. Submitted.

[53] DAVID R. WOOD. Grid drawings of k-colourable graphs. Comput. Geom., 30(1):25–28, 2005.

522 Vida Dujmović and Attila Pór and David R. Wood